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LECTURE 1. REVIEW OF PHYS 302. NEWTONIAN FORMULATION. 1

LECTURE 1
Review of Phys 302. Newtonian formulation.

1.1. Introduction

1.2.

Syllabus. Exams. Homeworks. Grades. Office hours etc.
Structure (tentative) of the course.

Questions, interruptions etc.

Homeworks, cheating, study groups.

Homework sessions, Office hour.

Past student evaluations:

— Erasing from white board too quickly. Talk to me!

— Not too friendly in office hours. I do not have peoples skills, I am a nerd. Factor
this in. It’s all cool.

— Comments on the HW are not very descriptive. This is by design. After you
have studied physics for two-three years it is time to learn how to find your own
mistakes. Otherwise, ask!

— How to prepare for the exams — banks of problems.

— Study materials: my lecture notes, books, wikipedia, Al, ask questions.

e What is my role?

Life is good and physics is great!

Newtonian formulation

e Inertial frame of references. Observer.
e The observer describes the position of a point-like particle by a time dependent

position vector 7(t).

For this very observer the vectors of velocity and acceleration are the time derivatives
of the position vector

27
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e Galilean invariance:
e By performing an experiment restricted to his/her own frame of reference, an observer

cannot find out if he/she is moving.
Galilean transformation:
— Two observers observe the same object and each other.
— The observer 1 observes the object O at time ¢ at the position 7 ().
— He/she also observes the observer 2 at the position R(t).
— The observer 2 observes the same object O at THE SAME time ¢ at the position
To(t).
— At ANY time ¢ we have

7(t) = R(t) + ().

— In Galilean/Newtonian world time is absolute, it goes the same for both ob-
servers. So we can differentiate the above expression over time (this implies,
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that the increment of time for both observers is the same dt; = dts)
iy, di - dR

= —, U2 = —, = —.
dt dt dt

The equation of motion of the particle for an observer is

Tt =VEH)+&mt), @

F =ma,

where F is the (vector) sum of all the forces acting on the particle.

A force is the result of INTERaction. If there is a force acting on a particle (1) then
there MUST be another object (2) which applies this force. If the force from the
object 2 acting on the particle 1 is ﬁlg, then the there is a force ﬁgl which acts on
the object 2 from the particle 1 and

F12: _F21'

Write (draw) down all the forces that act on a particle. Remember, that the force is
always a result of INTERaction.

e Chose a Cartesian system of coordinates in the inertial frame of reference.
e Write down the components of the forces in the chosen system of coordinates, and

the components of the total force F
For each component write down the equation of motion

F* = ma® = mr?, ﬁ:ﬁ,
Remember, that generally the forces acting on a particle at position 7 may (and_will)

depend on the position 7. The also may depend on the velocity of the particle 7 and
on time ¢t.

e Solve the resulting system of generally nonlinear second order differential equations.
e Use the initial conditions (initial position 7(¢ = 0) and initial velocity v(t = 0) =

7#(t = 0)) in order to find the motion (t) of this particle..

Any extended body can be thought of as a collection of point-like particles. In this picture
one write the equation of motion for EACH “particle”. The total force F, acting on a particle
1 includes the forces of interaction with external objects and all the forces of interaction with
other “particles”.

Say, we have an extended body O.

We split it into many particle-like (infinitesimal) pieces. A piece number i has posi-
tion 7;(t) at time ¢ and a mass dm;.

This particle experiences forces from outside the body O. We will call the sum of all
such forces fe.

This particle also experiences the forces ﬁ] — this is the force on the particle ¢ due
to its interaction with the particle j of the same body O. (f;; = 0.)

This the sum of all the forces acting on the particle ¢ is ﬁ = ffz + 3 ﬁj

So the equation of motion for the particle 7 is
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e This equation is the same for any 7. So we can sum up the equations for all i.
d? . >
S, = 5
(2 (2
where I used the fact that due to the third Newton'’s law ﬁj = —fj’-,i, SO X025 f;] = 0.
e Introducing the center of mass coordinate

L Sdm,
R= ZZTMm, M = Z dm; — the total mass of the body O,
we find .
MR=F = Z e
Notice,

— You should simply sum up all the external forces acting on the body, you do
not care which point/portion of the body the force is acting on.

— This is the same equation as for a point-like object, so it is nonlinear second
order differential equation.

— It’s solution will give ﬁ(t) — the motion of the center of mass, but it will not
give the change of the orientation of the body with time.

— Also typically this equation is not complete (except in the simple problems), as
all ff’” depend on the orientation of the body. So one also needs to supply the
equations for the orientation of the body as a function of time.

Pros:
e Very straight forward and intuitive.
e Very general — the nature of the forces does not matter, as long as you know them.
Cons:
e The symmetries and corresponding conservation laws are hidden.
e Difficult to use in anything but the inertial frame and Cartesian coordinates. (ficti-

tious forces etc)
e Very quickly becomes cumbersome. Easy to make mistakes.

Examples. Wedge. Wedge with friction. Oscillator. Pendulum.

1.3. Conservation laws.
1.3.1. Momentum conservation law.

e Define your system!!

e Total momentum of the system P is the vector sum of the momenta of all the parts
of the system.

e Find the total external force F acting on the system. The total external force is
the vector sum of all external forces acting on all the parts of the system. External
means external to the system you have defined!

e For the total momentum we can write

P=F.
e If the total external force F is zero, then total momentum Pis conserved, independent
of all internal forces.
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e Inelastic collision. Momentum conservation does not depend on if the internal forces
are elastic or not.

e Rocket motion. The system is a rocket plus its fuel at time ¢.

e There is no external forces.

e Compare the momentum of the system at time ¢ and time t + dt.

t t+ dt
m(t) m + dm
v(t) v —1— dv
O >— O
mv = (m+dm)(v+dv)+(v—=V)dmy, dmy = —dm, dv = —dﬂ, vi—v; = —V log my



LECTURE 2

Review of Phys 302. Angular momentum and Energy
conservation.

2.1. Conservation laws.
2.1.1. Angular momentum conservation law.

e Angular momentum of a point-like particle:

J=7x D.
The definition of the angular momentum contains the vector . This is a vector from
the origin of your coordinate system to the object. So in order for this definition to
work you MUST specify what is the origin of your coordinate system!

e For an extended body one has to split the body into infinitesimally small pieces,
compute the vector of angular momentum for each piece, and then sum these vectors.
If the body is rigid, there is a way to simplify the calculation — tensor of inertia.

e Torque of a force

F=7FxF,
This same comment about the coordinate origin applies for the torque also. It makes
no sense to talk about torques if you do not specify what the coordinate origin is.
(except the case when the sum of all forces is zero. Why?)

e Differentiation J over time and taking into account that F=7 || ¥ and p = F we
find that for each moment of time

J=7.

e If we have extended body then we split it into infinitesimal pieces, find the angular
momentum of each piece and then sum all of them up — this will be the total angular
momentum of the body (at this moment of time).

e If all the internal forces between the infinitesimal pieces of the body are central then
for the total angular momentum and total torque of all external (external to the
body) forces for each moment of time

—

J = Tey.

Examples:
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Figure 1. Examples of Angular momentum conservation..

e A bullet gets stuck in a uniform disk with the fixed axis. The mass of the bullet is
negligible in comparison to the mass of the disk.
— System: Bullet+disk.
— Energy is NOT conserved: when the bullet gets stuck heat is produced.
— Momentum is NOT conserved: there is an unknown force at the axis.
— Angular momentum with respect to the disk’s axis IS conserved: the torque of
the force at the axis is zero.

e A bullet gets stuck in a uniform disc-like wheel with no friction. What height should
the bullet strike for the wheel to roll without slipping” The mass of the bullet is
negligible in comparison to the mass of the disk.

— System: Bullet+disk.

— Energy is NOT conserved: when the bullet gets stuck heat is produced.

— Horizontal component of momentum IS conserved: there is no horizontal force
acting on the system.

— Angular momentum with respect to the disk’s axis IS conserved: the torques of
the forces of gravity and the table’s reaction are zero.

— No-slipping condition!

e At what point should the stick strike so that the striking hand feels good?

2.1.2. Energy conservation law.

e Work of a force F(7) which depends on coordinates (force field) is defined as
B —
A= F-dr
AT
The work depends on the path I' from A to B.

e Consider a point-like particle which moves under the action of the force field F (7).
There is no other forces acting on the particle.

A= /F dr—/m— vdt = /mv dv—A—

So the change of the kinetic energy equals to the work done by the force field F (7).
Conservative forces.
e A force F() is conservative if and only if there exists a function U(F) such that
= o0U
7
e The function U(7) is called potential energy. If force depends on coordinates only
it does not mean that the force is conservative and the function U exists — there
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is a condition on the force F(7) which must be satisfied in order for F(7) to be
conservative.

e On a closed contour the work of a conservative force equals zero.
e For a conservative force the work does not depend on the path.
e Total energy is defined as

mu*

E=—+U.
5 +

If only conservative force given by the potential energy U acts on the particle, then
the total energy is conserved

dE dv oU dr -

—=mU-—+ ——=-—=(mad—F)-v=0.

dt dt  or dt ( )
Potential energy U is defined up to a constant. You have to define in advance at
what point the potential energy is zero.

—

Examples:

A wall with rope and a cart.
Elastic 1D collision.
Elastic collision in 2D (case of equal masses.)
1D motion under conservative force. (In 1D every force which depends only on the
coordinate x is conservative.)
The energy is given by

mv2

Using the initial conditions z(t = ty) = z and v(t = ty) = z we can find the value

of the energy F.

2
mug

This energy is a conserved quantity, so it will be the same at any moment of time
t > ty.
Writing energy conservation as

m (dz\’
— = Ulx)=FE
2 (dt) U@
and using the initial conditions, we find
m [T dx’
+,/— / =it
2 Jao \JE - U(2')
Taking the integral we find the position of the particle as a function of time xz(t).
1D, the graph U(x). There is only two possibilities in 1D:

— Unbounded motion.
— Periodic motion, with the period given by

T:%/“dx7
e B —=U(a')

U(x1) =U(zy) = E.






LECTURE 3

Review of Phys 302. Lagrangian and Hamiltonian
formulations.

3.1. Lagrangian formulation.

e Coordinates: {g;} — complete and independent! The number N of coordinates is
the number of degrees of freedom.
e Action

Sa®N = [ e} @it alt) =o' alts) = o

e The solution of the N Euler-Lagrange equations (one equation for each degree of
freedom)

doL 0L

dtdg; g
which satisfies the boundary conditions is the function (finctions) which gives the
extremum of the functional S.

e Hamilton principle. For a conservative mechanical system there exists a functional
which is at minimum on the classical trajectories. The functional is called an Action.
The function L is called a Lagrangian.

e Lagrangian L({q:},{¢:},t) — is a function of generalized coordinates and generalized

e (Classical mechanics states that if the Lagrangian is
L=K-U.
Then the solution of the Euler-Lagrange equation gives a trajectory.
e The Euler-Lagrange equations are second order coupled (nonlinear) differential equa-
tions. They require two initial conditions for each degree of freedom.

3.1.1. Generalized momentum.

e Generalized momentum (canonical)

b= 0g

9
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e Conservation of generalized momentum (ignorable coordinates). If the Lagrangian
does not depend on a coordinate ¢, then the according to the E-L equation the
corresponding generalized momentum p; = %—; is conserved
d
WPk _
dt
3.1.2. Energy.
e For a Lagrangian L we can define energy F
oL
E = :Gi — L, ;= =
;pz(h Pi= 5
e No explicit time dependence in the Lagrangian — Energy is conserved.
3.1.3. Pros and Cons.
Cons:
e Only conservative forces.
Pros:
e General coordinates.
e Only one scalar function L needs to be constructed. Easier.
e Symmetries are more transparent.
Examples:

e Pendulum.
e Double pendulum.

The technique of minimizing a functional is not used in mechanics exclusively. There

are a

lot of problems where such techniques are useful. The conservation lows will also be

applicable there, but will, in general, have different meaning.

3.2.

Hamiltonian formulation

e Phase space. Typically it is ({¢;}, {p:}) space, but it also can be arbitrary phase space
coordinates &;. The dimension of the phase space is twice the number of degrees of
freedom.

e Poisson brackets {&;,¢;}.

— Antisymmetric.

— Bilinear.

— For a constant ¢, {f,c} =0.

B {f1f27g} = fl{f??g} + f?{flag}‘

— Jacobi’s identity: 1/, {9, A}} + {g, {h, f}} + {h, {f,g}} = 0.

o If we know all the Poisson brackets {¢;, §;} for the phase space coordinates {¢; }, then
the Poisson brackets for any two functions on the phase space g({{}) and f({{}) can
be computed as

dg 0
{.q,f}z{gi,gj}agaé

(Einstein notations are used. Check the order of indexes.)
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e Hamiltonian H({¢}, {p:}) is a function on the phase space. So the Hamiltonian is a

e Hamiltonian equation of motion: for any function f on phase space f ={H, f}, in
particular

e In canonical coordinates and momenta

N L o B dg 0f  0g Of
pir g} = diks Apiopi} =0, {a95} =0, {gjf}_g:(@pi@qé a%apz).

e In canonical coordinates and momenta the Hamiltonian equations of motion are:

. OH . OH
pl - aqz 9 qZ - apz
e If we know the Lagrangian, then the momenta p;, = % and coordinates ¢; are

canonical and the Hamiltonian is given by:

. oL
Hipog) =2 pii— L pi= g5,

The second equation must be used to express the generalized velocities through
generalized coordinate and momenta ¢;({¢;}, {p;}), then these function must be used
in the right hand side of the first equation to eliminate all the generalized velocities.

Imoprtant:

e Lagrangian is a function of generalized coordinates and velocities.
e Hamiltonian is a function of generalized coordinates and momenta.

3.3. Motion in 2D in a central field

e For the central field the potential energy of a particle depends only on the distance
to the center U(r).

e For a motion in a central field the VECTOR of the angular momentum is conserved.

e As The direction of the vector is constant the motion is in one plane which contains
the center of force. So the motion is 2D and we need 2 coordinates.

e Using polar coordinates (r, ¢) with the center at the force’s center, we find the La-

grangian
mi-? m7‘2g§2
L=—— -U
5 T (r)
and the equations of motion:
: ou d .
%mf = mr¢? — o %mr% =
So we the angular momentum
Ly = mr2q3
is conserved and is GIVEN by initial conditions! We can use then ¢ = WL”‘E’Z and

rewrite the equation for r(t) as

Lé oU . 0 ( qub X (7‘)) :_6Ueff(r)

TS T ar T or \2me? or
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This is a motion in 1D in the effective potential

L}
Uess(r) =U(r) + S

We then know the solution. As %’"2 +Uess(r) = E, where E is found from the initial
conditions, is conserved, we have

d 2
2 —Za, dt=TTdg
E — Ueff(T') m L¢>
L¢ 1 d?”

Kepler orbits. Let’s use the gravitational potential energy

or

+dp =

GM
Ur) = ——2
r
then we have
U GMm Li
e/t = r 2mr?
and I o .
T dr
0— o= —= [ 5
2m Jro r'? \/E+ G17\n4/m _ QT,Ll%/?

For E < 0 (0 < e < 1) this expression will give r(¢) for Kepler orbits + = 1(1 +

€COS ).

For £ > 0 (e > 1) it will give the unbounded orbits. In particular we can use it to
compute the angle between the incoming and outgoing velocities at infinity — the
scattering angle.



LECTURE 4
Math preliminaries. Probability density. Solid angle.

We are going to discuss what is called scattering problem. We start from some math
preliminaries.

4.1. Probability density.

Classical mechanics is fully deterministic. The randomness and hence probability appears
because we do not have full control over the initial conditions and over the measurement of
the final state.

4.1.1. Probability for a random process with discrete outcomes.

Consider a random process which randomly outputs some numbers k£ from a given discrete

subset A. This subset is a set of all possible outcomes of the process. We run this process N

times and count now many times ny the outcome k has appeared. Notice, that > ,c 4 ni = V.
For this process we define the probability of an outcome k as

Notice, that we always have

We can also compute the average outcome (k).

k
(k) = lim % = kpy.

N=oo 1 A keA

In fact, for any function f(k) of k& we can define the average value of this function: the
measurement f(k) occurs with the probability py, so

(f(k)) = >_ f(k)pr.
keA
Examples:
e One tosses a dice and gets number £ from 1 to 6. Assuming the game is fair the

probability of each outcome must be equal, so p; = py = - -+ = pg = p. As the sum of
all probabilities must be 1, we find p = 1/6. One can compute the average outcome

(k) = kak:pzi:k:&&

keA
13
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Or one can compute (k?)

6
(k*) = Z k*py. :ka‘Q = 961
keA k=1
e A random process has M possible outcomes. An outcome k has a probability p,. We
run the process N times. What is the probability P, that the outcome k happens
exactly n times? The answer is

N! "

= NIV — P P
This is called binomial distribution. You should check, that > P, = 1.

e On average “Crust&Physics” pizzeria has A customers per hour. Assuming, that the
customers come randomly and independently from each other, what is the probability
P, that the pizzeria has n customers in a given hour? The answer is

)\’I’L
P, ="¢"
n

This is called Poisson distribution. You should check, that 27]:[:0 P, =1and (n) = \.

P, PR

4.1.2. Probability density

What if the outcome of a random process is not discrete? An outcome is ANY number =
from the interval [a,b]. In this case we split the interval into (infinitesimally) small intervals,

each of length dx. We run the process N times and count how many times dn(z) the process

lim )
N5oo N 7
If the process is smooth, then dp(z) will be proportional to the length dz of the interval. So
we can write dp(z) = p(x)dzx. The function p(x) is called the probability density. Thus the
probability density dp(z) = p(x)dx is the probability to find an outcome in the small interval
[z, x 4+ dz]. The probability density p(z) is the characteristic of the random process.

gives an outcome in the interval dx at value z. The probability then is dp(z) =

e Positive definite. The probability MUST be positive, so p(z) > 0 for any x.

e Normalization. The probability to find the outcome somewhere in the full interval
[a, b] is the sum of the probabilities to find the outcome in all small intervals dz. So
this probability is [ p(x)dz. But this probability MUST be 1 — the process does
give SOME number. So the probability density MUST be normalized

/ab p(x)dx = 1.

e Averaging. Let’s compute the average value of z in a random process which gives a
random z from the interval [a, b] with probability density p(x). The probability to
find = in the infinitesimal interval [z, z + dx] is dp(z) = p(x)dz. So the average x
is given by the sum of zdp(z) over all infinitesimal intervals, so (z) = [’ zp(x)dz,
similarly (2%) = [° 22p(z)dz, or more generally

Examples:

e Uniform distribution.
— The probability for x is uniformly distributed in the interval [a, b].
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— The probability density is a constant p(z) = A.
— The constant must be found from the normalization condition:
1

b—a

b
/p(x)dle, so A=

— Average x

b 1 b a+b
(x)-/agvp(x)dx—b_a/axdx— 5

as expected.
— We also can compute average of x%:

b 1 b* + ab + a?
2 2 2
x%) = [ x°p(x)dx = /xd:vzi.
@) = [ a*p(e)de = — [ ;
Notice, (x?) # (x).
e 1D quantum harmonic oscillator:
— Potential energy U(x) = %2””2: the wave function of the ground state is ¢(x) =
1/4 mw
e / e’ﬁzg, and —oo < r < 00.

— The probability density for the coordinate is

1/2 mw .2 0
= <m;:> e n / p(x)dx = 1.
™ —00

These are the results of Quantum mechanics. We here take them for granted
and only use the resulting probability density.
— Average position in the ground state is given by

(x) = /O:O xp(x)dr = 0.

H

=

2

s
|

p(z)

— However,

— We also can ask what is probability density for the potential energy U? We see,

that x = 1/2U/mw?, so dz = \/2dUUW'
(x)dx = <\/2U/mw2> aw__ ! e e dU
P P V2Umw?  V2rUhw '

SO

e s /Oo pu(U)dU = 1.
0
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Figure 1. Solid Angle.

4.1.2.1. Change of variables. Let’s say we have a probability density p(v) to find a speed
between v and v + dv. We want to find the probability density to find a kinetic energy
between K and K + dK. The probability is

dp = p(v)dv
The kinetic energy is K = m2“2, orv=4/2K/m, so dv = \/%, and

dp—p(\/2K/m> \/Qin—KdKj PK(K)—p<\/2K/m> \/27171—K

e Notice the change of differential!
e Notice, that if the distribution is uniform in one variable it may not be uniform in
the other!

4.1.3. Solid angle.

e An angle in radians is the ratio of the arc’s length to the radius.

e Analogously, the solid angle is the ration of the area of the patch on the surface of a
sphere to the square of the radius of the sphere.

e A small solid angle d€ is given by d§2 = sin 0dfd¢, see figure [I}



LECTURE 5
Disintegration of many particles.

e HW sessions, Fridays, 1:50-2:40 p.m., MPHY 213.
e Volunteer for Physics Festival (April 13).

5.1. Change of variables in probability density.

Let’s assume that we have a probability density p,(x) for some variable z. Let’s assume that
we want to use a variable y instead of x and that we know how to convert x to y, namely we
know = = f(y). The question is what will be the probability density for the variable y?

In order to answer this question we need to go back to the definition of the probability
density. If we have a random process which gives us the numbers x, we run this process N
times and we count how many times dn the outcome of the process is within a small interval
dx at a point x. The probability density p,(x) is defined as

The index x in p, is here to remind us, that this function must be multiplied by dx in order
to get the probability.

¥
S
vs

17
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Case of monotonic f(y).
Now we use the variable y instead. The point = is expressed through y as x = f(y), the
interval dz in variable y is expressed as dx = g—gdy. Now all outcomes withing our dx will be

outcomes within dy, so

e The absolute value is needed in the case when the derivative is negative in the case
of monotonically decreasing function.

e In this case smaller x correspond to larger y, so when we change x from small to
large y goes in the “wrong” direction, from large to small.

e The absolute value fixes these problems.

But by definition A}l_{noo dﬁn = py(y)dy, so

ool0) = 27 ) \gg .

Case of non-monotonic f(y).
In this case there are at least two intervals dx which correspond to one dy, so one has to sum
the probabilities in these intervals.

e Notice, that in any case the change of variables is not just a simple substitution of
Jin pg.

e The probability density makes sense in calculations only inside the integrals. In fact
this is integration measure. So when you change the variables you must change them
as change of variables in integration measure.

5.2. Disintegration of many particles in a beam.

We want to consider the following problem:

e There is a beam of identical particles. We know the velocity of these particles and the
density of the particles in the beam, or we know particle flux — how many particles
crosses the unit area of a beam per unit of time.

e Initial particle has internal energy e.

e These initial particles spontaneously disintegrate releasing their internal energy into
two different particles: 1 and 2, which will have some velocities after the disintegra-
tion. The direction at which these particle fly is random.

e The disintegration happens inside of a detector. The detector can measure the kinetic
energy of a particle 1. The detector cannot measure the direction of the velocity.

We want to know what is the kinetic energy probability distribution the detector will measure.

5.3. Disintegration of a particle.

We want to consider the following problem: A particle has an internal energy e. At some
point in time this energy is released and the particle disintegrates into two particles of masses
my and ms. In the laboratory we can measure the direction and magnitude of the velocity
of the particle 1. The initial particle has velocity V' in the laboratory frame of references.
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e sin(0)

% vorcont)

Figure 1. Illustrations to the equations 1) and 1)

e In the center of mass frame of reference the initial momentum is zero and the initial
energy is €, so the conservation laws give

2 2
Mivcy | Mabcs

mive1 + Maves = 0, 2 + 5 = €,
2 2,2 2
Mivey | Mabcr _ Moy (1 i m1> —
2 2m2 2 meo

The direction of the velocity vg; is arbitrary with the uniform distribution — this
means that there is no control over the orientation of the initial particle.

e We are observing the process in the laboratory frame of references. In this frame the
center of mass has a velocity V. In the laboratory frame of reference the velocity v,
of the particle 1 is given by

U1 =V +701.

e Kinematics show (see figure)
— In the case V' > v¢y there is a maximum of the angle measured in the laboratory.
(4!

(51) Sin<9L,max> = 77

— There is a relation between the angle 6 in the center of mass frame with the
angle 0y, in the laboratory frame.

if V> Vel

v sin(6)
ver cos(0) + V7

or if we measure 8y — this is what we measure — then we know 6 in the center
of mass frame.

(5.2) tanf;, =

Vo, vz,
cos ) = ———sin"(0) & cos(0r)(/1 — ——sin?(0y).
Ve vc1
For ve; > V the result is one-to-one, we must take the + sign, so that 6(6;, =
0) = 0. For ve; < V the result is not one-to-one: for a single 6, in laboratory
frame, there are two 6s in the center of mass frame.

5.3.1. Disintegration of many particles.

e All detectors are on a sphere of a large radius Ry.
e We are watching only particle number 1.
e Our detector is very simple. It only measures the kinetic energy of particles 1.
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e In each disintegration we know the speed vey if we know the internal energy of the

initial particle €, or vice verse

mivg, (1 4 ml> —

2 mo

The speed in the center of mass reference frame is the same for all particles number
1 which are the products of disintegrating initial particles.
The direction of the vector v is arbitrary. We assume that there is no preferential
direction (the way the initial particle was set up) and any direction of U is equally
probable.
In the center of mass reference frame the probability to find the particle 1 in the
solid angle df) is uniform and is given by

_ R%dQ  sin(f)dfde
- 4ATR? 47

The angle 6 is the angle between the vectors of the velocity of the center of mass 1%

dp

The probability density to find the velocity v, direction between the angle 6 and
0 + df is (we do not care about the angle ¢.)
2 sin(f)de 1

dp = d@/o 4 — 3 sin(0)do.
(One should check that the total is 1.)
Now we have everything (see previous section) to find the distribution of particles
over 6, — the angle measured in laboratory frame of references, as we know the
function 6(0;).
Instead of doing that we will find the distribution of the kinetic energy of the particles
1 in the laboratory frame of ref. (Important note: in the center of mass frame of
reference the distribution of the kinetic energies is trivial, as all particles 1 have the
same speed veq, so they have the same kinetic energy. However, in the laboratory
frame of reference it is not so.)

In the laboratory reference frame vy, = V+ Uo1, SO
vi, =V +vd + 2Vue cos(6).

where 6 is the angle in the center of mass ref. frame.
The kinetic energy of the particle 1 in the laboratory reference frame is

2 2 2
mivz, MV mivg,

K = 2 = 2 —|— 2 + mIV'U01 COS(G),
dK = —my Ve sin(6)d6.
or .
in(f)dd = ——————dK
sin(6) mi Ve

We can ignore the minus sign in the above (it only tells us that the particles with
larger kinetic energy have smaller angle)

1 1
dp = —sinfdf = ————dK.
p 2 St 277’1,1 V'UCl
1

The uniform distribution: pyx = i Voer
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mi (V4vcr)?
——

e The maximum Kkinetic energy is K, = The minimum is K,,;, =

m1(V—vc1)?

2
One can (should) check that

K’VTL(ZIL'

Kpmin

One can measure p(K) by simply measuring how many initial particles went to the
detector and how many particles with kinetic energies between K and K + dK the
detector measures (dK is just a small enough interval of energies) during the same
time, and taking the ratio of the two numbers. If px(K) is uniform, then one knows
that what happens is a simple particle disintegration. Measuring the width of the
distribution, one finds vey. Then one can find € — learn something about the initial
particles!

Also pg (K') measured by the procedure described above will not be normalized by 1,
the total integral will be smaller, as not all the particles that went into the detector
will necessarily disintegrate. Thus by measuring this discrepancy we will learn the
probability of disintegration!






LECTURE 6
Scattering. Scattering cross-section.

6.1. General.

6.1.1. Experimental setup and measurements.

beam of particles

scattering center

flux n

Figure 1. Left: Individual scattering event. Right: experimental setup.

e Set up of a scattering problem. Experiment, detectors, etc.

e Detectors are placed around the large sphere of radius 4. Fach detector has some
(known) 6 and ¢ and some (known) area d.A.

e The scattering center is at the center of the sphere.

e Flux of particle. Same energy, different impact parameters, different scattering an-
gles.

e The scattering problem, n — the beam flux, number of particles per unit area per
unit time in the beam. dN the number of particles scattered into a detector at the
position #, ¢ per unit time, or the number of particles scattered into the detector of
solid angle dw = dA/R? at angles 6 and ¢ per unit time. A suitable quantity to
describe the scattering
dN

=

23

do
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e Let’s check the units
it

time’

#

dN]| = e
[aN] Area - time’

7]

It has the units of area and is called differential cross-section.

e This quantity do is what we measure, by simply counting the number of particles
captured by a detector at the position 0, ¢. This quantity will be proportional to the
“size” of the detector dw.

[do] = Area.

6.1.2. What does do tell us?

0 scattering angle

| :
/ scattering center

Figure 2. Tllustration for the differential scattering cross-section and scattering angle.

We assume the axial symmetry of the problem. It means that nothing depends on the

angle ¢. It also means that it makes more sense to integrate the data from all the detectors
with the same 6, but different ¢ (this way we collect more data). For such a case we can
think that a single detector is a belt on the sphere between the angles 6 and 6 + df.

e All particles in the beam have the same velocity (kinetic energy F), but they have
different impact parameters.

e A single particle in the beam has an impact parameter p. After interaction this
particle is scattered at angle 6. This is a simple one particle problem and solving it
gives (for the given energy F) the function 6(p), or inverting this function we get the
function p(6).

e If we know the function p(#) , then only the particles which are in between p(f) and
p(0+ dO) are scattered at the angle between 6 and 6 + df, see the red trajectories on
the figure.

e The number of particles in the beam crossing the ring between p and p+ dp per unit
time is n2mpdp. So dN = n2wpdp, or

do = 2mpdp = 2mwp(6) ’dp@‘ de
do
(The absolute value is needed because the derivative is usually negative.)

e Often do refers not to the scattering between 6 and 6 + df. If one is interested in

the scattering to the solid angle dw = 27 sin 8df. Then
p |dp
o= ‘ 70 dw.

sin 6

e The strategy thus is the following: if we assume the interaction potential U(r). We
need to compute p(6) for individual scattering event. Then we compute do. We then
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can compare the computed do with the measured one and draw a conclusion if our
U(r) is correct.

e In a certain subset of cases it is possible to take the measured do and derive U(r).
This is called the inverse scattering problem.

6.2. Example: Scattering from a perfectly rigid sphere

(%)

Figure 3. Scattering from a rigid sphere.

e Cross-section for scattering of particles from a perfectly rigid sphere of radius R.
— The scattering angle 6 = 2¢.
— Rsin¢ = p, so p = Rsin(6/2).

p_|dp 1o
= — | dw = - R*d
sing |do| ™ T 4"
— Independent of the incoming energy. The scattering does not probe what is

inside.
— The total cross-section area is

o= /da = 111112227r/7r sin Adf = 7 R?
0

6.3. Example: Scattering from a spherical potential well.

Here we compute cross-section for scattering of particles from a spherical potential well of
depth Uy and radius R.
0, ifr>R
lmﬁ—{—%, ifr <R
At first we consider the situation Uy > 0.

e Fnergy conservation

2 2
muy Mo / 20U, P—
T:T—Uo, UV = Vg 1+m71)g:v0 1+U0/E
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Figure 4. The scattering processes from a spherical square potential —Uj.

e Angular momentum conservation

vosina = vsin 3, sina = n(E)sin g, n(E)=4/1+Uy/E > 1

e Scattering angle (see figure)

0 =2(a = f)

Impact parameter
p = Rsina
So we have

% = sin(a) = nsin(f) = nsin(a — 6/2) = nsinacos(6/2) — ncos asin(6/2)

= n% cos(0/2) —ny/1 — p?/R?sin(0/2)

And we have an equation connecting p and 6

% = n% cos(0/2) — nm sin(0/2).

Solving this equation for p we get
PR n?sin?(6/2) .

1+ n?—2ncos(0/2)
The differential cross-section is
B R*n?  (ncos(0/2) —1)(n — cos(6/2))
~ 4cos(6/2) (1+n?—2ncos(0/2))?
Differential cross-section depends on F /Uy, where E is the energy of incoming par-
ticles. By measuring this dependence we can find U, from the scattering.
The scattering angle changes from 0 (p = 0) to ,,4,, Where cos(0,,4:/2) = 1/n (for
p = R). The total cross-section is the integral

em(m: 2
0:/ do = 7R".
0

do dw
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It does not depend on energy or Uy. (If you want to check this result, and you should,
then remember that dw = 27 sin 0d6.)

6.3.1. Negative U,.

Here we consider a negative U, — this is not a well, but a bump.

n = \/1 - |U0|/E

o We see, that n is imaginary for £ < Uy. This is a rigid sphere — the particle cannot
get into the potential.

e For £ > Uy, n is real and n < 1, so there is no solution of equation sin(a)) = nsin(f3)
for a > ., = sin~'(n), or for p > p., = Rsin(a.) = nR.

e So for p in the range nR < p < R the particle does not penetrate inside the potential
(total internal reflection).

e In this range of impact parameters we will have a reflection from a “rigid” sphere.

e In this case

6.4. Arbitrary central potential

Figure 5. Scattering in central potential.

Consider the scattering of a particle of initial velocity v, from the central force given by
the potential energy U(r).

e From the initial state — a particle in the beam

— The energy is
2
="
2

— The angular momentum is given by

Ly =musp = pV2ME,

where p is the impact parameter.
e The trajectory is given by
L¢ 1 Li
+(¢ — = / — , Uep(r) =U(r) + —
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where rg and ¢y are some distance and angle on the trajectory.

At some point the particle is at the closest distance o to the center. The angle at this
point is ¢q (the angle at the initial infinity is zero.) Let’s find the distance ry. As the
energy and the angular momentum are conserved and at the closest point the velocity is
perpendicular to the radius we have

2

E= %—FU(TO), Ly = mrouy.

so we find that the equation for r( is
Ueff (7‘0) =F.

This is, of course, obvious from the picture of motion in the central field as a one dimensional
motion in the effective potential Uesf(r).
The angle ¢q is then given by

L¢ o ]
6.1 = — —_———
o Y o b B —Uess(r)

From geometry the scattering angle 6 is given by the relation
(6.2) 0+ 2¢py = .

(For attractive potential it might be more convenient to define = 2¢y — 7.)

So we see, that for a fixed vy the energy E is given, but the angular momentum L,
depends on the impact parameter p. The equation then gives the dependence of ¢
on p. Then the equation (6.2]) gives the dependence of the scattering angle 6 on the impact
parameter p. If we know that dependence, we can calculate the scattering cross-section.

_ P |dp
sin @ | df




Historical facts:

LECTURE 7

Rutherford’s formula.

1897, J. J. Thomson’s measurement of e/m. Cathode ray deflected by magnetic field

experiment established that electricity is carried by particles.

1899, Rutherford (in McGill University, Canada) and Paul Villard (working in Paris)
separated radiation into three types: eventually named alpha, beta, and gamma by

Rutherford.

1904, Thomson model of the atom.
1905, Einstein’s photo-electric explanation: Light is a particle.
1909, Robert Millikan measured e, oil drop experiment.
1911, Bohr—Van Leeuwen theorem. Magnetism is impossible in classical mechanics.
1911, Rutherford’s experiment, « particles scattered of a gold film, experiment es-
tablished the structure of an atom (experiment was done in 1909).

1913, Bohr’s model of the atom.

e 1924, Louis de Broglie, electron is a wave.
1926, Schrodinger equation.

Figure 1.

Some « particles are scattered Most o particles
are undeflected

_

Circular fluorescent screen

Thin gold
- foil

Beam of
particles

Source of a particles

29

Left: Rutherford experiment set up. Right: Scattering in Coulomb potential.
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7.1. Rutherford experiment.

e What is the question?
e Experiment set up.
e Expected result from Thomson model.
— If the pudding is soft, then there should not be much of the back scattering.
— If the pudding is hard, then according to our result for the hard sphere do =
iR%lw there should be not dependence on energy F.
e Obtained result.
— There is a considerable back scattering.
— The scattering strongly depends on the energy of the incoming particles.

7.2. Coulomb potential.

A Ue Ff
To E
%o 0 ': >

Figure 2. Left: Scattering in Coulomb potential. Right: sketch of Ues(r).

Let’s say that we have a repulsive Coulomb interaction

In this case the geometry gives
0=m— 2¢0
In order to compute the differential cross-section we need the function p(€), so we start by
computing ¢g as a function of p for a given energy E.
2

oo ] d
/ 1 r ’ o mvoo’ Ly = musp = pV2mE,
ro r? a Li 2
E— T 2mr?

where rg is the value of r, where the expression under the square root is zero.
Let’s take the integral

dx dx

/l/ro /l/m
0 — % — \/E—oza: 52 \/E+2L2_(x+Li)2

2mr2

2m /1/7“0 dx
2 m ac“m am
L 2 E 2¢2 . (x + Ti>2
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changing 2mE + <= smz/; = x + 7z we find that the integral is

2m /W/2 cos¢ 2m /W/2
L2 oS w L2

1/2
where sin(¢;) = % (22”2E + T) So we find that
% % Ly

b0 =7/2 =1,
or remembering, that ¢o = 7/2 — 6/2 and hence 0/2 = 1, we get

0 in ) <2mE N a2m2>_1/2
sin — = sinv, = <
2 2\ 12 I}

Using Ly = pV2mE this gives

or

This we have the function p(0).
The differential cross-section then is

p dp 1 < a )2 1 J
7740 2500 4E) sin*(0/2) “
or using dw = 27 sin 0d#

do = 4 (40;5)2 mcw.

7.2.1. Rutherford formula analysis.

e Notice, that the differential cross-section diverges at small scattering angles as 1/6%.

e Not only it diverges, but the integral ~ 3—2 — the total scattering cross-section —
also diverges at small angles.

e This means that the total number of particles our detectors collect in a unit of time
is infinite.

e This is obviously un-physical, as the total number of particles entering our device
per unit time is finite.

e So the divergence must be cut off. In the ideal situation it is cutoff simply by the
finite width of the beam. The finite width means, that the impact parameter p
cannot be larger than the radius of the beam p(f) < Rpeam. So the scattering angle
cannot be smaller than a certain value.

e Such divergence can be traced to the fact, that the Coulomb interaction is a long-
range interaction.
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7.3. Rutherford experiment analysis.

Rutherford’s formula.

dp?> 1 a \? 1
=" 25 o™ = (4E> sint(92) ™
The beam. How do you characterize it?
What is measured?
The statistics. How much data we need to collect to get certainty of our results?
The beam again. Interactions.
Final state interactions.
The forward scattering diverges.
The cut off of the divergence is given by the size of the atom.
Back scattering. Almost no dependence on 6.
Energy dependence 1/E?.
Contrast this to the Thomson model:
— If the pudding is soft, then there should not be much of the back scattering.
— If the pudding is hard, then according to our result for the hard sphere there
should be not dependence on energy FE.
Plot do at any angle as a function of 1/(4F)?, expect a straight line at large 1/(4F)?.
The slope of the line gives o?.
What is the behavior at very large E7 What is the crossing point?
The crossing point tells us the size of the nucleus do = %de. (Rutherford’s exper-
iment was not accurate enough to determine the radius of the nucleus, but it was
accurate enough to show that this radius is by far less than the size of the atom.)



LECTURE 8
Oscillations. Many degrees of freedom.

8.1. Small oscillations. One degree of freedom.

Problem with one degree of freedom: U(xz). The Lagrangian is

ma?

L:T—U(ZE).

The equation of motion is

. oUu
mi = ——
Ox
If the function U(z) has an extremum at z = g, then 27 = 0.
T=x0

e Then x(t) = x is a (time independent) solution of the equation of motion. But it
will not satisfy arbitrary initial conditions.

Consider a small deviation from the solution z(t) = zg + dz(t). We assume that dz(t)
stays small at all times during the motion. So the particle is always in the neighborhood
of xy. It means that we only need to know the behavior of the function U(x) in the small
neighborhood of xy. Using the Taylor expansion we write.

1
U(x) = U(xo+ dx) = U(xg) + U'(x0)dx + §UH(£L‘0)(5.I'2 = U(xg) + ;U”(:z:o)éxz.

e Notice, that we kept only the first non-trivial term is the Taylor expansion.

e There are higher order terms — terms with higher powers of dx — but we ignore
them, as for small enough dx these terms are small in comparison to the term we
kept.

The equation of motion becomes
moz = —U" (zo)0x
o If U"(z9) > 0, then we have small oscillations with the frequency
U//
W2 = (o)

m

This is a stable equilibrium.
o If U"(xg) < 0, then the solution grows exponentially, and at some point our approx-
imation becomes invalid. The equilibrium is unstable.

Look at what it means graphically.
33
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8.1.1. Noise and dissipation.

Generality: consider a system with infinitesimally small dissipation and external perturba-
tions. The perturbations will kick it out of any unstable equilibrium. The dissipation will
bring it down to a stable equilibrium. It may take a very long time.

After that the response of the system to small enough perturbations will be defined by
the small oscillations around the equilibrium

8.2. Examples in 1D for one degree of freedom.

Ua) = 22 4 22 U(z) = —ke® 4 oz
A
E T VEA | VR T
E 1 i i 1 p_‘
1 1 E

Figure 1. Examples of 1D potentials.

8.2.1. U(z) = ’“2&2 + %, where k£ > 0 and v > 0.

e First, we find the equilibrium positions. The equation is

ou 5
O—a—x—x(k:—f-’yx ).

for v > 0, k > 0 there is only one real solution: x = 0.
e We need to compute

9*U
— =k>0.
ox? o0
e The frequency of the small oscillations is
1 0*U
2

= — — =k/m.
YT m a2 o0 /m

e Notice, that the frequency does not depend on ~. It depends only on quadratic part
of the potential.

8.2.2. U(x) = —"“2&2 + %4, where k£ > 0 and v > 0.

e First, we find the equilibrium positions. The equation is
oU
=5 =

for v > 0, k > 0 there are three real solution: z =0, ¢ = j:\/m.
e We need to compute
2 2
ggg ) =—k <0, ({;g

=0

0 r(—k 4+ y2?)

=2k > 0.
x=%+/k/y
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So the equilibrium point x = 0 is unstable. The two equilibrium points x = 4+4/k /v
are stable. The small oscillations are only possible around the stable points. So we
have

2
w? = 10U = 2k/m.

2
m dr*| _, i

Look at what it means graphically.

8.3. Full solution in 1D for one degree of freedom.
The equation
&= —w?x, w? = U"(zy)/m >0, U'(x9) =0
General solution
z(t) = Acos(wt) + Bsin(wt) = C cos(wt + ¢) = RCe™", C =Ce".

The two arbitrary constants A and B, or C' and ¢, or one complex C' must be found from
the initial conditions, say, at t = t; the position was xy and the velocity was vy, then

I(t:to) = Xy, Jf(t:t()) = Vo

are two linear equations for the two unknown (arbitrary) constants in the general solution.

8.4. Special w = 0 case.

e In the case w = 0, the equation becomes
& =0, z(0) = x9, 2(0) =1y

with an obvious solution
x(t) = xo + vot.

e Let’s obtain the same result from the general solution
z(t) = Acos(wt) + Bsin(wt).

e If one naively plugs w = 0 in it, one gets x(t) = A, which is obviously incorrect.
It is physically incorrect, but also mathematically, as a solution of a second order
differential equation must depend on 2 arbitrary constant, while here we have only
one.

e To do it correctly and to see where the problem is, one has to first satisfy the initial
conditions and write

x(t) = xg cos(wt) + % sin(wt).

e Now we see, that we cannot simply plug w = 0, as we cannot divide by zero. Instead
we must take a limit w — 0 at fixed time ¢.

e Then the argument of the sin function is small. Using sin(wt) ~ wt, we restore the
right answer.



36 SPRING 2024, ARTEM G. ABANOV, ADVANCED MECHANICS II. PHYS 303

xr
3 2

k k "k

Figure 2. Two blocks.

NI

8.5. Many degrees of freedom.

Consider two blocks of equal masses in 1D connected by springs of constant k£ to each other
and to the walls.

There are two coordinates: z; and zs.

What do we expect? There are two modes x1 — x5 and x1 + x».

The potential energy of the system is

kx?  k(xy —x9)®  kad
2 2 2

U(zy,x9) =

The Lagrangian

2

- .2 2 2 2
may | miy  kr{  k(z —x)”  kaj

L= — —
2 * 2 2 2 2
The equations of motion are
mi; = —2kx, + kxo
m[i‘g = —Qkxg + ]{71'1

e These are two linear second order differential equations.

e They must have four linearly independent solutions.

e The general solution must depend on four arbitrary constants.
e These constants must be found from the initial conditions.

Let’s look for the solutions in the form
Ir = Alem, To = Ageth

(These functions are complex. We need to take the real parts of these function, but as our
equations are linear with real coefficients, we can first solve them with complex functions
and only after that take the real parts.) then

—w2mA1 = —2]€A1 + kAQ
—w2mA2 = —2I{A2 + k’Al

Notice, that €™ drops out (because w is the same for z; and x5) so instead of two differential
equations we now have to linear algebraic equations. Let’s write them in the form:

<2k — mw2)A1 — kAQ =0
—k'Al + (21{? - mw2)A2 =0

2k — mw? —k A 0
—k 2k — mw? Ay |

or
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There is always a trivial solution A; = Ay = 0. In order for this set of equations to have a

non trivial solution we must have
2k — mw? —k
et < —k 2k —muw? ) =0, (k—mw’) =k =0, (k—mw)3k—mw’) =0

There are two modes with the frequencies
w2 =k/m, wi = 3k/m

and corresponding eigen vectors

AP\ s [ 1 AN e [ 1
(ad)=ae (1) (G) = (4

where A%, A’ ¢,, ¢;, are arbitrary real numbers.
The general solution is the linear combination of the two solutions and is

( L1 ) =R [Aaei(wat+¢a) ( 1 > + Abeilwptter) ( 1 )]
i) 1 —1

(1) (oo (L Yoo

or

T2
e The equations of the form as above are to be read line-by-line. Here, this is simply
the shorthand for two equations
z1(t) = A% cos(wat + ¢a) + A° cos(wyt + dp)
T9(t) = A" cos(wat + ¢o) — A cos(wpt + ¢p)
e There are four arbitrary constants A%, A®, ¢,, ¢, which must be obtained from the

four initial conditions — initial coordinate and initial velocity of each block.

e Picture of the eigen modes ( 1 ) and < _11 )
e Symmetry.

What will happen if the masses and springs constants are different?
Repeat the previous calculation for arbitrary my, ma, ki, ko, ks.
The Lagrangian

m1:i32 mgl'% k’ll‘% k?g(l’l — 1'2)2 _ ]{?31'3

L=—+ — —
2 T3 2 2 2

The equations of motion

midy = — (k1 + k2)xy + koo
mgjg = ]{321’1 - (k?g + ]Cg)d?g.

We look for the solution in the form

o N it Ay
i) AQ ’
The equations become

kl + ]{?2 — w2m1 —k)g A1 —0
—ky ko + ks — w?my Ay |
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There is a non-trivial solution iff
ky + ky — w?my —ks _
det ( —k’g kQ —|— k’g — w2m2 B 0

2 in the diagonal elements, the

e As it is the determinant of a 2 x 2 matrix with w
equation is a quadratic equation for w?.
e It will have two solutions for w? (it may be degenerate).
e Correspondingly it will have two eigen vectors.
w2:w2—><A(11> w2:w2—><AIi>
A5 ) =)

The general solution then is

( 2 > =a ( ﬁg > cos(wat + ¢q) + b < ﬁg ) cos(wpt + @p)-

The four constants a, ¢,, b, and ¢, must be found from the initial conditions.
Notice the following:

e We had 2 x 2 matrix, because we had 2 degrees of freedom. If we had N degrees of
freedom the matrix would have been N x N.

e We had quadratic equation for w? because we had 2 x 2 matrix for 2 degrees of
freedom. If we have N degrees of freedom the matrix is N x N and the equation for
w? is N-degree equation for w?.

e Although in general such an equation has N complex roots, it will be proven later
that if you are in a minimum of the potential energy all roots for w? will be real and
positive.

e So for N degrees of freedom we will have N solutions for w? (some may coincide).

e For each root there will be a mode! even if the roots coincide the corresponding
modes will be different.

e N degrees of freedom — N modes!

IMPORTANT!!

e Each eigen frequency has a corresponding eigen mode! The frequency and the mode
come together.

e The number of eigen modes EQUALS to the number of degrees of freedom! Some
of the eigen frequencies can coincide (degenerate case) but the eigen modes will be
different!

General scheme.



LECTURE 9
Oscillations. Many degrees of freedom.

9.1. Examples.

9.1.1. Two masses, splitting of symmetric and anitsymmetric modes.

00000000 60000000 00000000

N
=
}
=
|
=

Figure 1. Two blocks.

This is the problem of two identical masses m connected with each other with the spring
k and to the walls with the springs K.

Notice, that the problem is symmetric with respect left<»right. As it has only two degrees
of freedom with experience one can guess right away, that the normal modes will be

() (1)

After that one can compute the frequencies of these modes.

K+ 2k K
z = + , and wi = —.
m m

However we want to solve this problem without any guesses.
In order to describe the system we need to coordinates x; and xs.

w

e We have two degrees of freedom. We will have two normal modes.
The Lagrangian is almost the same as we have derived before

I_ mi? N mi3 B Ka? _ k(z — 19)? B K2
2 2 2 2 2

The equations of motion are
miy = —(K + k)zy + ko
miy = —(K + k)xg + kay
39
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Looking for a solution in the form

we get

—w'm+K+k —k A g
—k —wm+ K +k Ay, | T

The nontrivial solution exists if and only if the determinant of the matrix is zero.

wm—K —k k
det( k w2m—K—k>_0'

To find the eigen/normal modes we need to find such w? at which the determinant of this
matrix is zero.
Notice that

o If the masses were not interacting k£ = 0, then the matrix would be already diagonal
and we would have two degenerate eigen frequencies w? = K/m.

e The interaction between the masses (degrees of freedom) appears as the off-diagonal
matrix element k.

e This off-diagonal matrix element will split the degeneracy of the two modes.

The equation is
2 2 2
(w m—K—k) — k=0,
with the solutions

K+ 2k K
R i , A_—<_11>, wi:—, A+—<1)

m m

These are symmetric and antisymmetric modes. It is a very general situation for a sym-
metric system, that the interaction splits the degeneracy and the new modes are symmet-
ric/antisymmetric pair.

The full general solution is

(il ) :a<—11 )Cos<wt+¢>+a+(})cos<w+t+¢+>

Four constants a4 and ¢4 must be calculated from initial conditions.

9.1.2. Zero mode, or w = 0.

Figure 2. Two blocks, zero mode.

A rail and two objects with masses m and M connected by a spring k.
In order to describe the system we need to coordinates x; and xs.
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e We have two degrees of freedom. We will have two normal modes.

The Lagrangian is
I mi3 N Mij  k(z1 — xy)?
2 2 2
Notice, that the Lagrangian depends only on x; — x5 and velocities.

The equations of motion are

ma'l"l = —k(a:l — 1'2)
Mfg = —k’({BQ — $1)

Looking for a solution in the form
z1(t) _ A it
I‘Q(t) A2 ’

—w2m + k —k Al —0
—k —OJQM—{— k AQ o

So the determinant equal zero requirement gives
w'mM — k(m + M)w* = 0.

5 1 s ,m+M M
w” =0, <1>, w—kimM, )

The full general solution is

(i;gg ) Z(UotJrl’o)(})Jra( _]\f; )cos(thrqb)

e Role of symmetry for zero mode.
— As the Lagrangian depends only on 27 — x5 (and the velocities), the Lagrangian
will not change if we add the same constant € to both x; and z».
— This is the symmetry of the problem.

then

Two solutions

— It means that if we find a solution ( i () ) which minimizes the Action, then
2

. l‘l(t) + € o [L’l(t) 1 . .. .
the solution ( o(t) + € ) = ( (1) +€ 1 will also minimize the Action

(but it may not satisfy the initial conditions)
— Notice, that € multiplies the mode that corresponds to w = 0.
— This is a very general situation.

9.1.3. Mode disappearing.

A rail a wall and to objects with masses m and M connected by a spring k with each other
and by the spring k& through mass m with the wall. We want to consider two cases m = 0
and m — 0.
The Lagrangian is
I mi? N M3 ka?  k(z1 — xp)?
2 2 2 2
Notice, that now the Lagrangian depends not only on the combination z; — x5, but also on

x1. This breaks the symmetry discussed before. It means that we do not expect w = 0 mode.
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X1 Lo
k — L —

ARt .'l‘.l..

NN

7

Figure 3. Two blocks, mode disappearing.

The equations of motion are
miy = —kxy — k(z1 — x2)
M!i'g = —]{?(ZEQ — .171)

Looking for a solution in the form

then
—w?m+2k —k A\ 0
—k? —(,UQM —|— k? A2 o

So the determinant equal zero requirement gives
w'mM — k(m + 2M)w? + k* = 0.
e Notice, that if we put m = 0 directly in the equation we will get a single solution
w? =k/2M.
e This happens because m multiplies w?*, so when m = 0 we get a linear in w? equation
instead a quadratic.
e However, for any, no matter how small m # 0 the equation is quadratic in w?, so
we must have two solutions — two modes! What happens to the second mode as
m — 07
The two solutions are
2M + m £ 4AM? + m?

2mM
For m < M, we need to keep only linear in m terms in the numerator

m+2M £2M { 2k for the “+” sign

W=k

Y

2 )
=k 2mM N for the “—” sign

oM
or two normal frequencies
9 k , 2k
W =oap wy=_ — 00.
Physical picture:
e Mode w_: when m is very small, we have two springs in series (spring constant k/2)
acting on mass M.
e Mode w,: when m is very small, M almost does not move we have two springs in
parallel (spring constant 2k) acting on mass m.

e When m — 0 acceleration goes to infinity, so does the corresponding frequency.



LECTURE 10
Small oscillations. General solution.

Notice, in all examples we considered so far we were doing the same thing again and

again:

(a) Wrote the Lagrangian.

(b) Derived the equations of motion.

(c) Looked for a solution in a particular form.

(d) Derived a system of homogeneous linear equations.

(e) Demanded, that the determinant were zero and found the frequencies of the normal
modes.

(f) Found the modes.

(g) Wrote the general solution.

The procedure is not difficult, but has several drawbacks.

e Notice the absence of a very important step: finding the stable equilibrium!

e Also in the general situation the equations of motion are NOT linear. The step of
linearizing the equations is missing.

e The procedure is simple enough for a few degrees of freedom, but when there are
many is becomes to cumbersome with many unneeded steps.

In this lecture we want to fix these problems.

10.1. General situation.

Let’s consider a general situation in detail. We have N degrees of freedom which are described
be a set of N generalized coordinates {¢;}.

e Please, keep in mind this number N — the number of degrees of freedom, or the
number of generalized coordinates we need to describe the configuration of our sys-
tem.

We start from an arbitrary Lagrangian

L=K{dq}{a}) —U({a})
Very generally the kinetic energy is zero if all velocities are zero. It will also increase if any

of the velocities increase. We assume, that the function U({¢;}) has a minimum. Then this
minimum is a stable equilibrium

e We expect harmonic oscillations around the stable equilibrium.
e The harmonic oscillator equations are linear.

43
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e In order to have linear equations we need the Lagrangian only up to the second order
in both velocities and coordinate shifts from the equilibrium position.

First we need to find the coordinates ¢; = ¢;o of the minimum of the potential energy.
ou
ol

=0

{g;}={gjo}

These are N (generally nonlinear) coupled equations for the equilibrium position {g;}.
Let’s first change the definition of the coordinates x; = ¢; —qo;- We rewrite the Lagrangian

in these new coordinates.
L= K{a:},{w:}) — U({w:})

We can take the potential energy to be zero at {z;} = 0, also as {z;} = 0 is a minimum we
must have OU/0x;[(, 4o = 0.

Let’s now assume, that the motion has very small amplitude. We then can use Taylor
expansion in both {#;} and {z;} up to the second order.

The time reversal invariance demands that only even powers of velocities can be present in
the expansion. Also as the kinetic energy is zero if all velocities are zero, we have K (0, {z;}) =
0, so we have

1 PK
(in the last expression the Einstein notations are assumed) where the constant N x N matrix
k;; is symmetric and positive definite. (I use the small letter k;; to denote it to remind that
it originates from the kinetic energy. Physically, it is more as a mass matrix.)

For the potential energy we have

1 0*U

0]

xla:j — iku.ﬂ?lﬂf],

&=0,2=0

1
[Eil‘j = Euijxixj,

z=0

(in the last expression the Einstein notations are assumed) where the constant N x N matrix
u;; is symmetric. If x = 0 is indeed a minimum, then the matrix u;; is also symmetric and
positive definite. (I use the small letter u;; to denote it to remind that it originates from the
potential energy. Physically, it is more as a spring constant matrix.)

The Lagrangian is then

1 1
L = ikijxixj — §uijx,;$j
where k;; and u;; are just constant matrices and summation over the repeated indexes i and

7 is assumed. The Lagrange equations are
kijiy = —ui;,
where the summation over the repeated index 7 on both sides is assumed.
e This is a system of N second order linear differential equations.
We are looking for the (non-trivial) solutions in the form
a __ a twat

x = Aje™".

On notations

e We expect N normal modes, where N is the number of degrees of freedom.
e The letter a denotes/labels the eigen/normal modes: a =1,..., N.
e Each mode has its own frequency w, and its own vector Aj.
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Substituting the solution in this form in the equations of motion we get:

(10.1) (wekiy — uiz) A5 =0,

where the summation over the index j is assumed.
In order for this linear equation to have a nontrivial solution we must have

det (wgkij — ui]’> =0
After solving this equation we can find all NV of eigen/normal frequencies w, and the eigen /normal

modes of the small oscillations A{.

e The number of normal (eigen) modes must be equal to the number of degrees of
freedom.

The general solution of the equations of motion is then

N N
zi(t) =Y Afagsin(wet + ¢q) = D Af (da sin(w,t) + by cos(wat)) .
a=1 a=1
e If a particular wy, = 0, then one must substitute a, sin(wyt + @) — vyt + dy.
e The general solution depends on 2NN arbitrary numbers {a,} and {¢.} (or {G.} and
{ba}). These numbers must be found from the initial conditions.

We can prove, that all w? are positive (if U is at minimum.) Let’s substitute the solutions
w, and A into equation ([10.1]), multiply it by (A{)* and sum over the index i.

> (w2hiy — uig) A (A" =0.
ij
From here we see
W2 = ¥ij uigAf (A7)
“ X ki Ag (Ag)
As both matrices k;; and w;; are symmetric and positive definite, we have the ratio of two

positive real numbers in the RHS. So w? must be positive and real.
A note on linear algebra: The equation for w? is the same as the equation for the eigen

values of the matrix @ with the scalar/dot product given by the matrix k.

10.2. Examples.
10.2.1. Two masses.

Il )

K

%

Figure 1. Two blocks.

This is the problem of two identical masses m connected with each other with the spring
k and to the walls with the springs K.
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The kinetic and potential energies are

.2 .2
mxy  mT;

K="1
> T
Ka}  k(z —5)?  Kaj 1
v= B M2l B D+ R = 2k + (K + )2

Using “a vector”

X1

X2
they can be written as

. 1 . . m 0 1i71 i 1 K + k —k T
k-gea (50 ) (1) =g (58 ) (0
so the matrices k& and @ are
]%_ m 0 N K+ k -k
“lom /) T\ -k K+k )

and the matrix w2k — 4 is

wm—K—k k
k Wwrm—-—K—Fk |-

To find the eigen/normal modes we need to find such w? at which the determinant of this

matrix is zero. This is exactly the same matrix, as we have obtained for this problem in the
previous lecture.

10.2.2. Three masses on a ring. Symmetries. Zero mode.

OO0

Figure 2. Three masses on a ring.
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The Kinetic and potential energies are
mR2¢2  mR2p2  mR2?
G mRS mR

K =
2 2 2
g = ML= 9 | RO = d)* | K65 = 1)

1
=3 [sz%pf + 2k R2¢3 + 2k R*¢2 — 2k R*¢1py — 2k R o3 — 2k32¢3¢1]

Using the vector

o1
03}
?3
The corresponding matrices are
. mR* 0 0 2kR?> —kR? —kR?
k= 0 mR* 0 , o= | —kR?> 2kR*> —kR?
0 0 mR? —kR?> —kR* 2kR*
So we need to solve the equation
w*mR? — 2kR? kR? kR?
det kR? WwmR? — 2kR? kR? =0,
kR? kR? wmR? — 2kR?

which gives
2 2 2
w m(w m—3k) = 0.
We see, that there are three modes: one is the zero mode w = 0, the other two are double
degenerate w? = 3k/m. The corresponding eigen modes are

1 1 1
w=0—| 1], W=3k/m—| 0 |, -2
1 ~1 1

(Any linear combination of the degenerate modes is also a normal mode.)

e The zero mode exists because of the continuous symmetry. It would be present even
if all the masses and all the springs were different.

e The degeneracy is the consequence of the discrete symmetry, the fact that all the
springs are the same and all masses are the same. This degeneracy would be lifted
if we take, say, one of the masses to be different form the other two.

The modes are shown on the figures with different colors.

10.3. General procedure

(a) Choose the N coordinates {g;}.
(b) Write the Potential energy U({g¢:}).

(c) Find the position of extremum {g o} by solving

% = 0. If there is more
9 {gj}={gjo}
than one solution the rest of the procedure must be done for all of them one-by-one.
(d) Change the coordinates to x; = ¢; — gio-
(e) Write the Taylor expansion for the function U({x;}) for small {x;} (around {x;} = 0)

up to the second order in {x;}.
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(f) Read the matrix u;; from the expansion.

(g) Write the kinetic energy K ({¢},{¢:}) in terms of {¢;} and {¢;}.

(h) Change the variables to {z;} and {&;} to find K ({x;}, {2:}).

(i) Taylor expand the function K ({z;} = 0,{;}) for small {#;} up to the second order

(j) Read the matrix k;; from the expansion.

(k) Construct the matrix w?k;; — u;;.

(1) Find all values for w? for which the determinant of this matrix is zero. You MUST
have N real positive(non-negative) solutions for w?, we label them w® a = 1... N
(some might be degenerate).

(m) If any of the obtained w? is negative, then {gio} is NOT a stable equilibrium. Full
stop here. Repeat the procedure for another extremum.

(n) For each w® you found, find the corresponding mode A$ (you do not need to normalize
these vectors, if you do choose to normalize them, then use the matrix £;; as the
metric).

(0) The general solution is

N
2i(t) =Y gAY sin(wet + @q).

a=1

It depends on 2N arbitrary constants a, and ¢,.



LECTURE 11

Oscillations with time-dependent parameters. Kapitza
pendulum € > w.

11.1. Oscillations with time-dependent parameters.

e Oscillations with parameters depending on time.

1 1
The Lagrange equation
d d
%m(t)ax = —k(t)x.

We change the definition of time
wpd 4 A1
dt  dr’ dt — m(t)

then the equation of motion is
d*x
dr?

So without loss of generality we can consider an equation

= —mkx.

i = —w(r)x

e The most interesting is the situation when w(7) is by itself a periodic function with
frequency 2. In this case the system returns back to where it was after time 27 /().

e We call Q the frequency of change of w.

e Different time scales. Three different cases: Q> w, ) < w, and Q ~ w.

A w(r)?

21 /Q

Y

A

49
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— Q> w — Kapitza pendulum. (demo) Criteria: (5)2 > gl.

o Importance of the time scale separation.

o Averaging out fast processes — a natural thing to do.

o Importance of non-linearity.

o Universal mechanism — averaging over fast degrees of freedom leads to
the change of the dynamics of the slow degree of freedom through non-
linearity.

— ) < w — Foucault pendulum as an example of slow change of the parameter
A¢ =solid angle of the path. (quantum: Berry phase 1984; classical: Hannay
angle 1985.)

o Topological in nature.

o Universal.

— Q ~ w — parametric resonance (w, = 2wj)

i = —w?(t)x, w?(t) = wi (1 + hcos(wypt)), h<1

Different from the usual resonance:
o If the initial conditions z(t = 0) = 0, @(t = 0) = 0, then z(t) = 0.
o Frequency wy, is a fraction of wy.
o At finite dissipation one must have a finite amplitude h in order to get to
the resonance regime.

11.2. The Kapitza pendulum. Set up of the problem.

e We have a standard rigid pendulum of length [ in the gravitation field g. Some-
body/something is shaking the pivot point of the pendulum vertically or horizontally
very fast, but with a small amplitude. So the position of the pivot point with respect
to its average is given by (), where |£(t)] < .

e Time scales difference. The shaking is very fast. So the frequency of the function
&(t), which we call € is much larger than the natural frequency of the pendulum

w=4/g/l, or Q> w.

e Expected results. We assume that the function £(¢) is so fast, that we do not actually
see the motion of the pivot point. The pendulum then will perform some very
complicated motion, but this motion can be split into a very fast one, which we do
not see, and a slow “average” one. We are interested in that slow motion only. We
will be able to clearly define these two motion because there is large separation of
the time scales. We then expect, that the fast motion will change — “renormalize”
— the slow motion in comparison with the motion of a normal pendulum of length

l.

We will consider two cases — vertical and horizontal shaking — separately. One can also
consider a general case, when both are present.

11.3. Vertical displacement.
11.3.1. Exact Lagrangian and exact equation of motion.

The position of the pendulum bob is described by a single coordinate ¢. The pivot point is
shifting vertically very fast. The position of the pivot point is given by the known function
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l\y

3 (t).i_

£(t). On average the pivot point is not moving

£(t) =0.
The Cartesian coordinates of the pendulum bob are (see figure)
x=1lsing :t:lq'ﬁcosqb _
y=1(1—-cosp)+¢’ y=Ilpsing+¢

The Lagrangian is
mi? ., .

L= TQb + mlpE sin ¢ + mgl cos ¢,
where I dropped the terms that are independent of ¢ and ¢. The equation of motion is

é+§sin¢:—w2sin¢, w? =g/l
(Check the units.)
This is a non-linear second order differential equation with time dependent coefficients. We
cannot find the exact solution of it, but we do not want to. The exact solution will have
both slow and fast motions. What we want is to “average” over the fast motion and to find
an effective equation for the slow motion only.

11.3.2. Averaging over fast motion.

We think that the motion will have two “parts” fast and slow. It means that there is a fast
changing of ¢ on the background of slow motion of the “average” ¢. Accordingly, we look for
the solution in the following form:

o(t) = do(t) +6(), 6(t) =0,
where ¢o(t) is slow and 6(t) is fast. We are interested only in the function ¢g(t). The function
6(t) is so fast, that we cannot observe it. What we would like to do is to “average” the exact

equation of motion so that 6(t) is “averaged out” and only ¢g(t) is left. In order to do that
we need to define what do we mean by “average”. What does “averaging” mean?
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e Separation of the time scales 2 /Q < 27 /w. Consider the time 7" such that 27/Q <
T < 27 /w. During this time the fast motion goes over many cycles, while the slow
motion almost does not happen.

e The averaging of any function, say f(t), then means

t+T/2
T / T/2
Notice, that this is not full averaging. The full averaging would require taking a limit
T — oo. We do not do that.
e Instead we average over time 7. During this time T the fast functions 6(¢) and £(t)

go over many many cycles, while the slow function ¢y(t) almost does not change.
e Notice, that with this averaging procedure we write

t+T/2 " - t+T2 "
= t = i t =
T/ T/2 0, while T/ Po(t):

as ¢o(t) can be considered to be a constant during time 7. This also means that

P(t) = ¢o(t) +6(t) = do(t) + 0(t) = ¢o(t).
e Such a procedure only makes sense if the result does not depend on 7' as long as

21/ « T <« 2m/w. The validity of separating the scales must also be checked
afterwards.

We expect 6 to be small, but § and 6 are NOT small. 6 is a very fast function, so its time
derivatives are large!
Using the smallness of # and the Taylor expansion we have

<Z50 + 6+ §qubo + 5’(9cos<;§0 —w?sin ¢y — w?d cos ¢

e Notice, that the last terms on both sides are due to non-linearity of the system.
Especially important will be the last term in the left hand side.

The frequency of the function ¢ is small, so the functions ¢y and do are slow, while the

functions 6, 0, and € are fast. Let’s group the fast terms to the left hand side of the equation
and the slow term to the right hand side

(11.1) 0+ § sin ¢g + 59 cos ¢y + w2l cos ¢y = —w? sin ¢y — éo

The slow functions cannot cancel out the fast ones, so the fast oscillating functions must
(almost) cancel each other:

é+?sinqbo%—i@cosgbo%—w%cosgbo =0.

In this equation we notice, that 6 is small, while 6 and € are not small. So the last two terms
are much smaller than the first two terms. Small terms cannot cancel the large ones, so the

large terms mast (almost) cancel each other. So we get 6 + sin ¢y = 0, or

0= —§ sin ¢y.

As € = 0, the requirement § = 0 fixes the other terms coming from the integration of the
second order differential equation.
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e Notice, that we again used the fact that  and & are fast, while ¢q is slow, so in the
above equation ¢y can be treated as a constant.

Now we take the equation (|11.1)) and average it over the time 7". In this procedure we can
treat ¢y as a constant. In addition for any bounded small function f(t) the average of the
time derivative is very small

f(0)

f0) = [ dwyar =TT

The result is small, as it has large T" in the denominator. So the averaging of the equation
(11.1) gives.

—1 .
(11.2) «957 cos ¢y = —w? sin gy — ¢
We now we use our result 6 = —% sin ¢g in the left hand side
— =1 .
0§ = =67 sin o.
To simplify it a bit we use
=1 [ = [ (€ra=—(0F
T Jo T Jo B '

(One important technical note. The expression (£)? means that you first take the derivative,
then square, then average. The order of operations is important. Any other order of the
same operations will give you zero.)

Our averaged equation then becomes

qigo = — (w2 sin ¢g + (25222 sin 2%) = —i (—w2 COS ¢g — ifl); cos ngo)

11.3.3. Effective potential.

So we have a motion in the effective potential field

Uepp = —w? cos ¢y — @ cos 2¢y.
412
Notice:

e the first term in the effective potential energy is simply the standard gravitational
term;

e the second term, however, comes from the “averaging” procedure;

e the second term is NOT small in comparison to the first, as £ is not small.

Now we analyze this effective potential energy the usual way.

11.3.3.1. The equilibrium. The equilibrium positions are given by

oU )2 ap)

M:wQSingbo—i—(le)QsinZgbO:O, (wQ—I—(%)cosqbo) sin ¢y = 0

e We see, that a pair of solutions ¢9 = 0 and ¢y = 7 (these are the solutions of
sin g9 = 0) always exists.
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e We see, that if % < 1, a pair of new solutions appears. These are the solutions of

the equation

l2 2
cos ¢y = _:w
(£)?
11.3.3.2. The stability of equilibrium points. The stability is defined by the sign of
0°U [GE
% = w? cos ¢ + (2 cos 2¢g

One sees, that

e ¢y = 0 is always a stable solution o2 2U — 2 4 ( ) > 0.

o
e ¢y = m is unstable for % > 1; gdg = —w?+ (2 < 0, but becomes stable if ~£= ) 2 < 1;
T~ 2
e The new solutions that appear for g < 1; ?912 = —%2 [1 — (“(’;f) < 0 are
unstable.

11.3.3.3. The oscillations around the equilibrium. For ¢q close to m we can introduce ¢g =
T+ ¢, where ¢ is small. o

s 5[ )7 .

¢=—-w (Pw? - 1) ¢

We see, that for % > 1, the oscillations in the upper point have the frequency

~2 2 @
W =w (W—l)

Remember, that above calculation is correct if €2 of the ¢ is much larger than w. If § is
oscillating with the frequency €2, then we can estimate (§)* ~ O2¢2, where & is the amplitude
of the motion. Then the interesting regime ( (£)2/I%w? ~ 1) is at

l2

0% ~ > w?
50

So the interesting regime is well withing the applicability of the employed approximations.



LECTURE 12
Kapitza pendulum. What is going on? Horizontal case.

12.1. What is going on?

In the previous lecture we considered the Kapitza pendulum. We obtained a surprising
result, that at fast enough shaking of the pivot point the position straight up becomes a
stable equilibrium. However, the physics of why it happens is obscured by the mathematics.
Here we try to understand what really happens.

Let’s consider a shaken pendulum without the gravitation force acting on it. The fast

—

shaking is given by a fast time dependent vector £(t). This vector defines a direction in space.
I will call this direction 2, so £(t) = 2¢ (t).

The amplitude £ is small ¢ < [, where [ is the length of the pendulum, but the shaking
is very fast 2 > w, the frequency of the pendulum motion (without gravity it is not well
defined, but we will keep in mind that we are going to include gravity later.)

Let’s now use a non inertial frame of reference connected to the point of attachment of the
pendulum. In this frame of reference there is an artificial force which acts on the pendulum

bob. This force is
f=—Ems.
If the pendulum makes an angle ¢ with respect to the axis Z, then the position vector of the

bob 7 is given by (see figure for the axes. The positive direction of the axis y is defined by
the angle, the naming of the z and y axes is defined by the right hand rule.)

7 = zlsin ¢ + 2l cos ¢
and the torque of the force f is
T=7X f: —&m [#lsin ¢ + 2l cos @] X £ = §mélsin ¢
The vector of angular velocity of the bob is & = §¢. So the equation of motion
mi?d =7
becomes )
gmi%d = 7 = gmélsin ¢, b= ?sinqb

Now we split the angle onto slow motion described by ¢y — a slow function of time, and
fast motion 0(t) a fast oscillating function of time such that 6 = 0.

55
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We then have

o+ 6= fsin(sbo +0)
Notice the non linearity of the RHS.
As 0 < ¢, we can use the Taylor expansion

cos(¢y)

§Sin(¢o) + f{

(12.1) do+ 60 = ;

(Red term is the term which appears due to non-linearity. It plays the major role in the
effect.)

Double derivatives of 6 and & are very fast, so all the fast terms must cancel each other.
In addition the term proportional to £6, although it is fast, it is quadratic in small amplitude,
so it can be neglected in comparison to the other fast terms. As the result we get

é f
—sin(¢o), 0= 7 sin(do).
Now averaging the equation (12.1]) in the way described in

y Positive direction by angle the preVlouS lecture we get

O] L _ -

\ 7 =7 F n f 65

xS Po = T 0s(¢) = Sm(%) cos(¢o)
¢ or, after using integration by parts in averaging, the final equa-

tion of motion for ¢ is

¢O 9 § P = £j 5 sin(¢o) cos(¢o)

———————— AN W What is happening is illustrated on the figure.

]? e For 0 < ¢y < m/2, the force f ~ —& ~ —6.
\ e As 6 is oscillating function, when 6 is positive 6 is neg-
V2 ative, and when 0 is negative 6 is positive. Or 6 ~ —6.
e This means f ~ 6. This is what is shown in the figure.
Figure 1. The Kapitza e The magnitude of the force is the same for # and —6,
pendulum. but the directions are opposite. If we were to average

the force we would get zero.
e However, the torque of the force f is larger for 6 > 0,
as the “shoulder” of the force is larger. (This is, in fact,
the consequence of the non-linearity.)
e So the net torque after averaging is not zero and pushes
the bob towards ¢y = 0!

So the reason that there is a net torque which keeps the pendulum around ¢y = 0 (or ¢9 = )
even without gravity is the correlation between the direction of the force and the length of
the “shoulder” of the force.
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12.2. Vertical.

Now we can get the result from the previous lecture. We just need to add the gravitational
term —w? sin ¢y.

2

¢o = —w?sin ¢y — é 5 sin(¢go) cos(¢o).

So we have a motion in the effective potential ﬁeld

©?

a7 cos 2¢y

Uepr = —w? cos ¢y —

The equilibrium positions are given by
oU (£)2 (£)2
% = w?sin ¢y + (SZ)Q sin 2¢y = 0, sin ¢ (w2 (2 cos gzﬁo) =0

We see, that if £= g - < 1, a pair of new solutions appears.
The stability is defined by the sign of

U _ o (€)?

%:w CoS g + —— 2 cos 2¢

One sees, that

92U 2, (62

e ¢g = 0 is always a stable solution 672 =w '+ 55 >0

= —w?+ (5—32 it is unstable for £= > 1, but

® ¢y = 7 is always an equﬂlbrlum As 2 8¢2 BE

becomes stable for ££ (5) 2 <.

T~ 2
e The new solutions that appear for % < 1; ?;;{ = _(?722 [1 — (“ﬂlz>

unstable.

12.2.1. Oscillations around the equilibrium at ¢y = 7.

For ¢ close to m we can introduce ¢g = 7 + ¢

T 2 @
o ()
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We see, that for (E s > 1 the oscillations around the upper point have the frequency

~2 2 @
W =w (W—l>.

12.2.2. Validity of the approximation.

Remember, that above calculation is correct if € of the ¢ is much larger then w. If & is
oscillating with the frequency €2, then we can estimate (£)2 &~ Q2¢2, where & is the amplitude

of the motion. Then the interesting regime ; (5) > 1is at
l2

0? >wf>>w
£

So the interesting regime is well withing the applicability of the employed approximations.

12.3. Horizontal.

If ¢ is horizontal, then it is convenient to redefine the angle ¢g — 7/2 4 ¢y, then the shake
contribution changes sign and we get

(@7

e cos 2¢yg

Ueff = _CL}Q COS QZS() + —=

The equilibrium position is found by solving

% = sin ¢ (wz - @COS %) =0.

0o 2
and their stability is checked by checking the sign of
PUers _ o (©)?
= w”cos ¢y — cos 2
We see, that
e ¢y = 7 is always an equilibrium and it is always unstable ;;ef L = % — (%2
0

e ¢y = 0 is always an equilibrium position. However, as in this case
0?0, )2
o w?[?
©?2

it is stable for ~%5 < 1 and is unstable for 52)2 > 1.
w?l l

e For 52—); > 1 two new equilibrium points appear. These points are the solutions of
the equation
272
w?l
cos g = — < 1.

> 0.

—_ 2
: 92U __ (62 [ W22
These points are stable 5% e [1 ((5)2)
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AUcsy i AU.sf

®o

12.3.1. Discussion of the horizontal case.

If 52—); < 1 the angle ¢g = 0 is a stable equilibrium, so all small angle motions happen around

¢o=0.
At LEQ); just above 1 the new equilibrium points just appear. The corresponding equilib-
272
rium angles given by cos ¢y = % are small. The small oscillations will be around these new

equilibrium points and will also correspond to very small angles. So in both cases we only
need U,y for small angles.
Let’s use Taylor expansion of Uz up to the fourth order in small angle ¢, then (dropping

the COHStal’lt.)
(‘LZ (5)2 2 ("'2 (£)2 4
I/eff%* (1_2l2 qbo‘i‘i 472l2 —1 ¢0

2 E\2 2
Uepr = ol (1 (5)2) ¢3 + %(]ﬁé.

If ('2); ~ 1, then

€

2 e
This U,y is depicted in the figure for both cases.
e Spontaneous symmetry braking.






LECTURE 13
Foucault pendulum.

The opposite situation, when the change of parameters is very slow — adiabatic approxi-
mation.

The problem we want to consider is a pendulum on Earth. What we want is to see
what effect the rotation of the Earth has on a pendulum. So we are standing on the Earth
next to the pendulum and are observing its oscillations. As our frame of reference is not
inertial we will see “fictitious” forces in addition to the gravity. These “fictitious” forces
are centripetal and Coriolis forces. We will see, that the centripetal force only changes the
“effective” gravity and thus does not produce any new effects, the Coriolis force, however,
produces a very interesting and universal effect.

We start by writing the Lagrangian for the pendulum on the rotating Earth.
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13.1. Coordinates.

We want to describe the motion of the pendulum in our local frame of references. In this
frame we observe the pendulum oscillating in some vertical plane. The two coordinates which
we use are the coordinate ¢ of the pendulum in the plane of oscillations and the angle
which the plane of oscillations makes with the line of latitude.

So the first step is to write the potential and the kinetic energies in terms of ¢, ¢, 1,
and . Then write the Lagrangian and a pair of Lagrange equations, and then analyze these
equations keeping in mind that the period of the Earth rotation 27/ (24hr) is much larger
than the period of oscillations 27 /w, or Q < w.

13.2. Potential energy.

As usual for the pendulum

1 1
U(p,v) =mgl(l — cosyp) ~ §mgl@2 — im[%ﬂsp?‘

where w? = g/I. The potential energy does not depend on the coordinate 1.

13.3. Kinetic Energy.

In our local system of coordinate (not inertial) a position vector is
T = T€y + YEp.
So the position vector R in the inertial system of coordinates is
R = Ry + 7= Ry + 26 + yé.

We need the velocity of the bob in the inertial (outside) frame of references. In this frame
ﬁg, €4, and €y as well as o and y change with time. So when we take the time derivative we
must differentiate all of them ﬁo, €4, €9, T, and y.

However, the vectors ﬁo, €4, and &y are constant in our rotating frame. We know

e For any vector [ fixed in the rotating frame which rotates with angular velocity 0
the following is true for an outside observer:

[=0xi
So for ﬁo, €4, and éy we have
§026X§0, é¢:ﬁxé¢, égzﬁxég.
And as f)’zﬁwe find
T=R=0Qx Ry+08,+ 56 + 25 x &+ y x &,

In order to compute the kinetic energy, we need to compute the square of the velocity 2.
The expression for ¥ will have the square of each term and the double of all possible square
terms, the total of 15 terms. The calculation can be simplified by the following observation:
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In our system of coordinates e, L Q, the angle between Q and Ry is 6, and the angle between
2 and ép is m/2 — 6. So one can show that

(2 x Ro)> = D2R2sin0, (Qxé,)?=0% (Qxé)?=0%cos0,

[ x Ry - @ = ReQsinb, [Qx Ry]-& =0, [QxRy]-[Qxe)=0,
[ x ]%0] 10 x €p] = —V’Rysinfcost, &, - [Q X €p] = —Qcos b, [ﬁ X €y) - [Q X €p] =0
Now computing 7% we get

7 = QP R2sin? 0+ +2 +2° Q% +y*Q? cos® 428 Q Ry sin 6 — y$? Ry sin(26) +2Q (52 —iy) cos 6
—_———

a constant full der. adds to gravity

Let’s consider the #? term by term having in mind, that mu?/2 is the first term in the
Lagrangian. Then we see

e The first term Q?R2sin? § can be dropped, as it is a constant.

e The term 2R, sin # can be dropped, as it is a full derivative.

e The term —yQ? Ry sin(260) comes from the centripetal force (it is proportional Q2 Ry)
It simply changes the potential energy a little. As it is definitely a lot less than the
gravity we can also drop it.

We then have
7 — 22+ 7 + 222+ 2 0% cos® 0 +2Q(yx — dy) cos
1l X
sma. small

Now we remember, that € is small. So we also drop all the terms of the order of Q2 (we keep
the term linear in 2, as we will need to do the experiment during one day, so QT ~ 1.) So
we have

7 — 2% 4+ 9* 4+ 2Q(yx — dy) cos O

Now we convert the coordinates x and y into ¢ and 1. For the small oscillations of a
pendulum we have

x=Ilpcosy, y=Ipsiny,

where ¢ is the usual angle of the pendulum and 1 is the angle which the plane of oscillations
makes with the vector €5 — our = coordinate. The velocities then are

j:':lgbcosw—lgmbsinw, y:lgbsinw—l—lgm&cosw
So
P 4P = 2G4 2%
xy — yi = Pg™y
and
v? = 22 + Po*)? + 2Q1%0%) cos b

The Lagrangian then is mf -U

ml? .9 219 2 ml® 2 2
L:T—ngo 27(90 + " +2Q30¢COS(9)—7L090.
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13.4. Equations of motion.

The Lagrangian equations for the two coordinates ¢ and 1 are (w? = g/l):
@ = —w?p 4+ i + 2Qpi cos §
2000 + P2 + 20 cos O = 0

We will see, that 1) ~ Q. As we have already neglected all terms of the order of 0?2 we
also must neglect all terms of the order of Q, /%, and ):

p=—wp
1 = —Qcosb
The total change of the angle 1 for the period is
A = —QT cos = —27 cos .

e Geometrical meaning. As v is an angle, we can always add 27 to it. We then have
Atp = 2m(1 — cosf) — the solid angle defined by the path of the pendulum!!

e Parallel transport on a sphere:

— What is parallel transport?

— What is straight line?

— Triangle is three points connected by the straight lines.

— We can draw triangle with all angles 7/2 degrees.

— Parallel transport a vector along such a triangle.

— Upon returning it will turn /2.

— The area of such a triangle is 1/8th of the area of the sphere.

— The solid angle is 47/8 = 7/2.



LECTURE 14
Foucault pendulum. General case.

We want to move a pendulum around along some closed trajectory I'. The question is
what angle the plane of oscillations will turn after we return back to the original point?

We assume that the earth is not rotating.

We assume that we are moving the pendulum slowly.

In order to describe the motion we need a system of coordinates. As we want to describe
the motion of the pendulum in our local sustem of coordinates, we need to establish this
system. But as we are moving around the sphere, we need to know how this local system of
coordinates changes due to the change of our position on the sphere. The description of the
system of coordinates and of the change of this system as we move is what we are going to
start with.

14.1. Geometry on a sphere.

First of all we need to decide on the system of coordinates. For our simple (sphere is a simple
object) case we can do it in the following way.

(a) We choose a global unit vector 2. The only requirement is that the z line does not
intersect our trajectory.

(b) After that we can introduce the angles 6 and ¢ in the usual way. (strictly speaking
in order to introduce ¢ we also need to introduce a global vector Z, thus introducing
a full global system of coordinates.)

(c) After that we can define the trajectory I' over along which we move the pendulum as
a function 6(¢), or more precisely we can use the parametric form 6(t), ¢(t), where
t is just a parameter.

(d) In each point on the sphere we introduce it’s own system/vectors of coordinates &,
¢g, and n, where 7 is along the radius-vector ﬁ, é, is orthogonal to both 7 and £ (for
this we use the fact that our sphere is embedded in flat Euclidean 3D space), and
ég =N X é¢ .

The vectors ég4, €g, and 7 are defined at any point of the sphere. At different points these
vectors are different. At EVERY point of the sphere we have

A2 A2 A2 A A A A A A
69—e¢—n—1, €y ==¢€g-N==ey-n=0>0.

Let’s look how the coordinate vectors change when we change a point where we are siting.
So let us change our position by a small vector di”. The coordinate vectors then change by
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Figure 1. (Technical note: On this figure, the direction of the vector éy is opposite to
the standard one.)

€y — €9 + déy, etc. Where déy, dé,, and dn will be proportional to d”. We then see that
€p-dég =8é4-déy="n-dn =0, Cp-déy+dég-éy=€Eg-di+dég-n = éy-dn+déy-n = 0.

These relations serve as six constraints for possible dé,, dég, and dn.
The vectors déy, déy, and dn are just vectors and as such can be expressed through the
vectors €4, €9, and f. Taking into consideration the above constraints we find

déy = aéy + bir
déy = —aég + i
(141) dn = —bég — Cé¢

Where the three coefficients a, b, and ¢ are linear in dr.

The geometry of the sphere is described by the coefficients a, b, and c. Notice, that due to
the six constraints there are only three coefficients we need to find. Without the constraints
it should have been nine coefficients. So now we need to find these three coefficients. There
are two ways to do that: “geometrical” and “algebraic”. We consider both.

“Geometrical” way. We are interested in the vector d7 which is along (tangential to) the
surface of the sphere, so di” has two components along é, and along éy.

i = (dF - 64)é4 + (d - €9)¢g
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(a) Let’s take di to be along the vector é,. We move from the point A to the point B
on the figure. The length |AB| = dr - é;. Consider the triangle AOB. As the angle

ZAOB is small we can write ZAOB = % = (dLR%). This is also the angle by which
the vector 7 turns in the plane AOB as we move from A to B. The magnitude by

which the vector 7 changes is |di| = |7|ZAOB = %. It is also clear from the
picture of the plane AOB that the direction of the vector dn is along é4. So in this

case dn = (drRe 22¢4. Comparing this with the third of (14.1)), we find

o (dr-ey)

i

(b) Again let’s take di” to be along the vector é,. But now consider the triangle AO'B.
From the triangle OAQ’ we see, that |AO'| = Rtanf. So ZAO'B = 48 — (dréy).

|[AO’| Rtan6
We see, that when we move from A to B the vector éy is rotating in the AO’B plane
by the angle ZAO'B, so |déy| = |é¢|ZAO'B = dr e¢) . From the plane AO'B it is also
(d’r )

clear, that the directlon of dég is —€y, so déy = Comparing this with the

first of (|14.1)), we find

" Rtan6 €¢

(dr- &)
Rtanf
(c) Let’s take di to be along the vector &y, so we are moving from A to A’. Tt is clear

that dé, = 0. Let’s consider the change of the vector 7. The distance |[AA'| = dr'- éy,

so from the triangle AOA’ we see ZAOA = A1 — (dr %) When we go from A to

|OA|
A’ the vector 7 rotates in the plane AOA’ by the angle LAOA, so |dn| = (dr ).

From the plane AOA’ it is also clear, that the direction of the vector dn is along €g,
so di = )¢y Comparing this with the third of (I£.I), we find

(dr - &)
R
“Algebraic” way. There is an algebraic way to find the coefficients a, b, and c.

a=—

h= —

(a) Consider a vector 7= Ri. We have
dr'= Rdn + ndR.
(b) Using the last of the equations we get
dr'= —Rbéy — Rcé, + ndR.
(c) Multiplying this equation by é, and by é4 we obtain
ég - dr = —RD
é4 - dr = —Rc

and find the previous results for b and c.
(d) Now we notice, that our definition of é, is such, that 2 - é, = 0 at EVERY point, so

5. déy = 0.
Using the second of the equations (|14.1)) we find
—aZ-ég+cz-n=0.

As 27 =cosf, and 2 - &y = sinf, we find a = ¢/ tan#.
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We thus know all three coefficients a, b, and ¢. Collecting it all together we have

(dr - e¢) (dr . Gg)ﬁ

déy = — Rtan@ R
. (dr %) (dr- &) .
dés = Rtan9 R "
. (dr-éy) . (dr-ég) .
dn = 7 €y + 7 ¢ €

Notice, that these formulas simply describe the geometry of a sphere.

14.2. Pendulum on the sphere.

Figure 2

Now let’s consider a pendulum. In our local system of coordinates it’s radius vector is

5: §cos ey + £ sinpéy.

The quantities ¢ and £ are the generalized coordinates of our pendulum.

When the pendulum oscillates, £ changes fast. As we slowly move the pendulum along
the path I' on the sphere the vectors é; and &y slowly change. We expect that as the solution
of the equation of motion ¢ also slowly changes.

When we differentiate E over time we also need to differentiate é,, &y, and 7 over time.
These vectors change with time only because the position of the pendulum changes with
time. So in order to find these derivatives we use the chain rule dee = %% and % = %ﬂi’% .
The velocity is then

dr
dt

—

£ = f(sm Peég + cospéy) + &D(COS ey —sinéy) + & (smw + co swaed))

N2
When we calculate <§) we only keep terms no more than first order in dr/dt

(a) The square of the first term gives £2.
(b) The square of the second term gives £2¢)2.
(c) We drop the square of the third term, as it is proportional to 7>
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(d) The cross term between the first and the second terms is zero, as these terms are

orthogonal.

(e) The cross term between the first and the third terms is zero, as these terms are

. o0 96 R
orthogonal, as ég - 6869 =8y 52 =0,and & - 5% = —&; - %

or
(f) Let’s compute the cross term between the second and the third terms

)i

- 0 0é
26%1(cos ey — sinhéy) (sin wif + cos ) ;d’) = 2%y (— sin® 1/1% —i— cos® 1éy 8%
- €4+ 069 dr €y - 089 dr’
— _9g2 ¢’ 2 _
2 2 57 (COS Y + sin ¢> 2822 "1 5 dt
where again we used éy - %if =€y - F = 0 in the first line, &y - %i; = —&4 - 869 to go
from the first line to the second. o
Now using our relation déy = (}gtﬁe)% — (dTRE 95 we find €y - 08y = — ;ﬁﬁfe'
Hence this cross term is
.1 ey dr
26> ¢
¢ ¢Rtan0 dt

Collecting all terms together we get

GRS L

The kinetic energy of the pendulum is given as ng

The potential energy does not depend on v, so the Lagrange equation for 1 is simply
4 9L _ (). Taken the derivative of the Lagrangian we then get

dt ¢

oL m 1 -dr

— 2

o 2 ( &t § 0 dt )
As £ is fast when we take the derlvatlve we differentiate only &. Then

-dr
4 4 =
i+ 46— 2 o,

or

~ Rtanf dt
If the position of the pendulum (6, ¢) changes to (0 + df, ¢ + d¢), then

7 = Rsin 0dpés — RdOé,,

S0 €4 - dr" = Rsinfdg, and

. 1 Rsinfd¢ do
L T R TS
and finally,
dyp = — cos 0do.

So when we move the pendulum around the closed path I" given by the function 6(¢) the
change of the angle v is given by

Ay = fr(l — cos 0)do.
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(If z-line does not go inside I', then §.d¢ = 0, if it does go through inside of the contour,
then $ndop = 27.)
Another way to write this is
Ay = Qr,
where (r is the solid angle “covered” by the path T



LECTURE 15

Oscillations with parameters depending on time.
Parametric resonance.

e Spring break. Homework due Tuesday the week after the Spring break. Exam will
be out on Thursday the week after the Spring break.

15.1. Parametric resonance. Generalities.

In this lecture we consider the situation when the parameters of the oscillator depend on
time and the frequency of this dependence is comparable to the frequency of the oscillator.
We start from the equation

i = —w?(t)z,

where w(t) is a periodic function of time. The interesting case is when w(t) is almost a
constant wy with a small correction which is periodic in time with period T. Then the case
which we are interested in is when 27 /T is of the same order as wy. We are going to find the
resonance conditions. Such resonance is called “parametric resonance”.

First we notice, that if the initial conditions are such that z(t = 0) = 0, and @(t = 0) = 0,
then z(¢) = 0 is the solution and no resonance happens. This is very different from the case
of the usual resonance — the resonance under an action of an external periodic force.

Our equation is linear second order differential equation. As such it has two linearly
independent solutions. Let’s assume, that we found these two linearly independent solutions
x1(t) and x(t) of the equation.

e All other solutions are just linear combinations of x1(t) and xs(t).

e If a function z(t) is a solution, then function (¢ + T') must also be a solution, as
T is a period of w(t). It means, that the function z1(¢ 4+ T') is a linear combination
of functions x;(t) and xo(t). The same is true for the function zo(t +7'). So we have

(oeem )= (e ) (o)

e We can always choose such x;(t) and z5(t) that the matrix is diagonal. In this case
21t +7T) = mzi(t), @22t +7T) = pa(t)

functions x;(t) and z5(t) as well as the numbers p; and ps can (and usually are)
complex. 1 and o are the eigen values of the matrix.

71



72 SPRING 2024, ARTEM G. ABANOV, ADVANCED MECHANICS II. PHYS 303

e We see, that the functions z;(t) and x(t) are multiplied by constants under the
translation on one period. The most general functions that have this property are

z1(t) = T X0 (1), 2o(t) = i " X (1),

where X (t), and X5(t) are periodic functions of time, X;(t+7) = X;(¢) and Xo(t +
T) = Xs(t).
e The numbers p; and pe cannot be arbitrary. In order to show that we consider the
Wronskian W(t).
— The Wronskian W (t) for two linearly independent solutions x1(t) and z5(t) of a
linear second order differential equation is defined as

W(t) = i‘ll’g — i’gxl.

— For our equation # = —w?(t)x we find
W = .i'll’z — L.E.Q.Z'l = —w2(t)x1$2 + w2(t)x2:c1 = O,
SO
W (t) = const.

— However, differentiating 1 2(t+71") = 1221 2(¢) with respect of ¢, we find & 5(t+
T') = py 21 2(t), so using the definition of Wronskian we find

W (t+T) = &1(t+T)xo(t+T) =22 (t+T)x1 (t+T) = papie (21(t)z2(t) — T2(t) 21 (1)) = papeW ().
e On one hand W(t +T) = pypueW (t), on the other hand W (¢) must be constant and
hence W (t +T) = W(t). This is only possible if
pape = 1.

e The differential equation # = —w?(t)x is real, so if z;(¢) is a solution so must be
— If the function z4(t) is complex, then the function z7(t) is linearly independent
of x1(t), so in this case our pair of linearly independent functions is z;(t) and
xo(t) = x7(t). In this case uy = pi, and the Wronskian condition gives || =
|p2| = 1 — The solutions do NOT grow with time! No resonance!!
— If the function x;(¢) is real, then pu; must be real, then ps =1/ = > 1, and

wi(t) = p7 X (), wa(t) = T X (0).

e We see, that in the case of real uy (and uy) one of the solutions is unstable, it
increases exponentially with time. This means, that a small initial deviation from
the equilibrium will exponentially grow with time. This is the parametric resonance!

: : 1 . b
We can analyze the situation further, by considering the trace of the matrix tr ( CCL d ) =

a+ d. As p; and po are the eigen values of this matrix we have

b
’El"<ccZ d)=M1+M2=u+1/u:2cosh(Ts), p=el*

where we parametrized p by s. The parameter s can be either real or imaginary.
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It is easy to see, that if p (and s) is real, then pu+ 1/p = 2cosh(T’s) > 2. On the
other hand, if p is complex then s is imaginary so that then || = 1, and then p+ 1/pu =
2 cosh(T's) = 2cos(T|s|) < 2. We thus can formulate the resonance condition by

if a +d > 2 — resonance

if a +d < 2 — no resonance.

Moreover, in the resonance case the equation a + d = 2cosh(T's) gives us s and hence the
exponent with which the resonance solution grows, as z5(t) = e Xy (¢).

15.2. Resonance.

A
Y

After the general consideration we want to study an example and see how the parametric
resonance actually happens.
Let’s now consider the following dependence of w on time

w? = wj(1 + hcoswyt)

where h < 1.

e The most interesting case is when w, ~ 2wy.
e Explanation:
— We write the equation & = —w?(t)z in the following form

i = —wiz — hwiw cos(wyt).

— Now we notice, that as h < 1 the second term in the RHS is small.
— We then try to construct the perturbation theory and see at which w,, it fails.
— In order to see this, we notice that in the zeroth order in h we have an equation

Ty = —ngo
which has a solution
xo = cos(wot)
— We then look for the solution in the form
x = cos(wot) + haoy(t) + h2xa(t) + h3xs(t) + ...

where the functions x1(t), x2(t), x3(t), etc. are yet unknown functions which we
want to find.

— In order for the perturbation theory to be valid none of the functions x, etc
must grow with time. So the perturbation theory fails when one of the functions
starts to grow. Let’s see at what conditions the function x1(t) grows with time.
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— We substitute the perturbative solution into our equation and keep only the
terms linear in h. We get

i1 4+ wiry = wi cos(wyt) cos(w,t)

— This is the usual oscillator with a periodic force in the RHS. We see, that this
periodic force has the form

cos(wot) cos(wyt) = ;cos[(wp — wo)t] + ;COS[(WP + wo)t].

— Notice, that if w, = 2wy, then the first term in the force is cos(wpt) — it
has exactly the same frequency, as the oscillator #; + w2x;. This is the usual
resonance condition! So the solution x;(t) will grow exponentially and eventually
will become larger than zy no matter how small A is. This means that the
perturbation series brakes down.

— So in the case when w, =~ 2wy the perturbation theory does not work and it has
to be treated differently. We should expect a resonance there.

So I will take w, = 2w + €, where € < wy. The equation of motion is
&+ wix [l + hcos(2wp + €)t] =0

(Mathieu’s equation) We are not exactly at the resonance. The parameter € < wy shift the
system slightly off the resonance. This parameter € will be called “de-tuning”.
We seek the approximate solution in the form

x(t) = a(t) cos[(wo + €/2)t] 4+ b(t) sin[(wo + €/2)1]
The reasons for this form are

e We expect the solution to be somewhat close to the solution of the driven oscillator,
but with amplitudes a and b changing with time.

e Previous perturbative calculation showed that if we look for the solution with fre-
quency w, then the frequency of “driving force” is w, — w, so if w, = 2wy + €, and
w = wp + €/2, then the frequency of the “driving force” w, —w = wy + €/2 = w.
So in this case the frequency of the “driving force” and the frequency of oscillations
coincide! We do expect a resonance!

We need to substitute the solution in this form into our equation. We notice
e The identity

cos|(wo + €/2)t] cos[(2wy + €)t] = ; cos[3(wo + €/2)t] + ; cos[(wo + €/2)t]

shows that the term x cos[(2wy+e€)t] will have the terms with the frequency 3(wp+e€/2),
and with the frequency wg + €/2. The terms with frequency 3(wg + €/2) are far away
from the resonance, so we just drop them and retain only the “most dangerous”
terms of frequency wy + €/2.
e We expect the de-tuning € at which the resonance condition still holds to be of the
order of h.
€~ h.

e We assume that the functions a(t) and b(t) are slow functions of time and assume
(and later check) that

ia~ea and b~ eb.
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e Finally, we retain only the terms linear in h and e. Notice, that if e = h = 0, then
our approximate solution is, in fact, exact.

e In particular, this also means dropping d and b terms, as they are of the order of €2,
but keeping @ and b as they are of the order of e.

The result is
1 : 1
—wp (2& + be + Qhwob) sin(w + €/2)t + wy (2b — ae + Qhwoa) cos(w+e€/2)t=0

In order for this equation to be satisfied at all times the coefficients in front of sin(w + €/2)t
and cos(w + €/2)t must both be zero. (sin and cos are linearly independent functions.)
So we have a pair of equations

1
2a + be + §hwob: 0

. 1
2b — ae + ihwoa =0

These are linear first order differential equations for the functions a(t) and b(t) with the time
independent coefficients, so we look for the solution in the form a = age® and b = bye®® , then

2sag + (€ + hwy/2)by = 0, 25 € + hwy /2 a \ _
(—6 + hWo/Q)CZO + 2860 =0." or —€ + hw0/2 2s bo o

This is a pair of homogeneous linear equations for the numbers ag and by. In general case there
is only the trivial solution ay = by = 0, unless the determinant is zero! This compatibility
condition (determinant is zero) gives

2 = le [(hw0/2)2 - 62] :

Notice, that e*? is what we called p before.

Depending on the value of the detuning € we will have s either purely imaginary or
purely real.

If € > hwp/2, then s is imaginary and |u| = |e*”| = 1 — no resonance.

The condition for the resonance is that s is real!!!

S

It means that the resonance happens for
1 1
——hwy <e< zh
B wo € 9 wWo

e The range of frequencies for the resonance depends on the amplitude h. On a swing
the more you move the less precise you have to bel!

e The amplification s = % (hwo/2)? — €2, also depends on the amplitude h and on e.
On a swing with the same “pumping amplitude” the more precise you tune to the
correct frequency the faster your swings grow!

e Other resonances occur wy/w, = n/2, for integer n. They happen when other func-
tions (zo(t), x3(t), etc.) in the perturbation expansion blow up. Notice, that this
means that the resonance condition

wy = 2w/

is “opposite” to the requirement for the resonance due to external force — the fre-
quency of the force must be nwy.
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15.2.1. Adding dissipation.

What will happen if the oscillator has dissipation? We can answer this question with the

following argument:

e In case of dissipation the solution acquires a decaying factor e *, so s should be

substituted by s — A. Then in order for the instability to occur we must have s > A
so the range of instability is given by 1 [(hwo/2)? — €?] > A%

_\/(hw0/2)2 — 4)\2 <e< \/(hwo/z)Q — 42

e In order for € to be real we must have h > 4\ /wy.

e So at finite dissipation the parametric resonance requires finite amplitude h > 4\ /wy.
If h < 4\ /wy there will be no resonance! On a rusty swing you cannot get a resonance
if your A is too small.

A h’ N \ i

9 I: 3 y i /l
N I
N unstable s A ) ¢
N / 7
\ ’ — !
| , — O\
7
W A0
N N Vs
e
wo /Wy
{ | [ ] 1 )
1/2 A 1! 3/2!
7N
4 \
4 \
,, \ ~
7’ \ /’ \
,/ \ 7 \
/ unstable / \
/ \ { ‘\ 'r \
V4
A Y P

Figure 1. Parametric resonance condition.

15.2.2. Quantum particle in the periodic potential.

Let’s take our equation
# + wor + hwjz cos(wypt) = 0
and do the following renameing

xr—
t—
We get
62
—&Lf + {—hw% COS(prE)} Y = wirh.

One notices, that this is stationary Schrodinger equation for a quantum mechanical particle
in the periodic potential V(x) = —hw3 cos(w,x). The resonance condition then corresponds
to the wave function ¢ (x) growing exponentially. Such finctions would be non-normalizable,
so they do not correspond to quantum mechanical states. So the states are only allowed if
the resonance condition is not met. As for the final amplitude A the resonance condition is
met in a finite regions of wy the spectrum of these states will have gaps — this is what is
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called band structure. The corresponding quantum mechanical calculation is called Bloch
theorem.






LECTURE 16

Oscillations of an infinite series of springs. Oscillations
of a rope. Phonons.

e Physics Festival.
e Exam.

e HW.

16.1. A crystal.

A monoatomic crystal is a periodic arrangements of atoms. The atoms interact with each
other. We may not know the interaction exactly (we do, but it is complicated). What we do
know is that at equilibrium the atoms are at certain distance from each other. This distance
is called lattice constant. So when the atoms are at this distance the interaction potential
energy is at minimum. If we slightly disturb the crystal the atoms will slightly shift from
their equilibrium positions. If this shift is small the potential energy will be a quadratic
form of all the shifts — this is just a Taylor expansion of the potential energy around the
equilibrium positions of the atoms. It means that one can model the crystal by a periodic
arrangement of atoms of the same mass m connected with springs of some spring strength.
The springs are also arranged periodically with the same period of lattice constant.

The strength of interaction between the atoms decays strongly with the distance. So as a
simplest approximation one can ignore all interactions except the interaction with the nearest
neighbors.

So as the simplest model we have a 1D periodic arrangement of masses m connected to
the nearest neighbors with the springs of strength k. As a simple exercise we will also assume
that the masses can only move in the same 1D.

16.2. Series of springs.

X0 X1 L2 LN LN4+1

/// - w

9&&&6«9&9&3@.@% «93&%6«999&.0
k m k m k k k

m
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Consider one dimension string of N balls each of mass m connected with identical springs
of spring constants k. The first and the last masses are connected by the same springs to
walls. The question is what are the normal modes of such system?

e The difference between the infinite number of masses and finite, but large — zero
mode.

This system has N degrees of freedom, so we must find N modes. We call x; the dis-
placement of the ith mass from its equihbrium position. The Lagrangian is:

ijs

— 2i1)%, xo=1xn41 = 0.
We will find the modes in two dlfferent ways.

16.2.1. First solution

This solution is more complicated and gives the normal frequencies, but not the modes. The
advantage of this solution is that it requires no guesses.
mi?

The kinetic energy is K = >V 5 SO our matrix k is simply proportional to the identity
matrix

m 0 ... ... ... T

. 0O m 0 ... ... To
k= 0O m O , T3
0 m TN

The potential energy is

k
Z xzﬂ = 5 (2:6% — 2x1T9 + 21’3 — 22923+ -+ + 2&:?\,71 —2rxN_1ZN + 21:?\,)
so our matrix 4 is
2 -k 0 ...
-k 2tk -k O
i = 0 -k 2t -k
—k 2k
The matrix —w?k + 14 is
—mw? + 2k —k 0
A —k —mw? + 2k —k 0
—wk+ 0= 0 —k —mw? +2k —k

—k —mw?+ 2k
This is N x N matrix. We need to find its determinant and then find for which ws this

determinant is zero.
Let’s call the determinant of the N x N matrix Dy. First we notice that

Dy = —mw? + 2k, Dy = (—mw? + 2k)? — k%

Then we see
DN = (—mw2 + 21{3)DN_1 — kzDN_Q.
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This is a second order linear difference equation with constant coefficients. The solution
should be of the form Dy = a. Then we have

—mw? + 2k + i\/mw2(4k — mw?)
5 .
The two values a, and a_ are just complex conjugated to each other, we will call them a, = a
and a_ = a. Notice, that |a|* = k2.
As our difference equation is linear and homogeneous, the general solution is a linear
combination of the two solutions which we found with arbitrary coefficients.

a® = (—mw® + 2k)a — k?, ay =

a and a

However, Dy must be real, so the coefficients must also be complex conjugated.
Dy = Aa™ "' + AaV™!

where A is so far arbitrary complex number.
In addition for N = 1 and N = 2 we must reproduce D, and D,. Thus the general
solution and the initial conditions are

A+ A= —muw*4+2k=a+a,  Aat+Aa= (—mw’+2k)*—k? = (a+a)?—aa = a®*+aa+a’.

The solution is
2 - —9
A —

a—a’ a—a

A:

So the determinant Dy of the N x N matrix — w2k + 4 is

a N a2 B —mw? + 2k + i\/mw2(4k — mw?)
Dy = —a — - , a=
a—a a—a 2

Now in order to find the normal frequencies we need to solve the following equation for

2 —9 N+1

a _ a® N a

T L S Rt
a—a a—a

a
As |a|? = k?, we present a as

—mw? + 2k

— ke'? —
a e'?, cos ¢ o ,

then our equation reads
POINHD — 1 9¢(N +1) =27n,  where n=1...N.

So we have ¢ = = and thus

N+1
—mw? + 2k ™m 9 ™
2k cos ¢ = cos N+1 O =S 2(N +1)

e We found the normal/eigen frequencies w,,, but we do not have the modes.
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16.2.2. Second solution.

From the Lagrangian we find the equations of motion
k

Zi‘j = —E(QZE] — Tj41 — ZL‘j_l), o = TN+1 = 0.

We look for the solution in the form
x; = sin(fy) sin(wt).

With this form the condition ;-9 = 0 is satisfied automatically. In order to satisfy the
condition x;-y41 = 0 we must demand that 3 is such, that

sin (N +1) = 0.

Substituting this guess into the equation we get

—w?sin(B)) = - (2sin(Bj) —sinB(j + 1) —sin B(j — 1))
— _ﬁg (Qeijﬁ _ DB _ ei(qu) — _ﬁgez’jﬁ (2 B e*’ﬂ) - Egezjﬁ (ezﬂ/z _ efiﬁ/2>2
m m m

_ ke s o ok
= 4m\se sin”(8/2) = 4msm(jﬁ)sm (8/2).
So we have "
2:47 22 9
P =4 s (3/2),

but S must be such that sin (N +1) =0, so § = ~i7» and we have the frequencies of the
normal /eigen modes numbered by n.

k
wizél—sinQL, n=1,...,N
m 2(N+1)
and the modes themselves
= sin () sinfent)
! =sin [ —— | sin(w,1).
J N+1
This formula shows the position of the ball number j in nth mode as a function of time.
e So we found both the normal/eigen frequencies w,, and the corresponding normal/eigen
modes z7.
. o k.. T k s
e Notice, that w; = 2\/2311“% — 2\/%% — 0 when N — oc.
e So for any finite NV the lowest frequency is not zero. However, at the limit N — oo
a zero mode emerges.

16.3. A guitar string.
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Here we consider a guitar/piano/harp/violin/viola. .. string. It has a tension and it has a
linear mass density. Gravity plays no role. To simplify the problem I will consider only the
string in 2D.

At each moment of time ¢ the string has a shape y(x). This shape changes with time, so
we need to consider the functions y(x,t) as a time-dependent shape of the string.

The potential energy of a (2D) string at tension 7' (gravity is neglected) of shape y(x) is

TfOL V1 +y2de ~ %fOL y'*dz. The kinetic energy is fOL y%dzx, so the Lagrangian is

Lip.o, T 5
0

In order to find the normal modes we need to decide on the coordinates in our space of
functions y(z,t). We will use the standard Fourier basis sin kz and write any function as

y(z,t) = Ay(t) sin k.

The constants Ag(t) are the coordinates in the Fourier basis.

Notice that with this form the boundary condition y(z = 0,¢) = 0 is satisfied automat-
ically (this is why I excluded the cosines). However, in order to satisfy y(x = L,t) = 0 the
values of £ must only be such that

sinkL = 0.

Substituting this function into the Lagrangian and using

L L L
/ sin(kx) sin(k'z) = / cos(kx) cos(k'z) = §6k,k/,
0 0

find the following form of the Lagrangian
L p . T
Iy (La - k2A2> |
£=3 Z,; (2 Bogn Tk

We see, that it is just a set of decoupled harmonic oscillators and k& just enumerates them.
The normal frequencies are

p
e We also see, that the wavelength A = 27/k. So using w = 27f we find that \f =

w/k =1/T/p. So the speed of these waves is
¢ =T/p.

e The condition sin kL = 0 gives the discritization of k

T 2L
kn = Ena Wp = E —n, )\n -
L LYV p n
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LECTURE 17
Motion of a rigid body. Kinematics.

17.1. Kinematics.

We want to describe the a motion of a rigid body. We want to be able to write a Lagrangian
for this motion. In order to do that we need to write the kinetic energy of the body.

The rigid body generally moves as a whole and rotates. During such a motion each point
of the body has different velocity. The velocity of each point also changes with time. We
need the kinetic energy at one (arbitrary) instant of time. In order to do that we need to
split the body into infinitesimally small pieces, find the kinetic energy of each piece, and sum
all these infinitesimal contributions up. So we need to find a way to describe the velocity of
each point of the body at one (arbitrary) instant of time.

It turns out, that in order to do that for the rigid body we only need to know two! vectors

at each instant of time: The linear velocity V of an arbitrary point of the body and the vector
of angular velocity 0.

I emphasize, that these two vectors V and € depend on time. We are considering only
some particular instant of time.

17.1.1. Vector of angular velocity.

We will use two different system of coordinates XY Z — fixed, or external inertial system
of coordinates, and xyz the moving, or internal (non-inertial) system of coordinates which is
attached to the body itself and moves with it.

e The system zyz is convenient to describe the body.
e The system XY Z is needed to describe the motion.

Before we start I want to remind that for any vector 7 which is fixed in the internal ryz
frame of references and thus rotates with the body with the angular velocity {2 we have

=0 x T
where Q) is the vector of angular velocity at this instant of time.

e Again, I emphasize, that the vector 7 is fixed in the zyz frame. The time evolution
written above is in XY Z frame. Vector 7 fixed in xyz is rotating with the body, so
it is changing if viewed from the XY Z frame.
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Multiplying this equation by dt — time interval — we get
dF = do x T
e Notice, that ¢ is not a vector, while d(E is.

We want to find the velocity of an arbitrary point P of the
body. This point has a position vector p with respect to the
external XY Z frame. The velocity of the point P is p. As the
body is rigid, the velocity of the point P cannot be independent
from the velocities of other points of the body.

Let’s R be the position vector of some arbitrary point O of
a body with respect to the external XY Z frame of reference, 7
be the position vector of any point P of the body with respect
to the point O, and p the position vector of the point P with
respect to the external XY Z frame of reference: p = ﬁ—i—ﬁ see
figure. Notice, that vector 7 is a vector between the two points
O and P of the body, so it is fixed in the internal xyz frame.
For any infinitesimal displacement dp of the point P we have

Figure 1 dp = dR + dF = dR + d¢ x 7
Or dividing by dt we find the velocity of the point P as
L. dp - dR ~ do
r=V+QxT, h r=—, V=— Q=—1F.
U + 8 X7r, where v a = It

What we see here is

e ¢ is the velocity of the point P in the external frame of reference.

e V is the velocity of the point O in the external frame of reference.

e Vector 7 is the position of the point P with respect to point O in the body.
e () is the vector of the angular velocity.

However, as was defined above the vector 0 may depend on the choice of the point O, as
the definition used the point O. So to make it transparent we need to call this vector €2y to
remind us that this is vector of angular velocity defined at the point O.

e In order to call the vector of angular velocity ﬁo a vector of angular velocity of the
BODY Q, we must prove, that the vector of angular velocity QO is independent of
the choice of the point O.

In the previous calculation the point O was an arbitrary point of the body. Let’s take
any other point of the body O" with a position vector R =R+ a, where @ is a vector from
O to O'. The vector d is fixed in the body. According to the previous calculation the velocity
v of the point P of the body in the external frame XY Z is given by

U = ‘7/ + QO’ X Fl,
where 77 is the vector in the body from the point O' to the point P, Qo is the vector of
angular velocity measured with respect to the point O’, and V' is the velocity of the point
O’ in the external frame XY Z.

From the picture we see that 7 = 7 + @ Now substituting 7= 7 + @ into 7 = V + Qo X T
we get
o X a—+ QO X 7.

<
ol

<l

+
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The velocity ¢ in both calculations is the velocity of the of the same point P of the body
measured in the same external frame of reference XY Z. Moreover, point P is an arbitrary
point of the body. So both calculations must give the same result for any ! We then
conclude that L . .
V/:V—FQ()XC_]:, Qolzgo.

e The last equation shows, that the vector of angular velocity is the same and does
not depend on the choice of the point O. So Q can be called the angular velocity of
the body.

e In particular, this means that one can deal with vector O as with any other vector.

e Notice, that the velocity of any point of the body at some instant of time is completely
defined by just two vectors V and Q at this instant of time. (The vector 7 simply
defines which point in the body we are considering,.)

17.1.2. Instantaneous axis of rotation.

From the equation

V=V+Qxa
we see that at any moment of time Q-V =Q-V". Soif at some instant the vectors V and ¢
are perpendicular for some choice of O, then they will be perpendicular for any other O’ at
the SAME instant. In this case, it is possible to find a set of points (a line) such that their
velocity is zero in the external frame XY 7.

e It is important, to recognize, that the velocity of this set of points is zero at this

instant of time. In the next instant the velocity of this set generally will not be zero.

Let’s assume, that we have chosen some point of the body O. Its velocity at this instant is

V the angular velocity at this instant is Q. We want to find ALL points of the body O,

such that their velocity is zero V' = 0 at the same instant of time. So, in order to find this
set of points O" we need to solve the equation for @

V+Qxa=0.
These are three inhomogeneous linear equations for the components of the vector a.

If we take the dot product of the above equation with ﬁ, we find that Q -V = 0, this is
the requirement that the above equation has a solution (rhs must be orthogonal to the eigen
vectors with zero eigen values).

If we take the cross product of the above equation with V we find

0=Vx[Qxa=0V-a)—aVv-Q)=QV-a),
as () # 0 we must have V -@=0. This means, that the vector a has zero component along

the vector V. So the vector @ has only components along vectors O and Q x V. So it must
have the form

i=aQxV+ Bﬁ.
Substituting this form of @ into the main equation we get
0= +afhx [ x V] + 50 x G = 7 4 afi(@- V) — aV0? = 7 (1 - a2’

So we have a? = 1 and 3 can be any number.
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This equation describes a line (as 3 is arbitrary) parallel to Q. This line/axis (it may be
outside of the body) has zero velocity at this particular instant of time. The distribution
of the velocities of the rest of the body at this particular instant of time looks simply like
rotation of the body around this axis with the angular velocity €.
This line is called “instantaneous axis of rotation”. (In the general case (when Q.-vV #0)
the body is rotating around the instantaneous axis and moves parallel to this axis.)
e At any instant the velocities of all points of a body can be described as rotation with
respect to some instantaneous axis of rotation plus translation along this axis.
e In general both the magnitude and the direction of Q) are changing with time, so the
“instantaneous axis of rotation” is also changing with time!
e If one finds two points which have zero velocity at this instant, then the instantaneous
axis of rotation is the straight line through these two points. This way one figures
out the direction of the vector 3 at this instant of time.

17.1.3. Examples of the use of instantaneous axis of rotation

e First example: cylinder on cylinder, 2D, no slipping.

Let’s consider a cylinder of radius » moving without slipping on top of the cylinder
of radius R (for shortness I will call the cylinders cylinder r and cylinder R). We
want to use the angle 6 as a coordinate. We thus need to express the angular velocity
w of the cylinder r through 6. There are two ways to approach this problem:

— The easy way. Look at the figure on the left. Due to non-slipping condition the
point P of the cylinder r is not moving. So the instantaneous axis of rotation
goes through this point. Then the velocity of the center of the cylinder r is
v = wr. The same velocity is also v = §(R + r) as the center is moving on a
circle of radius R + 7. So we have v = wr = (R + ), or

T

— The hard way. Look at the figure on the right. What is depicted is the change
of the position of the cylinder r after time interval dt. The angle # is changed
by df. The cylinder r also rotated by the angle d¢. It is very important to fix
the direction from which the angle ¢ is measured! On the figure it is measured
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from the vertical line. The non-slipping condition means that the length of the
red arc PP’ on the cylinder r must be equal to the length of the red arc PP’
on the cylinder R. The red arc on the cylinder R has length Rdf. In order to
find the length of the red arc on the cylinder » we draw the orange line parallel
to the initial orange line. Now from the figure it is clear, that the angle of the
red arc on the cylinder r is d¢ — df, so that the length of this arc is r(d¢ — df).
So no slipping condition gives Rdf = r(d¢ — df). Or d¢p = d@@. Dividing this
by dt we get the previous result.
e Second example: a cone on a plane, 3D.

A cone of angle a is moving on a plane without slipping. We want to use the
angle 0 as the coordinate. So we want to find the vector Q (both, direction and the
magnitude) in terms of # and 6.

— The instantaneous axis of rotation is the line where the cone touches the plane.

— So the vector €2 has the direction shown on the figure.

— Take any point O on the axis of the cone. Let’s say this point is a distance [
from the top of the cone.

— On the one hand the velocity of this point is {2/sina. On the other hand the
velocity of this very point is 61 cos a.

— As these must be equal we conclude

- COS (¥

Q=40

sina’
— And thus the components of the vector Q) in the external frame XY Z AT THIS
INSTANT OF TIME (instant at which the angle is ) are

- COS (¥ - COS (Y

Qx = -0 cos b, Qy = —60

sin@, QZ:O

sin « sin «

— The components of the vector Q in the internal frame xyz AT THIS INSTANT
OF TIME (instant at which the axis x is in the vertical plane, as the cone rotates
and zyz is attached to the cone, in the next instant the axis x will NOT be in
the vertical plane) are

. 0082 (0%

- sina = 6 cosa, Q, =0, Q, =0— )
sin o sin o

-COS Qv |

Q, =0

— Notice that the vector ) changes with time in both external XY Z and internal
xyz frames!!!!
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17.2. Kinetic energy.

The total kinetic energy of a body is the sum of the kinetic energies of its parts. Lets take
the origin of the moving system of coordinates to be in the center of mass. Then

K:;Zmaviz;Zma(v+ﬁxfa)2:;Zmav2+2maV-ﬁxFa+;Zma {Qxfar

_ MV?

- = o 1 — . 2
+V-Qx Zmara+52ma [Q xra]
For the center of mass > m,7, = 0 and we have

MV? 1 C MV2 Oy

_ - 322 _ (0.~ )2
K = 5 +22ma(ﬂra (Q ra)) 5 + 5

where
Li; =) mq ((iji - Té?”é) .
I;; is the tensor of inertia. This tensor is symmetric and positive definite.
e The combination I;;Q2°Q’ does not depend on which coordinate system you use as

long as you use THE SAME coordinate system for both I and €.

e We typically compute I in the internal coordinate system xyz. if this is what we use,
then the vector €2 must also be computed in the internal frame xyz.

e If we use € in the external frame XY Z , then the tensor of inertia / must also be
expressed in the external frame XY Z. On then must keep in mind, that as the body
rotates I will change with time.

17.3. Angular momentum

The origin is at the center of mass. So we have
M =" mafs X T = (3 mafa) x V43 mafa x (G x70) = > ma (120 = 7a(7a - Q)
Writing this in components we have
Mi = Zma (51‘3‘7:3 — ’I“i!?”g() Qj
or
e In general the direction of angular momentum M and the direction of the angular
velocity €2 do not coincide.

17.4. Tensor of inertia.

Tensor of inertia is a symmetric tensor of rank two. As any such tensor it can be re-
duced to a diagonal form by an appropriate choice of the moving axes. Such axes are
called the principal axes of inertia. The diagonal components I, I5, and I3 are called the
principal moments of inertia.

e Notice, that these axes are “attached” to the body and thus rotate with the body.
In this axes the kinetic energy is simply
L2 LO2 1,02
1867 + 2559 + 3 3.
2 2 2

K —
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(a) If all three principal moments of inertia are different, then the body is called “asym-
metrical top”.

(b) If two of the moments coincide and the third is different, then it is called “symmetrical
top”.

(c) If all three coincide, then it is “spherical top”.

For any plane figure if 2 is perpendicular to the plane, then I = > myy?, I, = 3. maz2,
and I3 = S mg (22 +y2) = I} + [,. If symmetry demands that I; = I, then %[3 = 1.
Example: a disk, a square.

If the body is a line, then (if z is along the line) Iy = I3, and I3 = 0. Such system is
called “rotator”.






LECTURE 18
Rotation of a symmetric top. Euler angles.

18.1. Tensor of inertia.

Last semester we introduces tensor of inertia
Lij = ma (@‘ﬁi - 7“37‘&) = /v (@'jfg - Tirj) p(r)dV

The tensor of inertia is the property of the body. It is computed using the internal (attached
to the body) frame of references xyz. For any object one can compute its tensor of inertia.
If we take the origin of the internal xyz frame in the center of mass of a body and compute
the tensor of inertia [;; of that body in this frame, then the kinetic energy of the body as
viewed from the external XY Z frame is given by

2 2

(Einstein notation is assumed) where m is the mass of the body, V' is the velocity of the center
of mass with respect to XY Z frame, and €); are the components of the vector of angular
velocity () in the internal xyz frame.

We can also compute the vector of angular momentum M of the body

K —

(Einstein notation is assumed) In this formula both €; and M; are the components of the
corresponding vectors in the internal xyz frame.

e Notice, that the directions of vectors O and M in general do not coincide!

Tensor of inertia is a symmetric tensor of rank two. As any such tensor it can be reduced
to a diagonal form by an appropriate choice of the axes of the internal (moving) frame zyz.
Such axes are called the principal axes of inertia. The diagonal components I,,, I,,, and I,
(we will also denote them as I, I, and I,) are called the principal moments of inertia.

e Notice, that these axes are “attached” to the body and thus rotate and move with
the body.

In these specific axes the kinetic energy is simply
mV? N 92 N 1, N 1.O?
2 2 2 2
93

K —
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and the angular momentum
M, =19,  M,=1%, M =LQ, o M=ILQi+I,07+L0%2

where €2, Q,, and €2, as well as M,, M,, and M, are projections of the vector Q and M on
axes of internal frame xyz.
Terminology:

(a) If all three principal moments of inertia are different, then the body is called “asym-
metrical top”.

(b) If two of the moments coincide and the third is different, then it is called “symmetrical
top”. If I, = I,, then the axes z and y can be chosen arbitrarily (but orthogonal to
each other) in the plane orthogonal to the axis z! This leads to great simplifications!

(c) If all three principle moments coincide, then the body is called “spherical top”. (A
uniform sphere is just one example of such a top.)

18.2. Kinematics.

We consider a body freely (no forces applied) moving and rotating. As there are no forces
the center of mass must move with a constant velocity. So if we consider the motion in the
external frame of references which moves with the same velocity, in this frame of references
the center of mass will not be moving, or its velocity will be zero. It means that at every
instant the instantaneous axis of rotation will go through the center of mass.

So if there are no forces one can always consider just a rotation of a body around an axis
which goes through the center of mass.

As there are no forces acting on the body we can immediately state that

e Kinetic energy is conserved.
e Angular momentum is conserved.

Let’s consider the motion in more detail in some specific cases.

AQ e Spherical top: I, = I, = I, = I and IV = [§% for any
choice of internal axes. So for any du"ectlon we have
M = IQ. Soif M is conserved, then Q) is a constant.
The body simply rotates around the axis given by M.

e Arbitrary top rotating around one of its principal axes,
say x, Then O = OF and M = I,Q7. The axis  is not
moving & = Q x & = 0. So if M is conserved, then ¢
is conserved, and the body keeps rotating around the
axis x which is also not changing.

e Arbitrary top rotating around a FIXED arbitrary axes
which goes through the center of mass, fig. [ As the
axis is fixed it is also an instantaneous axis of rotation
at any instant. The directions of angular velocity vec-
tor € is along this axis. The angular momentum vector
M = IQis NOT along the axis of rotation. Let’s chose
the INTERNAL axes along the principle axes of iner-
tia. In that INTERNAL frame zyz The components of

the angular momentum are M, = I,,Q,, M, = I,,),, and M, = I..(), and they are

Figure 1
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constant. So the vector M is a constant vector in the INTERNAL frame. So looking
from the EXTERNAL frame we have M = () x M. Or angular momentum is NOT

conserved. It means that there MUST be torque acting on the top 7 = M= Qx M.
This torque is perpendicular to the vector 2 and thus perpendicular to the axis of
rotation. The power supplied by such a torque P = 7 - 0= 0, so the kinetic energy
is conserved. This torque is applied to the top by whoever/whatever keeps the axis
fixed. As COM is not moving, the total force on the top must be zero. So whatever
holds the axis fixed must apply forces as shown on the figure (the direction of the
forces at any instant is in the plane defined by the axis and M , this plane is rotating,
so the direction of the forces is changing.)

e Symmetric top with no forces applied to it. Free symmetric top.

The last case requires some work.

18.3. Free symmetric top.

ZANM

Figure 2

A symmetric top is moving and no forces are
applied to it. The center of mass of the top is
moving at a constant velocity. So we switch
to the frame which moves with the same ve-
locity. In this frame the center of mass is not
moving, but the top is rotating. As there are
no forces acting on the top both kinetic en-
ergy K and angular momentum vector M
are conserved.

We consider a free rotation of a symmet-
ric top I, = I, # I,, where z, y, and z
are the principal (internal) axes. The di-
rection of the angular momentum does not
coincide with the direction of any principle
axes. Let’s say, that the angle between M
and the moving axes z at some instant is 6.
As the top is symmetric, we can chose the
axes r and y to be any orthogonal axes in

the plane perpendicular to the z axes. We chose the axis y to be in the plane with the two

vectors M and 2.

During the motion the total angular momentum (both magnitude and direction!) is
conserved. So we chose the external axis Z to be along the direction of M. The unit vector
7 then is given by Z = M /M, where M = |M]|.

The whole motion can be thought of as two rotations one the rotation of the body around
the axes z and the other, called precession, is the rotation of the axis z around the axis Z.

We can think of vector € in two different ways

(18.1)

(18.2)

FoJ]
I

< =

20, + 90,

Q- + 290,
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e Notice, that €2, is not the same as QZ.

and angular momentum
(18.3) M = QL7+ Q.12

Multiplying (18.3)) by 2 (at this instant of time) we get (2 - M = M, = M cos 0)
M, M
= = — cos¥f.

L L

In order to find the angular velocity of precession we multiply (18.2) and (18.3) by ¢ and
get

g-M -
Qy = TQPT and Yy - M = [yQy
e From the second equation above we see, that €, = % = IM sin 6.
Y Y

Substituting ¢ - M from the second equation into the first

QW:EQJ%.

This equation has two solutions {2, = 0 — which corresponds to M | 2, orif Q, #0

Also multiplying ([18.2)) by 2 we find

i M 11
QL =020, =M[——— .
R VA (L [)mw

)

e Notice, that as there are no forces/torques acting on the top, the vector of angular

momentum M is constant.
e However, despite there are no forces/torques acting on the top, the vector of angular

velocity Q is NOT constant. It rotates around the axis Z with Q.

18.4. Euler’s angles

The purpose of this section is to construct and learn to work with a specific set of generalized
coordinates suitable to describe rotations.

A rotation is the change of the orientation of a body with time. The orientation of a rigid
body is described by three angles. There are different ways to parametrize orientation. Here
we consider one particular way which is called Euler’s angles.

The external (fixed) coordinates are XY Z, the internal coordinates are zyz. The plane
xy intersects the plane XY along the line ON called the line of nodes (see figure |3)).

The angle 6 is the angle between the Z and z axes. The angle ¢ is the angle between the
X axes and the line of nodes, and the angle v is the angle between the x axes and the line
of nodes.

Let’s consider what we need to do to orient a body according to the given Euler angles.
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Figure 3

Initially the axes XY Z and zyz coincide. Let’s denote Oé(a) a rotation around a unit

vector é on the angle . Then in order to get the orientation on the picture we need to
perform three separate rotations

O:(1) 0 O, (¢) 0 O (0)linitial state)

What it means is that one needs (read above from right to left — it is an operator. Also
remember, that zyz is attached to the body)

e In the initial state the frames XY Z and zyz coincide.
e Rotate the body around axis X by angle 6.

After that the axes Z and z have an angle 6 between them. The axes X, z, and
the line of nodes coincide.

e Rotate the body around axis Z by angle ¢.

After that the axes Z and z still have an angle # between them. The axis x and
the line of nodes still coincide, but there is an angle ¢ between the axis X and the
line of nodes.

e Rotate the body around axis z by angle .

After that the axes Z and z still have an angle # between them. The angle
between the axis X and the line of nodes is still ¢. But there is an angle ) between
the axis x and the line of nodes.

The angle 6 is from 0 to 7, the ¢ and ¢ angles are from 0 to 2.
0el0,n], ¢el0,2r], ¢ e[02n]

Another way of looking at Euler angles is to realize, that the angles ¢ and ¢ are our
normal angles of spherical coordinates. They determine the direction of the axis z. After
that we rotate the body around the axis z by angle 1.

These three Euler angles 0, ¢, and v completely determine the orientation of a body.
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e So in order to describe rotations Euler’s angles are good generalized coordinates.

By knowing all three angles 0, ¢, and 1) we completely know the orientation of the body and
can compute the potential energy of the body (if it depends on the angles).

18.4.1. Angular velocity and kinetic energy through Euler’s angles.

In order to get the full use of the Euler’s angles we also need to express the kinetic energy
through our generalized coordinates (0, ¢, and 1) and their generalized velocities (0, ¢, and

).

If zyz are the principle axes of inertia, then the kinetic energy is simply K = %]sz +
%Iyﬂi + %IZQg Where €,, 2, and €2, are projections of the vector Q) on the internal axes
TYz. So we need to express (1, {1, and 2, through 0, ¢, and ¢ and their velocities 6, ¢, and
g Let’s consider changing the angle 6 to 6 + df. 1t is clear, that we need to rotate the body
by an angle df around the line of nodes ON. Sg the vector df has a length df and is directed
along the line of nodes ON. Then the vector 6 has a length 6 and is directed along the line
of nodes ON. -

The same way the vector d¢ has a length d¢ and is directed along Z. Then the vector

gz; has the length ¢ and is directed along Z. The vector dz/7 has a length di and is directed

along z. Then the vector ¢) has the length ¢ and is directed along z.
It is important to realize, that vector €2 is simply the sum

§:§+$+J

So in order to find the components €2,, €2, and {2, we need to write the components of the

- -

vectors 0, ¢, and ¢ in the internal frame zyz.

Look at the figure

(a) The vector # has length 6 and is directed along the line of nodes ON, so its com-
ponents along Z, 3, and 2 are (I'll write the z component first just for convenience)

0. =0
0, = écosz/)
éy = —fsiny

(b) The vector 6 has length ¢ and is directed along the Z direction, so its component
along 2, z, and g.
b, = dpcosh
by = ¢psinfsin
gz.ﬁy — ¢sin 6 cos
(¢) The vector ¢ has length ) and is directed along the z direction, so its component
along 2, z, and 7.

@Z‘)y:O
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We now collect all angular velocities along each axis as Q, = 0, + ¢, + 1, etc. and find
Q. = O cost) + psinfsiny
Q, = —0sint) + ¢sinf cos
(18.4) Q. = ¢cosh + 1
These equations allow us:

e To express the kinetic energy K = %IIQ?C + %]sz + %Izﬂg in terms of the coordinates

0, ¢, ¥ and generalized velocities 0, ¢, ). Or
e first solve problem in the moving system of coordinates, find €2, €2, and €., and

then calculate 0, ¢, and .

18.5. Free symmetric top again.

Consider the symmetric top again I, = I, # I,. We take Z to be the direction of the angular
momentum. The axis z is along the z principle axis of inertia of the top. We can take the
axis x coincide with the line of nodes. Then ¢ = 0 (but ¢ # 0!), and from ((18.4) we have

Q, =6
Q, = dsind
Q, = dcosh+

Looking at the figure 2| we identify €, = ¢ and Q, = 1.
The components of the angular momentum are

M, =1,Q, = L6

M, =1,Q, = I,psinf

Mz = IZQZ
On the other hand at this instant (look at the figure
M, =0
M, = M sin 6
M, = M cos8
Comparing those we find
. .M M
0 =0, Qpr:gb:[—y, QZ:I—ZCOSQ.
Now using 1) = Q, — ¢ cos @ and the results for ¢ and for 2, we find
~ . 1 1
Qz:z/;:M<IZ—Iy>COSG.

18.6. Free symmetric top motion viewed from the top itself.

Previously we described the motion of the free top from the outside observer. The top spins
around it’s internal z axis with the frequency €2, and the z axis precesses around Z axis with
frequency €2,,.
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Now if we are sitting on the spinning top. What we see is the top is, naturally, motionless,
but the world around us is rotating with angular velocity €2 around some axis. Moreover, as
we will discuss later, this axis around which the world rotates is itself rotates around our z

axis with some particular frequency.



LECTURE 19
Symmetric top in gravitational field.

e Physics Festival.

19.1. What we have learned so far.

e A rigid body is characterized by the tensor of inertia — 3 x 3 symmetric positive
definite matrix.

e This matrix can be diagonalized. This procedure will give us the principle axes of
inertia z, y, z (these axes are the property of the body, they are “attached” to the
body) and the principle moments of inertia 1,, I,, and I,.

e The rotation is described by the vector of angular velocity Q.

e At any moment of time this vector Q) can be projected on the principle axes of the
body. We then obtain the components €2, €, and 2, of the vector Q) in the internal
frame z, y, z.

e We then can compute the kinetic energy of the body

L2 L2 L2
= + + 2=
2 2 2

e We can also compute the components of the angular momentum M, = I,$,, M, =
1,82, and M, = I.Q), in the internal frame z, y, z.

K

One way to describe the rotation of the rigid body is to have the Euler angles as functions
of time 6(t), ¢(t), ¥(t). If we know the motion (coordinates as functions of time) of a point

like particle of mass m we know the force that acts on it F = md, the same way if we know
0(t), o(t), ¥ (t), we can compute all the torques, but the procedure is more convoluted.

o If we know 6(t), ¢(t), 1(t) with respect to an external frame X, Y, Z, then we can

compute €, (), ,(t), and Q.(¢) — the components of the vector Q in the internal
frame x, y, 2 — at the same moment of time

Q, = 0 costp + ¢sinfsin
Q, = —fsint) + ¢sinf cos
Q, = dcosl + .
e We then can compute M,(t), M,(t) and M,(t) — the components of the angular
momentum M in the internal frame x, 1y, z at the same moment of time.

101
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e As we know the orientation of the internal frame xyz with respect to the external
frame XY Z (this orientation is given by the Euler angles) at time ¢, we can find the
components of the angular momentum M in the external (inertial) frame XY Z.
e This way we will know the vector M (t) in the external (inertial) frame XY Z.
e The torque acting on the body is then given by

—

T =M.

e It is very important, that one must take the time derivative in the external (inertial)
frame XY Z.

19.2. Symmetric top in gravitational field.

We want to consider the motion of the symmetric top (I, = I, # I,) whose lowest point is
fixed in the gravitation field g pointing down.

v 9 7

Figure 1

19.2.1. The Lagrangian.

We call the fixed point O.
e As point O is fixed, the instantaneous axis of rotation goes through it.

It then makes sense to chose the coordinate frames as shown in the figure with the origin at
point O.

The Euler angles 0, ¢, and v fully describe the orientation of the top. The angles are
unconstrained and change 0 < 8 < 7, 0 < 9, ¢ < 27. So the Euler angles are good generalized
coordinates
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e The line of nodes is an intersection between XY and xy planes. It is the line ON
on the figure.

Instead of defining the tensor of inertia with respect to the center of mass, we now need
to define it with respect to the point O. The principal axes through this point are parallel to
the ones through the center of mass. The principal moment I, does not change under such
shift, the principal moment with respect to the axes x and y become I = I, + ml?, where [
is the distance from the point O to the center of mass.

Now we can simply use the formulas derived in the previous lecture to express the com-
ponents of the vector ) in the internal xyz frames of reference through the our generalized
coordinates (Euler angles) and their velocities.

Q, = 0 costp + ¢psinfsin
Q, = —fsiny + dsin b cos

Q, = dcosl + 9
The kinetic energy of the symmetric top is
_ Lo 1o o _ Lo 2, Lo oo
K= 2Qz+2<QI+Qy>_ 5 (0 deosB)’ + S (6 + ¢ sin®0)

e Notice that the kinetic energy is greatly simplified due to the fact that the principle
moments of inertia along x and y equal to each other.

e [t is because of that symmetry the kinetic energy only depends on the combination
Q2+ Q2.

e Which leads to the fact, that the kinetic energy does not depend on . (It does
depend on ).)

The potential energy is simply mgl cos 0, so the Lagrangian is
I, . . I . )
L= Ew + ¢cosf)? + 5(92 + ¢?sin? §) — mygl cos 6.

19.2.2. The solution.

In principle we can write the equations of motion from the Lagrangian. These will be three
second order nonlinear differential equations. These equations are needed to be supplemented
by six initial conditions:

G(t=0)=¢o,  G(t=0)= ¢
P(t =0) = o, Pt =0) =ty

However, there is a simpler way!
We see that the Lagrangian does not depend on ¢ and on . Notice the origin of this
independence.

e The independence of the Lagrangian of ¢ comes from the rotational invariance with
respect to rotations around Z axis. This is a general situation.

e However, the independence of the Lagrangian of ¥ comes from the rotational invari-
ance with respect to rotations around z axis. This is only correct for a symmetric
top!
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The corresponding momenta My, = and Ms; = a w are conserved.
oL oL . )
M; = 90 L (1) + ¢ cos ), My = % = (Isin?0 + I, cos® 0)¢ + 1,1) cosd.

It is instructive to see what symmetries are responsible for these conservation laws.

e The conservation of My is due to the symmetry of the system under the rotation
around Z axis.

e The conservation of Mz is due to the symmetry of the system under the rotation
around z axis — it only exists for the symmetric top!

So the fact that the top is symmetric provides us with an additional conservation law!
The Lagrangian has no explicit time dependence, so the energy is also conserved

L. . . I . .
= §(¢ + ¢peosh)? + 5(02 + ¢?sin?0) + mgl cos 6.

e The energy conservation is due to time translation invariance.
As usual:

o All three Mz, M3, and E are conserved, so we can find them from the initial condi-
tions using their definitions and the initial values of 6y, ¢g, Vg and 6y, ¢g, Vg

We have three unknown functions 6(t), ¢(t), and ¢(¢). All equations of motion are second
order differential equations. So the total rank of the equations is 2 x 3 = 6. However, we
have three conserved quantities, this decreases the total rank by three. As the result the
total rank is 6 — 3 = 3. So we will have three first order differential equations.

e [ again want to emphasize, that we have one extra conservation law because the top
is symmetric. Without this symmetry the total rank of equations would be 6 —2 = 4
(total angular momentum and total energy are still conserved) So we would have two
first order non-linear differential equations and one second order nonlinear differential
equation.

The equations for Mz and M3 can be considered as two linear equations for two velocities
¢ and ¥. We can solve these equations and express gzﬁ and ¢ through My, M3, and 6.

¢ Mz — Mzcost
N Isin? 0

. My Mz — M;5cosf
= — 0

¥ I, o8 Isin? 0

We then substitute the values of the ¢ and 1) into the expression for the energy. As there
is no dependence on ¢ and ¢ anywhere, the resulting energy depends only on ¢ and on
Moreover, the only place where 6 appears in energy is the term 1[ 02, so the energy can be
written as

1 .
E = 5192 + Ueff(e),
where
M
21,

(Mg — Mscos 6)?

E =F —
21 sin” @

—myl, Uerf(8) = — mgl(1 — cos®).
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aUers

E/

Yo

Hmin emaw

Figure 2. On the left the sketch of the effective potential energy Ueys(8) is shown. On
the right the nutations are show for two cases: when ¢ does not change sign (top), and
when ¢ does change sign (bottom).

This is the standard equation for a 1D motion which we have solved before!!! So we get

- \f /9<t> do’
200 B — Uy (0)

where 6y is given by the initial condition (¢t = 0) = 6. The integral written above is
an elliptic integral. Taking this integral (and inverting) we will find 6(¢). Knowing this
function we will find ¢(¢) and ¥ (¢). Integrating these velocities over time (and using the
initial conditions ¢(t = 0) = ¢y and P(t = 0) = 1by) we will find ¢(¢) and ¥(t). So we solve
the problem.

The result will be expresses in some elliptic functions. However, analyzing, the motion as
we usually analyze the 1D motion reveals all the features of the solution without much work.

For My # Mj the effective potential energy goes to infinity when # — 0, 7. So for any £’
there will be two turning points 6,,;, and 6,,,,, — the solutions of the equation U,s(6) = E'.
The function (t) oscillates between 6,,;, and 6,,,,. These oscillations generally are NOT
harmonic. These oscillations (look at the figure to see what they mean) are called nutations.
As ¢ = Mza=Mzcost 1o otion depends on whether My, — Mscos @ changes sign in between

Isin2 60
Opnin and 0,4

19.2.3. Stability of rotation around Z axis.

We can find a condition for the stable rotation about the Z axes. For such rotation M; =
My = M, so the effective potential energy is

M?sin?(6/2)

Uerr = 21 cos2(0/2)

M?* o1
— 2myglsin®(0/2) ~ <8[ — 2mgl> 6%,

where the last is correct for small §. We see, that the rotation is stable if M? > 4Imgl, or,
as M = 1,00,

4Imgl
2
QF > i
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Ueys(0) Ueys(0)

™

7-(-/2 Omaz

Figure 3. First panel: Spinning wheel demo. Second and third panels are sketches of
Uers(0) for the fast and slow spinning wheel.

19.2.4. Spinning wheel

Let’s now consider the standard physics demo shown on the figure. We have a symmetric
top spinning around its z axis and supported by only one point off the center on the axis.
As we expect 6 to be close to 7/2 we will use the equations in the following form

M3 (Mz — M3 cos0)?
21, 21 sin%

Uer(0) =

1 .
E = 5]92 + Ueyys(6), E'=F — + mgl cos 6.

(These are the same equations as before, I simply added mgl to both sides.)
The initial conditions — this is how we start the motion — are

90:7T/27 9020; QZBOZO; 1/}0290

(The initial values of ¢ and ¢ will not matter, they simply define the initial position of the
top in horizontal plane and in its own plane.)
Using these initial values and the definitions of Mz, M3, and E we find

L2
-=h,

Mz = 07 Ms = IZQ07 E

and
2

M.
E' =0, Uesr(8) = 2—]3 cot? 6 + mgl cos 6.

Notice, that for all values of parameters U.ss(7/2) = 0. The equation U.sr(f) = 0 has

another solution
M2\ M?
Omae = — 4 1 4
€08 [(éﬂmgl) + ] + 4Imgl

We see, that during the motion 6 will be confined to the interval [7/2, 6,,4.]

19.2.4.1. Fast spinning. Let’s first consider the case of the fast spinning. What it means is
the coefficient in front of cot? @ is much larger than the coefficient in front of cos 6.

M? 2Imgl
2—]3>>mgl, or Q> 2

In this case the potential energy has a form shown on the second panel on the figure. .
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For fast spinning we expect 0,4, to be close to 7/2. So let’s denote § = 7/2 + o and use
the Taylor expansion of U.s; for small a up to the second order.
2
3

Uepr = Eoﬁ — mgla.

Now solving Uess = 0 we find that « is in the interval [0, das], Where qupe, = ngg%l < 1.
EAL)
Moreover, as U.ss is quadratic in a the motion a(t) will be a simple harmonic motion with

frequency

1 0%, M?2 1
2 _ eff _ 3 _ 1z
W = j aa2 - = ?, or W = TQO

, with the amplitude o,q,/2 about a point ae; = Qunes/2 so (the initial conditions ot =

0) =0, c(t =0) =0)

at) ~ ag‘m (1 — cos(wt)).
We now can compute ¢ and 1). We use 6 = 7/2 + a(t) and Taylor expansion for small c.
. M; mgl
$t) = —alt) = 7.

: M
¥ =00+ —a?(t).

Notice, ¢ is NOT constant. However, w ~ () is large, so the oscillations are fast. If we
average ¢ over time, we get (average of cos(wt) is zero)
mgl

°=Ta,
This is exactly the result you might have obtained in the introductory class.

(1 — cos(wt))

19.2.4.2. Slow spinning. One should ask what happens if we do not spin the wheel that fast.
In the limiting case when we do not spin it at all, it should fall down and oscillate as a simple
pendulum.

For the slow spinning top, M3/2] will be small, and U.s; will look like shown on the
third panel of the figure. 6 will change over the large interval, so Taylor expansion and
approximation by SHM is not valid. However, we see right away, that as M3 decreases, 0,42
will be getting closer and closer to m — the direction vertically down

M
V2Imgl
For any nonzero 2y it will never be exactly down, but will always miss this point deviating
slightly to the side as ¢ # 0.

emax T






LECTURE 20

Self study. Rolling coin. An example of the rigid body
dynamics.

In this lecture we consider the dynamics of the follow-
7 ing object:
>

ol

A uniform thin disc (a coin) of mass m and radius
R rolls without slipping on a horizontal plane. The
disc makes an angle o with the plane, the center of

IO

Y the disc C moves around the horizontal circle with a
constant speed v. The axis of symmetry of the disc
CO intersects the horizontal plane in the point O.

The point O is stationary.
e Intuitively clear, that this problem is overde-

termined. We want to see why.
First, some geometrical facts
Figure 1 . 9
R , . sin” o , .
|OC| = Rtan a, |OA| = : |0C'| = |OC|sina = R : |CC'| = Rsina.
cos cos

This is a symmetric top, so we can chose the internal  and y axes anywhere in the plane
orthogonal to the internal z axis.
We chose the internal system of coordinates xyz as shown on the figure. In this system
the principal moments of inertia are
1 1

I, = —mR?, I, =1, 1

1
5 mR? +m|OC|? = mR? <4 + tan? a)

20.1. Kinematics.

Simple way. According to the problem statement the points O and A are stationary at this
instant of time. So the are on the instantaneous axis of rotation. It means that the vector €
is along this axis.
The point C' has a velocity v. For any point 7 of a rotating body the velocity is ¥ = 2 x 7.
So we see, that v = Q|CC’|, or
v 1
Q=—=—:
R sin a

So we know both the direction and the magnitude of the vector Q.
109
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In the internal system of coordinates xyz we then have

v v COS (v
Q,=—-Qsina=——, Q,=Qcosa=— ,
R Y R sina
FEuler angles. We can find the same result from the Euler angles. As this is symmetric top,

we can set ¢ = 0, but we need to know 0, 0, ¢, and ). According to the figure the Euler
angle 0 = a, so ¢ = 0. Our equation for ., ,, and €2, read

Q. =0
Q, = ¢sina
Q. = gcosa + 1

Q, =0.

The vector €2 = Q& + Q9+ Q2.

We know the velocities of points C' and A: vc = vZ and U4 = 0 — this is no—shppmg
condition. According to the general formula 7 7= O x 7 we find Uo = OxOC and @ W= = OxOA.
Using OC = |0C|2 and OA = |OC|2 — Rj) we compute

e = (ng'Ssinoz + 2(pcosa + ¢)> x |0C|2 = 2|0C|¢psina = vi
U = (gjésina + 2(¢cosa + w)) x (|OC|z2 — Ry) =12 (|OC|<ﬁsina + R(¢cosa —Hﬂ)) =

From the first equation we find
b= v v cosa
~ |OC|sina Rsin’a’

From the second equation (remember, this is our no-slipping condition) we find

C ; v 1
w—¢<| lsma+cosa>—— ¢ =—-=—
cos o Rsin® «
(the — sign is important here!)
Using these relations for €2, €, and €2, we find
Q. =0
v COS
Qy = —=—
R sin«
v
QZ - —E
These are exactly the results we got earlier.
20.2. Dynamics.
The main dynamic equations are % = 7and F = ma. It is very important to recognize

that these equations must be written in the external/inertial frame of reference.
Let’s start with the angular momentum.
In the internal system of coordinates the angular momentum at this instant of time is

M = LO.2+ L7

From the external point of view, this is a vector of constant magnitude which rotates around
the Z axis with angular velocity ¢. So we write

A —

ﬁng x M.
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Now the expression 7 x M has no differentiation over time, it is simply the vector product
of two vectors. So it can be computed in any frame of references. We compute the RHS at
this instant of time

M =¢Z x (1,924 1,0,79) = ) (—1,8, cosa + 1,2, sin o)

Using our kinematic relations we get

112 COS «@

C RZsinda

There are three forces that act on the coin: the gravity mg applied to the point C,
pointing down; the normal force N applied to the point A and pointing up; and the friction
force F' applied to the point A and pointing towards point O. As the center of mass does
not move in the Z direction, the normal force and the gravity must compensate each other,
so N =mg (N is up).

We want to compute the total torque with respect to point O acting on the coin at this
instant of time. The torque of a force F applied at point 7 is 7 = 7 X F. So the torque
of the friction force is zero. The torque of the gravity is 7, = —0C x mgZ = z|OC"\mg =

M (IZ sin? a + I, cos? a> z

ZRmg3=2 The torque of the normal force is 7y = —mg|OA|Z. So the total torque is
Cos &
2
sin” a 1
T = Rmg ( — ) T = —mgRcosazi.
cosa  cosa

Notice, that this result would be much easier to obtain if we simply computed the torques
with respect to point A, but this is not a trivial statement, as point A is not inertial.

Thus we have

v? cosa

R?sin® o
Substituting here the values of I, and I, we get

([Z sin® o + I, cos® a) = mgR cos a

1v? cosa
4 Rsina
e Notice, that o = /2 (or cosa = 0) is a solution for any v and R — as expected.

(1—1—53111 a) = g Ccos Q.

For cosar # 0 we get
102

4R
e So v, R, and « cannot be arbitrary!!!

(1 + 5sin? a) = gsin® a.

20.3. Friction force.

The center of mass of the coin moves around the circle of radius |OC’| with velocity v, so its

. . 2 2
acceleration is |OUT'\ = % 3% The force that provides this acceleration is the friction force,
SO
v? cosa
F=m—
Rsin?a’

However, this force cannot be larger than uN = uMg, so we have

v? cos a

> — .
M9 = R sn?a
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4sin3 o
1+5sin? o

Using the previous result 1% = we get

4 cos o sin «

14 5sin® « S H

20.4. Lagrangian approach to the rolling coin.

This part of the lecture is for self-study/fun.

In order to study the full Lagrangian dynamics of
the coin we first must assume, that the non-slipping
condition is valid at all times — otherwise we will
have dissipation and the Lagrangian method would
not work. Second we should not assume that the an-
gle 6 (or «) is constant in time, so the kinetic energy
term will have 6.

As point A has zero velocity I want to use it as the
coordinate origin (the instantaneous axis of rotation

Figure 2 goes through it). So instead of the figure I will use
figure 2

If a coin has the principle moment of inertia around the perpendicular axes through the

center of mass I (for a uniform disc it is I = mR?/2) then for our internal axes

7
S

I, =1/2+mR?
I,=1/2
I, =1+mR?

[ will assume, that at this particular point of time ¢) = 0 and ¢ = 0, but naturally w #0,
and ¢ # 0 (putting ¢ = 0 has no consequences, but it simplifies the figure.) According to
our relations

Q, =0
Q, = $sin
Q. = dsind + ¢

The most tricky and nontrivial part is to use the non-slipping condition. Naively it is
automatically satisfied, as the point A is the origin then if we compute its velocity it will be
zero. This is very misleading.

Lets compute the velocity of a point r (see figure) on the rim. This point is given by the
vector Ry + 7 — see figure. The velocity is

7, = Q x (Rj+7)
The vector 7= — R cos Sy + Rsin Sz, so we have

U = (2 + Q9 + Q.2) X (R(1 — cos 8)§ + Rsin )
=R [9(1 —cosf3) — gﬁsin@sinﬁ] 2 — R(1 — cos B)(d cos 0 + )7 + Rsin B(d cos 0 + )7
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Now I want to project this velocity on the external XY Z axes, by simply vy = X - 7, ete.
The result is

vy = RO(1 — cos 3) cos @ + Re)sin B sin 6
vx = R(1 — cos B) (¢ cos b + 1))
vy = —Ré(l —cosf3) + Rsin g [¢ + ) cos 9}
Let’s consider very small 5. No slipping means
that the coin does not scraping on the plane. It means
2sf that the projection of the velocity of a point on a
rim which is very close to A on the plane must not

have a component of the order of S at small 3. This
e requirement gives

Lo b+ 1cosh =0
> Notice, that it is the same relation that we had before!
0.0 -3‘5 170 1‘5 USing ¢ = _Coq;O we find
Figure 3 Q, =10
Q, = ¢sind
0. _ (2-5s1n2 0
cos

e Notice, that ’Q—% — tan 6. So the vector Q) is lying in the table’s plane.

Now we can write the kinetic energy. And as the potential energy is simply mgR sin 6 we
get
in?0 I el
o + 2) sin? 0 + 6? (2 + mR2>1 — mgRsin.

L= ; [9252 ((1 + mR?)

This Lagrangian does not depend on ¢! It also conserves energy. So we have two conserved
quantity

cos2 0

oL . sin? I
M=—= I R? ~ | sin?6
29 ¢<( +m )00529+2> sin
1], o sin?f T o (1 9 ,
EZzP <(I+mR)00520+2 # (3 + B )| + mgRsing.
Expressing ¢ from the first equation
1 M
sin® 0 (I + mRQ)i(i)I;zg + %
and substituting it to the second, we find
1,71 1 1 M?
E= ¢ ( 32) = . Rsing.
5 2+m +2Sin29([+mR2)2£zz+é+mg sin
This is just 1D motion in the effective potential
1 1 M? :
Uesr(0) - +mgRsinf

T 9 ain? sin2 6
2 sin 9<[+mR2)cos720+§
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One can simplify it a bit if one uses I = mR?/2. In this case
2M? cos? 0 1
Uers(0) = mR2sin?6 1+ 5sin? 0

A plot of this function for small M (blue for 2M?/m?gR3? = 3) and for large M (orange
for 2M?/m?gR3 = 1/30) is shown on figure [3] One can clearly see, that for large initial M
the coin will straighten up, and for small it will wobble (provided the energy in the right
range.)

If we solve for 6(t) we will know Q, hence, as the velocity of the point A is zero we will
know the velocity of the center of mass. Knowing this velocity we will be able to find the
coin’s trajectory as it rolls on the plane.

+ mgRsin 0




LECTURE 21
Euler equations. Stability of asymmetric top.

21.1. Euler equations.

A few lectures before (see section we considered free motion of a symmetric top. Due
to the additional symmetry this motion can be exactly solved. In this section we will derive
the equation of motion for a free asymmetric top.

As there no forces acting on the top, we can always think that it rotates around an axis
which goes through the center of mass (there is always an external frame of reference where
the center of mass does not move.) As there are no torques acting on the top the main
equation is simply the angular momentum conservation law.

M =0,
where M is the vector of angular momentum. However, one has to be careful with this
equation. Namely, one has to be careful with the time differentiation. In this equation it is
assumed that the time derivative should be taken in the external/inertial frame of references.
Let’s write the vector M in the following form

M = L& + L,y 7 + L.Q.2,
where I, I,,, and I, are principal moments of inertial, Z, §, and £ are principle axes of inertia,

and g, ,, and €2, are the projections of the vector of angular velocity Q on the principle
axes at this particular instant of time.

In the next instant of time the vector €0 itself will change, but also the orientation of the
axes Z, 7, and Z will also change — remember we are observing the motion from the external
frame of references. So when taking the time derivative we need to differentiate both the
components €2, €, and 2, and the vectors Z, §, and 2.

M = L% + LG + L2 + [0 + I,y 5 + LO.2
All three vectors Z, g, and Z are constant vectors in the internal frame of references — they
are the internal frame of references. As for any such vector for the vectors z, ¢, and Z we can
write
y*c:ﬁxi, Q:ng, 2=0x 3.
(after all, this is the definition of )
115
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So we have:
0=M = I,Q,2 + 1,0 + L2+ L,2,0 x 2+ L,0,Q x §+ L.O.Q x 2.

Multiplying (dot product) the above equation by #, and using @ - [l_; X ] = b- [€x ] will

find ‘
=L, + 1,0 [ x 2] + L,Q.Q - [2 x 7],
or, as [§ x 2] = —Z and [2 x Z] = § — remember the principle axes are orthogonal to each
other, we can write
0= L0 — 1,2, (Q-2) + 1O, (0 §)
so finally .
L, = (I, — 1,)Q,4,.

Analogously multiplying by § and 2 (or simply using the circular permutation of indexes),
and we get the set of three the Fuler equations:

L, = (I, — 1),
1,9, = (I, - 1,)Q.9Q,
L.Q, = (I, — 1,)Q,Q,
(these equation turn into each other under cyclic permutation of x, y, and z indexes.) These
three equation are called the Euler equations.
One can immediately see, that the energy is conserved. In order to do that one simply
multiplies the first equation by €2,, the second equation by €2, and the third equation by €2..

Then one sums the equations up. The sum of the right hand sides (after the corresponding
multiplication) is zero. So we have

L + 1,9,9Q, + 1.O.Q, =0,

which is the same as

d (mg L9 | szzg) o

da\ 2 2 2

So the kinetic energy is constant.

e The Euler equations are three non-linear coupled first order differential equations.

e As such one needs only three initial conditions for the complete solution.

e We know, however, that the complete solution must depend on six initial conditions
(three degrees of freedom, each requires initial position and initial velocity). The
question is: where do the other three initial conditions go?

e Imaging, that we have solved the Euler equations with some initial conditions for
Q, Q,, and Q.. Then we will know Q, (), Q,(¢), and Q.(¢) — the components of
the angular velocity in the internal frame as functions of time.

e But in order to describe the motion in the external frame we need to know how the
(external) coordinates (Euler angles, for example) depend on time.

o If we use the Euler angles as the coordinates, then we need to solve three more first
order non-linear coupled differential equations for 6(t), ¢(t), and ¥(¢):

Qu(t) = 0 cos1h + ¢sin fsin ¥y
Q,(t) = —0sin1 + ¢sin f cos 1
Q.(t) = dpcosf + 1.
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In the left had side are now the known functions: €,(t), ©,(¢), and Q.(¢). The full

solution will require three more initial conditions.
21.1.1. Symmetric top again.

The symmetric top is a particular case of the asymmetric one. For a symmetric top, taking
I, =1, =1 we find

190, = —(I. — 1)Q,0.
10, = (I. — NQ.Q,

Y

1O, =0
So we have {2, = const., then denoting w = €2, IZ;I — this is just a constant — we get
0, = —wil,
Qy = wll,

The solution is
Q, = Acosuwt, Q, = Asinwt, A? = Q2 4 Q2 = QF = const.

So the vector §) rotates around the z axis with the frequency w.

Notice, that the vector Q) rotates in the internal frame of reference! So if you are sitting
on top of this top you will have the axis Z which is motionless for you.

You will see the world around you spinning around some instantaneous axes given by Q,
but this instantaneous axis around which the world is spinning will also rotate around the 2
axis (this is the axis in your frame of references) with the frequency w.

If w< Q (or |I, — I| < I), then the motion of the instantaneous axis is much slower
than the rotation of the world around you. For the times much shorter than 27 /w, but much
larger than 27 /€2 you might notice that there is one point in the sky (the point where Q is
pointing at at this moment) which is not spinning. However, if you observe this motion for
times longer than 27 /w, you will notice, that this “notmoving” point is moving on a circle
with frequency w.
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The vector M will also rotate with frequency w in the internal frame.

This is the picture of the rotation as seen from a person on top of the top. Previously, we
described the rotation as it is viewed from the outside. Let’s check that these two pictures
describe the same motion.

Using Euler angles we can write with respect to some arbitrary external system of coor-
dinates.

Q,(t) = O cost) + ¢sinfsinty = Acoswt
Q,t) = —fsint) + ¢ sinf cosyp = Asinwt
Q.(t) = ¢pcosf + 1 = Q.

Multiplying the first equation by cos ), the second by sin 1 and subtracting one from another
we get

0 = Acos(v + wt).

This is written in arbitrary external frame of references. Previously, we have used a specific

external frame in which the angular momentum was along the Z axis. In order to compare
the two motions we need to use the same external frame in both cases.

It is not obvious how to do that. But we remember, that previously we obtained 6 to be
a constant. So let’s chose such an external frame where 6 = A cos(y) + wt) = 0. We do not
know a priory that such frame exists. We simply guess that it does. At the end we must
check that this guess is consistent with the rest of the full set of equations.

The requirement # = 0 means

v =7/2— wt.
Plugging ¢ = 7/2 — wt and 0 = 0 into the first two equations we obtain the same relation
dsinh = A

and the third equation gives
I

77
so we see, that from these two equations tanf = QA—f, is indeed a constant, so our guess

0 = 0 is consistent with all of the equations. Moreover, as A = /8 + Q2 = Q) we see, that

tanf = % = ]]\\4; as it should be, because M is constant vector at angle 0 to the Z direction.

As M, = M cos ), we see that

écos@zﬂz—i-w:Qz

. I-1, M, I-1I, 1 1

P =—w =10, T L 1 _M(Iz I)cos@
o001 M, 1 M

Q — — szz 27:—

=9 cos@1 cosO1 I

Which are the same results, that we had before.

21.2. Stability of the free rotation of a asymmetric top.
e Different meaning of stability. Static stability and dynamic stability.
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As the top is free, there are no forces acting on it and both the energy E and the vector
of angular momentum M are conserved. Conservation of energy and the magnitude of the
total angular momentum in terms of the components of the angular velocity €2 in the internal
frame xyz read

L2 1,97 [O?
+ + =
2 2 2
22 + 1202 + 12Q2 = M?

E

Writing the same equations, but in terms of the components of the angular momentum M
(in the internal frame xyz) M, = I, etc. we get
M2 M} M?
T Ty z
21, + 21, * 21,
M2+ MJ+ M = M?

The first equation describes an ellipsoid with the semiaxes 21, E, |/2[,F, and /21 E.
The second equation describes a sphere of a radius M. The initial conditions give us £ and
M, the true solution must satisfy the conservation lows at all times. So the vector M will lie
on the lines of intersection of the ellipsoid, and sphere. Notice, how different these lines are.

e If the radius of the sphere close to the smallest semi-axis of the ellipsoid, then the
lines of intersection are paths in the neighborhood of the corresponding “tip” of the
ellipsoid.

e If the radius of the sphere close to the largest semi-axis of the ellipsoid, then the lines
of intersection again are paths in the neighborhood of the correspondin “tip” of the
ellipsoid.

e If the radius of the sphere close to the middle semi-axis of the ellipsoid, then the
lines of intersection go far from the corresponding tip. In fact they go from one
“corresponding tip” to another.

The angular momentum is conserved. So in order to vector of angular momentum in the
internal frame to go from one “tip” to another, the body must flip from the point of view of
external observer.

Watch the video on the effect https://youtu.be/NJLdW4DHRCA.


https://youtu.be/NJLdW4DHRcA




LECTURE 22
Statics.

22.1. What we know.

Static conditions:

e Sum of all forces is zero. Y F’l =0._
e Sum of all torques is zero: > 7; x F; = 0.

If the sum of all forces is zero, then the torque condition is independent of where the
coordinate origin is.

N —a)x F=Y FixF—axY FE=Y7xF

22.2. Examples.

Ny Ny

Mg

22.2.1. A uniform rigid bar on two supports.
The force equation
The torque equation (with respect to the support 1)
Mgl/2 — Nyl = 0.
So the solution is Ny = Ny = Mg/2.
If we write the torque equation with respect to the support 2. We get
—Mgl/2+ N1l =0

Together with the force equation it gives the same result Ny = Ny = Mg/2 Notice, that
we get the third equation by simply multiplying the first equation by [ and adding to it the
second equation. So the third equation is not independent equation, it is a consequence of
the first two.
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22.2.2. A uniform ladder of a length [ in a corner.

Force equation, z-component: —F+Ny=0
Force equation, y-component: —Mg+ F,+ N, =0
[
Torque equation with respect to point 1: Mgi sina — Nyl cosa — Fhlsina =0
Friction force: Fy = psNy,  Fy = Ny

We have five equations and only 4 unknowns Fj, F;, Ni, and Ny. The system is over-
determined! It is no surprise, as in reality the friction force conditions are inequalities. We
then can pose the following question: At which angle a, the ladder starts to slide? As the
ladder is sliding, the friction forces must be at maximum and we can use Iy = us Ny and
Fi = p1 Ny. But then we have one more unknown — .. So we have the set of five equations
for five unknowns a., Fi, F5, N1, and Ns.

—F+ Ny =0
—Mg+F2 +N1 =0
l
Mg§ sin o, — Nolcosa, — Folsina,. =0
Fy = paNo
Fi = pi Ny

This is just a set of (almost) linear equations. The solution is

H1
Ny = Mg———
’ N + pifi2
__ My
T4 s
21
tanoa, = ———
L — prapao

e Again, one can chose any other point to write the torque equation.
e Notice, that if uipus > 1, then tana, is negative! This obviously makes no sense.
What happens?

22.2.3. A block with two legs on the floor with ;; and ps coefficients of friction.

The question is: what force F' we need to apply to the center of the side of the square block
of mass M and side a supported by two legs in the front and in the back in order for the
block to move with constant velocity.

As the velocity is constant everything works exactly the same as for the static case.

Force equation, xz-component: F—F —F,=0
Force equation, y-component: —Mg+ Ny+ Ny =0
a a
Torque equation with respect to point 1: F§ + Mg§ — Noa =10

Friction force: FQ = /LQNQ, F1 = ,Uqu
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we have 5 equations and 5 unknowns: F, Fy, F5, Ny, and N,. Solving the equations we find

e =
24 pu1 — po 24 p1 — po

e Notice, that if us > 1, then N is negative. This is impossible. What it means is
that if po > 1 the leg 1 will lift off the floor and the box will tip over — the front leg
“gets stuck”.

e Notice, that this effect would be missed if we did not compute Ny, even though we
were only asked to compute F'.

e Also, this resolves the problem of negative F'in case 2 4+ p; — ps < 0. In order for
our solution to be valid we must have py < 1, so 2 + p1 — po cannot be negative.

Mgu Nl

22.2.4. A brake.

We neglect the block’s weight. Consider the equilibrium of the block. I do not know the
forces on the hinge (I can compute them, but I will not need to) I will write the torque
equation with respect to the hinge

aN = Fb+ Pc.

Also F' = uN, so we have
¢ p o _C

N =
a— b’ a—,ub'u

Notice, that

e for ANY p, at some ratio of a and b the forces change sign. It is obviously impossible.

e Notice, that right before that the force N diverges. So does the force F. So the
wheel cannot rotate.

e Notice, that this divergence happens at any non-zero P no matter how small. How-
ever, for P = 0 the result is obviously N = F' = 0.

e There is a huge difference between P = (0 and P — 0 cases.

22.2.5. A problem for students in class.

e A uniform horizontal rigid bar on three supports.

22.3. Elastic deformations.

e Continuous media. Scales.

e Small, only linear terms.

e No nonelastic effects.

e Static. We will not consider the dynamic effects. What it means is that we will
write only the potential energy. If one also writes the kinetic energy, then one will
be able to write the Lagrangian and use all the Lagrangian machinery to study the
dynamics.

e [sothermal.

Definition of derivatives.






LECTURE 23
Strain.

When we deform an object there are a bunch of internal forces that appears inside the object.
We need to write the relation/equation between the deformation and these forces. In order
to do that we need to first figure out how to describe the deformation and how to describe
the internal forces.

The deformation and the internal forces are described by the strain and the stress tensors
respectively.
In this lecture we define both tensors and discuss their meaning.

23.1. Einstein notations

First we start with some preliminary mathematics.

e Einstein notations — summation over repeated indexes. Differential, divergence etc.
— Differential. If we have a function w(r), then the differential of this function is

6u 8u au au

— If we have a vector field u(r) with components u;(7), then the components of
the differential of this vector field is
3ui
— The divergence of the vector field (7) is
3u,»
5’%

divi(r) =

e Difference between u? and ufj

e We only work in Euclidean space, so there is no reason to distinguish co- and contra-
variant indexes.

A word on tensors.

e A tensor of a second rank can be thought of as a “coefficient” which linearly relates
one vector to another (again, it is that simple only in Euclidean space). For example
the tensor of inertia [ relates the vector of angular velocity Q to the vector of angular
momentum M: M = [Q.
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e As vectors are “objects” — they do not depend on the coordinate system one uses,
so are the tensors themselves. A tensor is an “object” it does not depend on the
system of coordinates one uses.

e However, if one wants to write a tensor in components (the same as vector compo-
nents), then one has to first choose the system of coordinates, and then the com-
ponents do depend on the system of coordinates chosen. For example, the relation
between the vector of the angular velocity and the vector of the angular momentum
in components reads M; = 1;;(); (remember Einstein notations). In order for this
expression to have a meaning one has to know what system of coordinates one uses.

23.1.1. Example.

Consider an arbitrary 3 x 3 tensor u;; (this is just 3 x 3 matrix). It can be written as
1
uij = o (wig + wji) + 5 (uyy — i) = u; + u
The first term is a symmetric tensor, the second term is antisymmetric tensor. Any antisym-
metric 3 X 3 tensor (a bit more precise language would be any antisymmetric second rank
tensor in 3D) can be written as
ug; = €Ik,
For some vector [. It is easy to prove simply by multiplying the above equation by " (re-
member! I use Einstein notation. This multiplication also involves summation over repeated
indexes.)
e Mug; = €TmeTk ] = 26,1l = 21,,.
So any 3 x 3 tensor can be expressed as
1 .
Uz‘j = 5 (uij + Uji) + Ezjklk.
e Notice, that if we take the antisymmetric part and construct a vector by uf;dzx; =

eTFdz;ly, = —[f X dr];, then this vector represent the change of di under rotation
around the vector [. So the antisymmetric part corresponds to “rotations”.
A side note:

e This construction works only in 3D. Only in 3D the number of independent elements
of a 3 x 3 antisymmetric tensor is 3 — exactly the number of components of a vector.

e In 4D the number of independent components of a 4 x 4 antisymmetric tensor is 6.
So if we want to present it using 3D vectors, we would need two such vectors. In
electrodynamics for the electromagnetic tensor (which is antisymmetric) these are
vectors of electric and magnetic fields.

23.2. Strain

e Strain (strain tensor) describes the deformation of a body.

We need do find a way to describe strain in a body. If no forces act on a body, then there
is a certain distance between different points of a body. Strain appears when this distance
changes. In particular, no strain appears if

e we uniformly translate a body;
e we uniformly rotate a body.
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A —
r w4
/'/)
> unstrained strained

Q Q/

We can describe the change of the position of a point of a body by a vector field (7).
However, this vector field in general will also describe the parallel translations and rotations
of the body. We need to find a way to exclude these contributions.

Let’s then do it in a systematic way. Look at the figure. We consider two nearby points 7
and 7+ dr in the unstrained object. After strain they will move to the points 7 = 7+ () and
7 +dr’ = 7+dr+u(r+dr) respectively. Subtracting, we see, that dr = di'+ud(r+dr) —u(r) =
dr' + du. Or in components

dr, = dx; + du;.

The distance dl between two points in the unstrained object is given by di? = (d7)? = dx?.
The distance dl"? between two points in the strained object is given by

di”* = (d7")? = da? = (dv; + du;)? = da? + 2dzjdu; + du?

ou; Ou; Ou, n ouy, n ou; Ou;
8% oxy, Ox,  Ox;  Oxj Oz

=dI* + QZ@ZCI:@d:ck

(23.1) = dI* + 2ujpdz day,

~—dxdry, = di® + ( ) dxjdxy

where

1 [(0u; Oup  Ou; Ouy
23.2 = = J Sl
( ) Uik 2 ((hk + 0z * 0z (%L’k)
Notice,

e The strain tensor u,; is dimensionless, it has no units, as its terms are length differ-
entiated over length.
e The tensor u;; gives the change of distance between two nearby points — so it does
describe the deformation.
e We specifically defined the tensor u;; to be symmetric, so the rotations are excluded
(the tensor has no antisymmetric part).
e The tensor u;; may be different in every point of the body. It then defines a tensor
field Uyj (F)
Let me explain why we need a tensor to describe strain. The strain describes the shift of the
relative position of two nearby points. The shift of the relative position is a vector, but the
nearby points are also described by a vector. So the strain must connect two vectors — it,
thus, must be a second rank tensor.
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23.2.1. Linear approximation.

Normally we will take only the case of small strains and consider only linear approximation.
Small strains do not mean, that @ is small, but it does mean that the derivatives du,/Jz; are
small. So for small deformations we can use the linear approximation

1 .
(23.3) wi <8u1 N auk> .

ox, Oz,
In the linear approximation we can also write
de; = (513 + Uij) dZEj.
This can be checked by using the above to compute dI’* and see that the result coincides
with ([23.1) in the linear approximation: (dl')* = (dz})? = (dij + wij) dz; (6 + wir) dxy, ~
5U5del’1d$] + Uljélkdl']d%k -+ (51]ulkd$Jdl'k = (dl‘l)g -+ QUjkdidexk = (dl)2 -+ 2’U,jkdl'3d£lik I used
the smallness of u;; in order to neglect the term w;;u;rdz;dzy,.

23.2.2. Volume change in linear approximation

We can locally (at some point ) diagonalize the real symmetric u;,, and get orthogonal basis
set. In that local frame (1,2,3) (the local frame will be different for different points of the
object) we have dz| = dxq(1 + uq1), etc, where wuyy, ugg, and ugz are the eigen values of the
tensor u;; at point 7. These eigen values will also be different at different points of the object.
The element of volume dV = dxdxodrs at point 7 of the unstrained objects under the strain
turns to the new volume element dV’ = dx)dxdz’ of the strained object which is related to
dV by (remember, we keep only terms up to linear order in w;;)

dV' = da!dzldxly = dzidrodrs(1 4 uy + ugg + uz3)

where u;; is the trace of the tensor. From the linear algebra we know that the trace is invariant
to the coordinate system used. Hence the fractional change in the volume is given by

5(dV) _ dvV' —dv
(23.5) v v "
So if the unstrained body €2 of volume V' is strained with a strain tensor w;;(7), then the

total volume V' of the strained body is given by (in the linear approximation)

23.2.3. Deformation u,; from strain tensor u;; in linear approximation.

We also see, that in the linear approximation
dU,i = dl’; - dl’z = Uijdl’j,

or

—

7
uz(f') :/F Fuijda:j.
0

)

where 7 is some point which we think as not moving under the deformation (Such point can
always be found, as we can always add a parallel translation and rotation to any deformation)
and I' is an arbitrary path from the point 7, to the point 7 in the unstrained object. This
formula will give the shift @(7) of the point 7 of the unstrained object.
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In particular, if we are only interested in the shape of the strained body, then taking 7" to
span all the points of the boundary 0f2 of the unstrained body {2 we will find all the points
7 = 7+ 4(7) of the boundary of the strained body.

e If one uses this formula to find the shape of the strained body, one has to remember
that this will give the shape up to a uniform rotation and uniform translation.

e If the components of the strain tensor u;; are not small, then we have to consider
the full non-linear definition (23.2). In this case in order to find w;(7) from the
strain tensor w;;(r) we will have to consider as a set of non-linear differential
equations for u;(7).

23.3. Strain, summary

If a deformation of a body is described by a vector field @(7) — a point 7 of an unstrained
body € is shifted by vector @(7) — then, in the linear approximation the strain tensor is

given by
Yii = 5 <8xj + 8xi> ’
The strain is different in different points of the body, so strain is given by a tensor field u;;(7).
Linear approximation means that u;;(r) is small at all points ', the vector of deformation
(7) does not have to be small. In fact one can always add an arbitrary constant vector to

(7), or constant uniform rotation.
In the linear approximation, the strain tensor has the following properties

U
U

(a) u;; = uj; — this is correct for non-linear also.
(b) 5(dV
c r u;jdr; — only in linear approximation.
AT 5 y
(d) In partlcular if we apply the above formula for all the points of the boundary 0€) of
the unstrained object €2, then we will know the shape of the strained object.

= Un', where u;; = tri — only in linear approximation.






LECTURE 24
Stress.

0f) 0f)

ds df ®/ﬁdv /]3

av "
Q Q

strained strained

e Stress (stress tensor) describes the forces inside a deformed body and on the surface
of that body.

24.1. Forces.

If we take a body and split it on very many small (infinitesimal) volumes, these volumes will
interact with each other, exerting forces on each other. These forces are described by another
3 x 3 tensor called stress tensor.

e The forces are considered to be short range.

Let me explain why we need a tensor to describe these forces. The idea is to consider
an infinitesimal square inside a body and think about the force d f (infinitesimal) which acts
on it from one side, see left drawing on the Figure. The force is a vector. But this vector
depends on the orientation (and area) of the square, which is given by another vector ds (this
is true only in 3D). The force vector d f must be proportional to the area vector ds. So the
stress connects two vectors, ds and d f — it, thus, must be a second rank tensor. Namely, in
components

de = Uijdsj-
e This is the force which acts from one side on a small plane piece of surface of area
ds inside the object.
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e On the same piece the force acting from the other side MUST by equal and opposite
to the one shown here. As if it is not, the piece of surface which has zero mass would
have an infinite acceleration.

The 3 x 3 tensor o;; is called stress tensor.

Consider a body €2 with the volume V' which is embedded in a large deformed media. We
want to compute a force which acts on a small piece of volume dV inside the object €2, see
right drawing on the Figure.

e There are forces which are applied by the media to the boundary /surface 92 of the
object €). This results in the total force F acting on the whole object €.

e We are considering one particular moment of time. At this moment we do not assume,
that the body is at equilibrium. So it is accelerating as a whole and deforming.

e Consider an infinitesimally small piece of volume dV inside the body. As the body
is NOT in equilibrium, at this moment of time this piece is moving with some finite
acceleration @, which is different in different points of the body.

e The mass of this piece is pdV, where p is the mass density. So the force which acts
on this piece is apdV .

e The only fact that we need from this is that the force that acts on the volume dV is
proportional to the volume dV'.

e So we write, that the force df: that acts on the volume dV' can be written as df:
Fdv. (ﬁ is not the force, it is “density of force”. The force is df, or F av'.)

e The total force F which acts on the whole body €2 is just the vector sum of all forces
which act on all the infinitesimal pieces.

So we write (in components)

(24.1) ]%;z/gdfl- :/QFidV.

The meaning of the formula is that the total force F; which acts on the volume V' is the sum
of the forces F;dV which act on all small pieces of volume dV of the body (2.

However, because the forces are short-range it should also be possible to write the total
force as sum of all forces acting on the boundary 02 of the body €2, or as an integral over the
surface elements ds; = n;ds of the surface 9€) of the body 2, where 7 is the outward normal
(L&L use df; for the surface element). Thus we expect that

24.2 Z.:/ ds;
(24.2) Fi | s

for some o;;. (The notation 02 just denotes the surface of a volume 2.) Thinking of it as
a set of three vectors (labeled by i) with vector index j, we can apply Gauss’s Theorem to
rewrite this as

Jo;
(24.3) Fi= [ Sav,
Q 8[Ej
so comparison of the two volume integrals (24.1) and (24.3) gives
dojj
244 F=—"2.
( ) al'j

What we found is the following. If we know the stress tensor o;;(7) — it is stress tensor field
— then
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e The force acting on a small volume dV at position 7 is given by

00y,
df; = —24V.
f 8xj
e The force which acts on a infinitesimal surface ds from one side is given by
dfl = Uijdsj-

e The stress tensor o;; has units of pressure: f:r%
(The fact that the force on the piece of volume dV' is given by %dv can also be understood
J

by considering a small cube with sides dz, dy, and dz and computing the total force acting
on it through the sides.)

24.2. Torques.

Just as the total force due to the internal stresses should be written as a surface integral, so
should be the total torque.

Again, the object €2 is NOT in equilibrium. A force df; = F;dV acts on a small piece of
volume dV at point 7 of the object. The torque of this force is d7 = 7'x d f Or in components
we write drt = —€* FzdV = —%e”k (Fixp — Fra;) dV, where F; = %‘;@. The total torque

J

acting on the body €2 is the vector sum of all torques, so

= e [ (R~ Fug)dV = et / (a"” vy — 2%k x) %
Q

2 8xj (9xj
1y [ (O(oyay)  Olowsxi) >
N 26 /Q ( aiL'j 3:16]- (Ulk U]“) dv
1 1 ..
(24.5) = 2 etk /m(aijxk — okxi)ds; + §€l1k /Q(O'Z'k — op;)dV.

We see, that in general there are two contributions, one from the surface — the first term, and
the other is from the bulk — the second term. But all the forces are short range, so the total
torque MUST only come from the surface. To eliminate the volume term we require that

(246) Oik = Okj-

So the stress tensor must be symmetric.

24.3. Equilibrium.

In equilibrium when only the internal stresses act, the total force acting on any piece dV
must be zero, so the equilibrium condition is
8Uij

(24.7) o

=0.

with constraint that o;; is symmetric.
If there is a long-range force, such as gravity, acting on a small volume dV with force
F?dV = pg;dV , where p is the mass density and g; is the gravitational field, then in equilib-

rium F; + FY =0, or x’]] = —pg; (where all aj?, p, and ¢g; must be taken at the same point

7).
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The equation is a set of three partial differential equations with constraint that
o;; = 0j; for the stress tensor o;; in equilibrium. As any such equations they must be
supplied with boundary conditions. These boundary conditions are given by the forces on
the boundary of the body.

When there is a surface force P; per unit area on the boundary 02 of the body €, then
the fact that the surface must be in equilibrium determines the stress force |, 7; on the
boundary, so

(248) R = JijlaQ TAlj

If we know the force P; per unit area of the boundary of our object (it can be different in
different points of the boundary, it also does not have to be perpendicular to the surface),
then this equation provides us with the boundary condition for the equation ([24.7]).

24.3.1. Simple examples.

e No force on the boundary:
When no force is applied to any point of the surface 02 of the body 2 the stress
at the surface is zero so 05|, = 0 and if there is no long range forces, then o;; = 0
is the solution of the equation (|24.7]).
e Hydrostatic pressure:

If the surface force is a hydrostatic pressure, then P, = —Pf; = 0;;71;. The only
way this can be true for any 7 is if

Notice that this tensor is also a solution of the equation (24.7)). So for just hydrostatic
pressure applied to the body the above equation gives the stress tensor in equilibrium
everywhere.

24.4. Stress tensor, summary.
Here is what we know about the stress tensor o;; of the body €2 in equilibrium with the force
Pi(75q) per unit area applied to the point 75 of the surface 92 of the body .

e The stress tensor o;;(7) must be symmetric at every point of the body €.

0i;(F) = 0(7).
e At every point 7y of the boundary 9€2 of the body €2 the stress tensor must satisfy
Pi(Taa) = 04j(Taa)n;(Ton),
where 7 is a unit vector perpendicular to the surface 02 at the point 7q.

e Inside the body €2 in the absence of long-range forces the stress tensor must satisfy
the set of three partial differential equations

807;]'

827]'
If there are long-range forces the right hand side of this equation is that force per
unit volume instead of 0.

=0.



LECTURE 25
Work, Stress, and Strain.

e Students evaluation 04-19-2023 until 05-03-2023.

25.1. Summary of Strain and Stress.

If a deformation of a body is described by a vector field @(7) — a point 7 of an unstrained
body is shifted by vector « — then, in the linear approximation the strain tensor is given by

g = 2 al’j (9:1;1 .

In the linear approximation, it has the following properties

(a) u;; = uj; — this is correct for non-linear also.
(b) 5(;7&/) = wy;, where u; = trtt — only in linear approximation.

(c) u;(r) = f,% r Uijdz; — only in linear approximation.
The stress tensor o;; describes the internal elastic forces.

(a) 0ij = 0ji.
(b) The force on the internal volume element dV is df; = %‘Z? av.

J

(c) The force on the surface element ds'is df; = 0;;ds;.

So, when the linear approximation is sufficient

e if we know strain tensor u;;(7) at every point we know the deformation w;(7) (in the
linear approximation),

wi(?) = [ "y (7)da

H071—‘

Thus we know the shape of the body.
If we know the deformation u; we know the strain tensor.

Yo 2 al'j 8% ’

o If we know stress tensor o;; we know all the forces on any piece of volume dV':

. (902-]-
8a:j
135

df; dv
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or any piece of surface (from one side) ds:
dfz = Uijd5j~

(0i; has the units of pressure.) In particular, we know all the forces which are applied
to the surface of our object.

On the other hand, if we know all the forces per unit area P;(7sq) on the surface
0f) of an object €2, and the object is at equilibrium, then we need to solve the equation

80'1']'
83:]-
where the last equality is the boundary condition for the partial differential equations
(the first equality) which states that o;;ds; gives the known forces on the surface of

the object. Then by knowing the forces on the boundary we will know the stress
tensor field 0;;(7) everywhere.

=0, 0ij = Oji, P = 0ijl g0 1)

25.2. Relation between Strain and Stress tensors.

What we now need to complete the problem is the connection between the strain u;; and stress
o;; tensors. If we know this connection, then by knowing deformation u; of the object, we
will know what forces on the surface of the object which are required for such a deformation.
Also if we know what forces are acting on the surface we will know the deformation of the
object. Let’s assume, that we know the connection

uqj (7)«—03;(7)
then we can use the following strategies to solve all the static problems (in linear approxi-
mation)

e If we know the deformation «(7) of the object €2 then we can find what forces we
need to apply to the boundary 02 of this object

w;(7) — w;;(F)—0,;(7) — [forces needed to be applied to the surface]

e If we know the forces that are applied to the surface 052 of the object €2, then we can
find the deformation @(7) of the object and, thus, its shape.
forces applied to the surface and % =0, 0,5 = 0ji| — 04(7)—u;; (F) — u;(7).
J
e Strictly speaking the forces are applied to the boundary 00’ of the strained object €',
not to the boundary 02 of an unstrained object 2, but in the linear approximation
this difference can be ignored.

Different materials deform differently under the same forces, so the connection between
two tensors of strain and stress is material dependent.

We are working in a linear and local approximation, so the connection must be linear and
local and have a form

() = DM,

where D is a material dependent local tensor of the fourth rank. The same way as the liner
relation between two vectors is described by a tensor of rank 2, the linear relation between
two tensors of rank 2 is described by a tensor of rank 4.
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If the material is uniform, than the tensor D“*(7) must not depend on 7 and we have
uij (7:> — Dijklo,kl(f»)’

e An arbitrary fourth rank tensor in 3D has 3* = 81 independent elements.

e In our case the tensor D¥* must be symmetric with respect to exchange i <+ j and
k <> 1. This reduces the number of independent elements to 36 (each pair of indexes
has 1-2 -3 = 6 possibilities, two pairs of indexes then has 62 = 36 independent
components.).

e However, any crystal has additional symmetries which will reduce the number of
independent elements even further.

e [t is known how to write any tensor which respects any crystal symmetry.

e The higher the symmetry, the more restrictions we have, the simpler the tensor will
be.

e The simplest tensor appears when the symmetry is the highest — isotropic material.

e Crystals are not isotropic, but a lot of materials (amorphous, multicrystals etc.) are
isotropic.

In addition, the requirement of stability of the equilibrium (when 4% = 0) must lead to some
inequalities between the elements of the tensor D. As it is a tensor of the fourth rank it is
very tedious to analyze. So instead we will work around it.

25.3. Work against Internal Stresses

Let’s imagine an experiment when we want to slightly change the field @(#) while keeping
the shape of the object intact.

e We assume that we have full control and can apply any forces we want to any
infinitesimal piece of volume inside the object 2. We also can apply any forces to
the boundary of the object 0f2.

e Initially the deformation was given by the vector field u;(7). This deformation is the
result of some long-range (not elastic) forces which act on all volume elements. The
object is at equilibrium at this moment.

e As the object is deformed the force F;dV, where F; = %‘;"?, from the internal stress
J

acts on every infinitesimally small piece of volume dV'.

e As the deformed object is in equilibrium, the force applied by us to an infinitesimal
piece of volume dV must be —F;dV.

e Now we want to adiabatically slowly change the deformation w;(7") — w;(7) + du;(7),
where du;(r) is infinitesimally small and du;|,, = 0 — we are not changing the shape
of the object — this way we exclude the work of any “outside” forces.

e As du;(r) is very small, the forces —F;dV do not change during the change of defor-
mation.

e So the work against forces of internal stress which we need to do to shift a piece of
volume dV by du; is 0 Ryyr = — Fydu;dV = —8‘;7 Su;dV.

0
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Hence the total work done by us in order to change the deformation by du; is

(25.1) 6Wouy = / 0 Rour = — /Q g% SusdV = — /Q Aoi0us) gy, / 5“2

Zj Oz,
B 0(5% aul Ou;  Ou,
= — /Em oij0u;ds; + ng oz, dV = / 0i;0 dV / 0i;0= (8% + 85Ei> dV

= 10w dV
_/QUJ Uy

Where we first used Gauss’s theorem to transform one of the volume integral to a surface
integral. Then we used du;|,, = 0 — the deformation du; is zero on the boundary, as we fixed
the boundary, we do not change the shape of the object. Then we used the symmetry of o;; to

symmetrize gzj — % (a“l + 8"]) And finally we used the fact that in linear approximation

1 ( Ou; Ouj\
2 (azj T a;é) = Ui
So the work done on volume dV by us in order to change the deformation is

(252) 5Rour = alkéu;ﬁd‘/

This work is done by us at constant temperature, so it goes into the change of free energy
density Fp.
dFF = 5Rour = Uikéuki

25.3.1. Thermodynamics

We now assume the system to be in thermodynamic equilibrium. Using the energy density
e and the entropy density s, the first law of thermodynamics gives (it is dR/dV because we
write everything in terms of densities.)

dR

(25.3) de =Tds — v = Tds + o;;duj;.

Defining the free energy density Fr = ¢ — T's we have
dFF = —sdl + O'ijdlbji.

In the next section we consider the form of the free energy density as a function of 7" and
wij: Fp(T,u;;). Then we will use

(25.4) dFr = 0,jduy;, if dT'= 0, or temperature is fixed.

dT'= 0 — this is exactly what we need, as we consider only isothermal processes

25.4. Elastic Energy

The elastic equations must be linear, as this is the accuracy which we work with. The free
energy density then must be quadratic in the strain tensor. We thus need to construct a
scalar out of the strain tensor in the second order. If we assume that the body is isotropic,
then the only way to do that is:

1
(25.5) F=Fy+ 5)\%21‘ + .

e Notice, that in this approach instead of working with the tensor of the fourth rank
we are working with a scalar — free energy.
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Here X\ and p are the only parameters (in the isotropic case). These parameters are different
for different materials.

e The elastic properties (in linear order) of any isotropic material are characterized by
only two (temperature dependent) parameters!

These parameters A and p are called Lamé coefficients, and in particular p is called the shear
modulus or modulus of rigidity. Note that u; is associated with a volume change, by (23.5)).

e The two terms in (25.5) are not independent, so in order to take the derivative, we
must rewrite it as independent terms.

The quantity

. 1
(25.6) Uik = Uik — §5ikujj

satisfies u;; = 0, and is said to describe a pure shear.
With this definition we have

(25.7) Ui =g + ;(Lkujj

(25.8) u, =12, + ;ﬂiiukk + ;Uf] = G, + ;Ui

Hence becomes

(25.9) F =F, + ;,\ui + (a3, + ;ufj) = Fy+ ;Kufl + . (K=X+ :23#)

In this form the two elastic terms are independent of one another.

e For the elastic energy to correspond to a stable system, each of them must be positive,
so K > 0and p > 0.

25.4.1. Stress<—Strain.

Now we have the free energy as a function of independent variables u;; and @;;. So we can
take the variation of the Free energy with respect to these independent variables.
On varying u; at fixed T' the free energy of (25.9) changes by

1
dF :Kujjdukk + 2,Uzﬂ,lkdl~blk = Kujjdukk + 2,uﬁzk(du,k — gélkduﬂ)

1
:Kujjdukk + 2M1~J,deulk = Kujjélkdulk + 2,u (uzk — Bﬁlku”> dulk

1
so comparison with (25.4]) gives
1
(2511) Oik — Ku]'jéik + 2u(u2k — g@kuﬂ)

e This equation gives o;; if we know w;;. It only works for uniform isotropic media.
Note that o;j; = 3Kwu;;, so that

O' ..
_ JJ
Ujs = 57~

- 3K
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We now use this equation for u;; in , and then solve it for u;:
(25.12) Ui = 5Zk% + 2; (Uik — ;ajjéik) .
e This equation gives w;; if we know o;;. It only works for uniform isotropic media.
In the above the first term has a finite trace and the second term has zero trace.
This is the desired result:
e knowing the stress o;; we can find the strain u;; by (25.12)).
e knowing the strain w;; we can find the stress o;; by (25.11)).

All isotropic materials in the linear approximation are described by just two constants.



LECTURE 26
Elastic Moduli.

e Students evaluation 04-19-2023 until 05-03-2023.

26.1. Results of last lecture

e The elastic properties of an isotropic material in the linear approximation are char-
acterized by two constants/parameters K and p. They are called elastic moduli.
Both of them are positive: p > 0 and K > 0.

e 4 is called shear modulus or modulus of rigidity, K is inverse (isothermal) comress-
ibility.

e These moduli can be expressed through Lamé coefficients A and pu: K = A+ % i, and
1 is the same.

e The elastic moduli allow one to connect stress and strain tensors.

1

(261) Oij = Kukkéz] -+ QM(UU — gémukk)
OLk 1 1

(262) uij = 6”9? + ﬂ (Uij — 30kk5ij> y

where K > 0 and p > 0.
e Taking the trace of either equation we get

_ Tkk
3K

This lecture is about the physical meaning of the elastic moduli.

The two elastic moduli K and p can be expressed through Young’s moduli: £ and 0. F
is called Young’s modulus, or the modulus of extension. ¢ is called Poisson’s ratio.

The equation of equilibrium is %UTZ? = 0. Generally, we need to find a solution of this
equation (it is really three equations, as there is a free index i) which satisfies the boundary
conditions. It is a complicated problem in general. However, in some simple cases we can

use our intuition to guess the solution, and then check it.

(26.3) Ukl

26.2. Bulk Modulus and Young’s Modulus

In this part we will guess o5, check the guess, and find the corresponding deformation.
141
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26.2.1. Hydrostatic compression.

We consider an object submerge into incompressible liquid. There is no gravity. The liquid
is under a hydrostatic pressure P.
e For hydrostatic compression the force on one side of any small tile in the liquid is

always perpendicular to that tile and “into” this tile.
e So the vector of force and the vector area of the tile’s side have the exactly opposite

directions.

e It means that the stress tensor o;; inside the object is 0;; = —Pd;; on the boundary
of the object.

e However, as this 0,; = —P¢;; is constant, it also satisfies the equation 86‘:‘]] inside the
object.

e The tensor 0;; = —PJ;; is symmetric. So this tensor satisfies the boundary condition,

the equation for equilibrium, and is symmetric. It is then the stress tensor of the
object under hydrostatic compression.

e Using (26.2)) we find the strain tensor wu;;

P
uij = —37[((5”
e Taking the trace of the strain tensor ug; we find (see also [26.3))
P
(26.4) Uk = = 75 (hydrostatic compression)

So we found the full description of the deformation of an isotropic, uniform object under
hydrostatic compression.

26.2.1.1. Physical meaning of constant K. Consider an object of volume V under the pressure
P. If we change the pressure by d P keeping the temperature constant, the volume will change
by dV', where % = dug, = -4 so

K
26.5 S Mk 1OV
( ) K dP VOP|,
So K is inverse isothermal compressibility S = —% (%)T as defined in thermodynamics.

26.2.2. Uni-direction compression.

A stick of length L and cross-section A is compressed from right with force F' = PA. We
want to find how the stick is deformed.

e The stick is along z direction, left end of a stick meets an unmovable wall. The force
is applied to the right end of the stick in the negative z direction.
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Opz = Oyy = 0

_

e On the right boundary of the stick the force per unit area is P. The direction of this
force is opposite to the direction of the area vector.

e So on the right boundary the stress tensor has value o,, = —P, and all other com-
ponents are zero.

e On the sides of the stick, there are no forces. So on the side boundary of the stick
all components o;, and o;, are zero, including 0., = o,y = 0.

e Consider a stress tensor of the following form

00 O
co=|(00 0
00 =P

— This tensor satisfies the boundary conditions.
— As it is constant, it is obviously satisfies the equilibrium condition % inside
the stick. ’
— It is symmetric.
So this tensor is the correct solution for the stress tensor inside the stick!

e For this tensor we have o, = —P
e Using ([26.2)) we see that u;; = 0 for ¢ # j, and
P/1 1
26.6 o = = (—-—=),
P11 1 P 9K
26.7 =t ==-=, E= :
(26.7) B 3 <3K * u) E 3K + 11

e So the strain tensor is diagonal matrix with w,,, uy,, and u,. on the diagonal.
e Notice, that for positive pressure (compression) u,, is always negative, as both K > 0
and p > 0, and hence E > 0.

So we found the full description of the deformation of an isotropic, uniform stick under
uni-direction force.

The coefficient in front of P in the equation for u,, is called the coefficient of extension.
Its inverse E is called Young’s modulus, or the modulus of extension.

In particular we can find the spring constant of the stick. As the wall on the left is
stationary, in the equation u;(7) = ,;Z r Uizdz; we take the point 7y to be on the left end of
the stick, the path I' to be a line parallel to the z axis, and the final point 7 to be on the
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right end of the stick. Then we find, that the right end is shifted along the z direction (Only
u, is non-zero) by
L PL L F AFE
z:A :/ zzd: zzLZ_i:_iF:_ia - T
I W E T AE K L
where A is the area where pressure is applied and L is the length of the sample (Az < L).
So we see, that the object behaves as a spring with the spring constant k.

26.2.2.1. Poisson’s ratio. For the previous experiment we can define Poisson’s ratio o via
(26.8) Upy = —OUyy.

e A word of caution. The Poisson ratio is defined by ONLY IN THE EX-
PERIMENT CONSIDERED ABOVE.

e It is not a universal rule that u,, = —ou,, by any means. It is so ONLY for the
above experiment.

e In particular, if in the above experiment the purple stic is placed within a hard rigid
tube (see next section), then w,, will be zero, but u,, will not be zero.

Then we find that

(26.9) o=—t= 2 Y oo

Since K and p are positive, the maximum value for ¢ is % and the minimum value is —1. All
materials in Nature (except somel!!l) have o > 0.
-l<o<1/2
Notice, that the volume is changing by ildTY = uy; = U, (1 —20), soif o = 1/2 the
volume does not change — incompressible liquid. The requirements that when we compress
the volume cannot increase is the requirement that o < 1/2.
Often one uses F and o instead of K and . We leave it to the reader to show that

Eo
AT AT 1 0)
B E
2 —ma
FE

e In the two examples we considered we guessed o;; and then found u;;.

e In the next two examples we will guess u;;, find the corresponding o;;, check that
it satisfies the equilibrium condititon, and then find what boundary conditions are
required.

26.2.3. Uni-direction compression in a hard tube.

Let’s now consider a uni-direction compression, but now the purple material is placed inside
a hard rigid tube. There is no friction between the purple material and the tube. We apply
the pressure P and we want to know Az.
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AR

_

Notice, that this case is very different from the one we considered above. In this case we
cannot say that o,, = o,y = 0, as the hard tube applies pressure to the sides. So we need to
find a different approach.

This approach is reverse to what we used before. We first guess the strain tensor u;;, then

compute o;;, then check that o;; is symmetric and satisfies the equation % = 0, and then
J
knowing o;; we find the pressure P. This way we connect the pressure P and Az.
Looking at the picture, and keeping in mind, that the purple material is uniform, it is

natural to guess

Az
Ugy = Uyy = 0, Uyy = 7 Uiz = 0.
So
00 0
=10 0 0
0 0 —Az/L
in this case ug, = u,, = —Az/L, and using we find

Az 2 Az 4
Uxﬂﬁzoyy:_f (K_§N>> azz:_? (K+§ﬂ)v Oizj =0

The first thing we notice the o0;; is diagonal and is thus symmetric. It is also constant in

space, so the equation %_l = 0 is satisfied! So it is indeed a correct solution and our guess
J

was right!
Now using (|26.10)) we express the above results through E and o.

Az Eo Az  E(l1-o)

Tor = 0w = T A —20)1+0)  7*T L (1-20)(1+0)
(in case of o < 0 the purple material must be glued to the tube in order for u,, = u,, =0 to
be true)
In particular, we see, that

o
Ogx = Oyy = EUZZ.
Also the force F'is
A E(l- A E(l-
F=A0,, =—— 1—o0) Az = —kAz, k=— —o0)
L(1-20)(1+0) L(1—-20)(1+0)
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Notice, that although the purple material is the same in both experiments, the “spring
constants” are different.

26.2.4. Twisted rod.

Let’s take a circular rod of radius a and length L and twist its right end (keeping the left
end as it was) by a small angle 6y. We want to calculate the torque needed to be applied to
the right end to the this.

e We first guess the right solution.

If z is the coordinate along the axis of the rod, then the cross-section at distance z from
the left end (we are twisting the right end) is rotated by the angle 0(z) = 6,

Two cross-sections a distance dz from each other are twisted by the angle dff = %Odz with
respect to each other. So a point at distance r from the center on the cross-section at z 4 dz
is shifted by the vector du = rdfe, = r%odzé'(b in comparison to that point in the cross-section
at z. So the ¢ component of the vector du is given by du, = r%odz and all other components
are zero u, = u, = 0. We thus see that the strain tensor is

oy, = L (ug  duz) 1 6
Yoo =W = o\ "o ) T 2L

and all other elements are zero.
The relation between w;; and o;; is local, so we can write them in any local system of
coordinates. So as the strain tensor is trace-less
o

Osp = Oy = UT—.

L

and all other elements are zeros.

. . . . 90,5 _ Do
e Notice, that this stress tensor is symmetric and %% = ¢ =

0z (o0}
equilibrium is satisfied and our guess was right.

0, so the condition of

Now we calculate the torque we need to apply to the right end. Consider a small area
dS of the right end of the rod at a point at distance r from the center. The vector of area is
ds = dSé,, it has only z component. As we know, df; = 0,;dS;, so in this case df; = 0;,dS.
But the only nonzero element of 0, is 04.. So the force will have only ¢ component. So the
force we need to apply to the element dS is

df: g ¢ZdS €¢.
The torque of this force with respect to the center is along z direction and is given by
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As all d7 are in the same direction z, we can simply add them up. So the total torque is

T= /ra¢zd5 / rpm—rdrdqb NL/ r3drdd = ——a490

So we found how torque depends on 6, and how it depends on the dimensions of the rod.

Notice, that the dependence on the rod’s radius a is a?, this power of 4 is typical for elastic

problems. Also notice, that the relation between the torque and the angle involves only the

sheer modulus ¢ and does not depend on K. So twisting rods is a good way to measure !
We can measure p in this experiment by the following way

(a) Prepare rods of different radii and lengths from the same material.

(b) For each rod measure torque 7 as a function of the twist angle 6.

(c) For each rod plot 7 as a function of . Verify, that for small enough angle 7/6 does
not depend on # and is just a constant. This constant is a slope of each graph at
small 6.

(d) Plot this constant (the slope) as a function of ” Verlfy, that the points are on a
straight line for small 5. The slope of this line at small 57 is the sheer modulus p.

(e) A better way to measure 7;“; is by measuring the frequency of oscillations of a disk
on known moment of inertia hanged on a thread/rod.

A word of caution:
e All the examples I presented were specifically crafted in such a way, that we did not
have to solve the partial differential equations 4 U” = 0.

e We simply guessed the correct solutions.
e Generally, this is not the case. One has to set up the boundary conditions and solve

the equations 880“ =0.

e There are many technlques to do that, but they are beyond this course.







LECTURE 27
Small deformation of a beam.

27.1. Statement of the problem.

Let’s consider a narrow rigid beam of length L with rectangular cross-section of area A. The
beam is held in place almost horizontally by some supports. One can think that the beam is
held/clamped by its left end. We are interested in the beam deformation under gravity.

For example, let’s consider a diving board shown on the picture. It is in equilibrium. All
of it is.

/i?

\&\\\\\\\\\\\\\\\\\\
RN
RN
RN
RN

e Question to the students: Look at the part of the diving board to the right of the
red dashed line. What keeps this part stationary?

In order for the board to be stationary, it has to deform, bend. When it is bent there are
forces and torques acting on each cross-section. We need to find these forces and torques for
a given deformation.

We also want to describe the deformation of the beam. However, we do not want to find
the full deformation of the beam — this is a difficult problem, and we do not need it. We
want to describe an overall “shape” of the beam only. So we want to disregard the changes
in cross sections, but we cannot disregard the forces that act in each cross-section.

As the beam is narrow and rigid we expect that the deformation of the shape will lead
to only negligible deformations in cross-sections. We also expect the beam to be almost
horizontal.

e 1 coordinate is along undeformed beam, y is perpendicular to it, pointing up.
e Nothing depends on z. 2 points towards us.

e The beam is made of a material with known Young’s modulus F.
e We will describe the “shape” of the beam by the shape of neutral surface.

149
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Y
2O = X

e Neutral surface: In any cross-section part of it (lower) is squeezed and part of it
(upper) is stretched. So there is a point in the beam’s cross-section at given = which
is neither squeezed, nor stretched. This point for the cross-section at x has a y
coordinate Y. So we have a neutral surface Y (z). This function is what we will use
to describe the shape of the beam. It is this function Y'(z) that we want to find.

e Deformation is small, |Y'(x)| < 1.

Under these conditions the (small) angle between a cross-section at = in the deformed
beam makes with the same cross-section in un-deformed beam is given by

O(z) =~ Y'(x).
So the change of the angle §(z) between two near corss-sections at points x and x + dz is

df =Y"(x)dx.
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27.2. Torques and Forces in equilibrium.

27.2.1. Torques for a given shape Y (z).

The neutral surface is neither stretched, nor compressed. The line which is a distance y from

this surface is stretched (compressed) in z direction by du, = ydf = yY"dz, so we have

ou,  0°Y(x)

or 7 o2

e The stretching (compression) proportional to the second derivative, as the first de-
rivative describes the uniform rotation of the beam.

Uge =

There is no confining in the y or z directions, so we find that
0?Y ()
ox?

Ope = —FBuy, = —FEy

Consider a cross-section of the beam at point . The force in the x direction of the dydz
element of the beam is df, = 0,,dzdy. The torque with respect to a point O on the neutral
surface which acts from the right part on the left

0?Y () [ yPdydz

0*Y () 2
dzdy = . 1AE L I= .
0x? /y y=e ox? [ dydz

(A is the cross-section area.) This torque is in the negative (see picture) 2 direction as Y is
negative. Its z component is:

T(z) = —éz/yamdydz =¢é,F

0?Y (z)

ox? '
This is our first equation. It gives the Z component of the torque acting from right on
left of the cross-section of the beam at x.

T(x) = IAE

e This equation simply states how torque in a cross-section depends on the shape Y (z).

e Notice, that the cross-section area A and the quantity [ are just properties of an
unstretched beam. They are just some constants that characterize the beam and
they do not depend on its bending.

So far we have not used the fact that the beam is at equilibrium.

27.2.2. Equilibrium.

The beam is at equilibrium. So if we take a small portion of it, between x and x + dx, the
total force and torque on it must be zero. Let’s consider these two conditions one by one:
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F(x) F(x 4+ dx)

dx

F(x) gpAdzx

Force: Let’s say that the y component of the force on the cross-section at x with which the
right side is acting on the left is F'(z) (positive is é, direction). The left side of a cross-
section at x applies to the right side the force —F(x) So demanding that the total force
acting on the small piece of length dz (the shaded region on the figure) be zero we get

F
F(z +dx) — F(x) — pgAdz = 0, ga: = pgA

(positive direction is up, along ¢.) This is our second equation. This is our first
equation. It gives the §§ component of the force acting from right on left of the cross-
section of the beam at z.

e This equation encodes the first equilibrium condition that the forces acting on a piece
dx sum up to zero.

dax 20

() ;’r‘(z) | T(x +dw) s ()

Fla)dz (gpAdz)sda

Torque: The total torque (with respect to the point « + dx — point O in the figure) acting
on this portion is

1
T(x + dx) — 7(x) + F(z)dx + impgA(dav)2 =0, gT = —F(x).
T
This is our third equation.

e This equation encodes the second equilibrium condition that the torques acting on
a piece dr sum up to zero.

27.3. Shape Y ()

Now we collect all three equations:

0%Y (z) or _ . o

=T1AFE — = — = —F(x).
From the last two equations we find
0?1 oF
=——=—pgA

0z2 or
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Using the first equation we get

oY (z)

IAFE
oxt

= —pgA.

This is the fourth order differential equation for the function Y (z)!
The general solution of this equation is simply

P9 Ca, Co
Y(z) = S E" + 57 + 5 % + Ciz + .
2
Y
T(z) = IAEa 033(23:)’ along 2 direction
3y
(27.1) F(z) = —IAEaa <3x>, along ¢ direction
x

Both the force and the torque is from the right on the left side of a cross-section at z.

e The constants Cy, C7, Cs, and C5 must be found from the boundary conditions.
e As there are four unknown constants we must have four boundary conditions. Or
two conditions for each end of the beam.

27.4. A beam with free end. A diving board.

We need to determine four unknown constants. Cy, C, Cs, and Cj.
We take Y = 0 at © = 0 — fixing the position of one end — which gives Cy = 0. Another
condition is that at x = 0 the board is horizontal — the end is clamped ,

This determines C; = 0.

As there is nothing to the right of the very last cross-section, at the other end (x = L
— the length of the board) both the force and the torque are zero — it is a free end
condition. So we get the conditions

Y () %Y (2)
Flr=1L)~ 0 =L 0.
(x=1) o |, ( ) o |
These two conditions determine C3 = £2L and Cy = —%LZ.
. Pg o 2 2
Y(x) = S " (x 4xL + 6L )

In particular,

P9 14
Y(x=L)=——=>-L"
(e=L)="5E
e Notice the proportionality to the fourth power.
e If pg is larger, then the free end of the beam hangs lower.
e If F is smaller — the beam is less rigid — the free end hangs lower.
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27.5. Different models for the boundary conditions.

supported free

force is zero
N AN
given position

e Clamped. The position Y, as well as inclination Y’ are given on that end. These are
two conditions.

e Supported. There is a support at the end. So the position Y at this end is given,
but the inclination is not. There is a force at the end — the force that supports the
end at the given position, but the torque is zero. Again, it is two conditions at this
end: The position Y, and the torque.

e Free. There is nothing at the end. So both force and torque at this end are zero.
Again, it is two conditions.

clamped

given incline

orque is zero

t

given position

torque is zero

N

As any beam has two ends, and we have two conditions at each end, we have total four
conditions — exactly the number of conditions we need to find the values of four constants

C(), Cl, Cg, and Cg.

27.6. Phenomenological approach.

The equation for the shape of the beam is very simple. There is, then, a question: can we
derive it simpler?

Let’s start with trying to understand, how the potential energy E[Y (z)] of the beam
depends on arbitrary shape Y (x). If we find this potential energy, we will be able to find
the equation for the shape, by demanding, that for the true shape the potential energy is at
minimum.

We will still consider only very small deformations (it is possible to relax this condition,
but math becomes more complicated).

The potential energy of the beam consists of two terms: the gravitational potential energy
E,, and the elastic potential energy E.. As the function Y (z) is the height of the board at
point z, a small piece of the board of length dx at point = has potential energy Y (x)pgAdzx.
The total gravitational potential energy is simply the sum of the potential energies of all
pieces

L
Eg:/o Y (x)pgAdz.

Now we need to write the elastic energy. Let’s see what it can depend on. The elastic
energy cannot depend on the function Y (z) itself, as if we add a constant to Y (x) the shape
of the board will not change, so elastic energy must not change.

The elastic energy also cannot depend on the derivative Y'(x) of the function Y (x). The
argument is the following. Let’s assume, that Y'(z) is a constant, then the beam is a straight
line with some inclination. But this means that the shape of the beam did not change! So
the elastic energy can only be non zero if Y’(z) is not constant. In the lowest order then the
elastic energy can only depend on Y"(x).

If we consider the board with Y”(z) = a and compare it with the board with Y (z) = —a,
then in both cases the elastic energy must be the same! So in the lowest order the elastic



LECTURE 27. SMALL DEFORMATION OF A BEAM. 155

energy must be proportional to (Y”(x))®. The coefficient of the proportionality is some
phenomenological parameter. So we can write

LTAE (82"
b [TAE(PVY,
o 2 0x?
(the form of the phenomenological coefficient IATE does not follow from anywhere, it is just
a phenomenological parameter. One can make an argument, that it must be proportional to
the cross-section area A and the Young modulus E, the rest is simply written in this form

because I know the answer.)
Now the total potential energy is

By (@) = [ : (Y(x)pgA + IA2E (?;)2) iz

We need to find the function Y (z) which provides the minimum of this functional. Such
function then is given by Euler equation. In comparison to our usual Lagrangian equation in
this case we have functional which depends on the second derivative, so the derivation of the
Euler equation is a bit different, but goes the same way as before. I leave it to the reader to

derive it. The result is .

oY
TAE— A=0.
apr T P9

Which is the same equation as before.

One can also find the force at the end. In order to do that, we only need to find the energy
E(Y7) as the function of the position Y7, of the end, then the force is F' = —5’7‘2. In order
to find the function E(Y7) one needs to solve the above equation with boundary conditions
Yo, Yy, Y, Y/ (fourth order equations requires four conditions, two on each end) find the
function Y (x|Yp, Yy, Yz, Y/) which satisfies the equation with the given boundary conditions.
Then one substitutes this function to the expression for energy and computes the integral.
The result is the energy E(Yy, Yy, Yr,Y/), which will depend on the boundary conditions.
Then the force is computed as the derivative of the potential energy.






LECTURE 28
A rigid beam on three supports.

e Students evaluation 04-19-2023 until 05-03-2023.
e Final exam, Tuesday, May 7, 8am — 10am.

28.1. Results of the previous lecture.

Yy
TF@) Y (z)
{0} ELEEETNENE. P2 I—— T
T(L):
x

For small deformations, the shape of the beam is described by the shape of the neutral
surface. As nothing depends on z coordinate, the neutral surface is described by a function
Y (z). This function is given by

Cy , C
V(@) = —gpppe'+ gt + 5 G+ o
0’y
7(x) =TAE 8x(2x)’ along 2 direction
oY
(28.1) Flr) = ~TAE= <f>, along § direction
X

Both the force and the torque is from the right on the left side of a cross-section at x. The
positive direction of the force is up. The positive direction of the torque is toward us.

e The constants Cy, C7, Cs, and (5 must be found from the boundary conditions.

e On each of the two ends of a beam we have two conditions (free, supported, or
clamped). Tt is total 4 conditions — exactly as many as we need to determine 4
constants.
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28.2. The force on the middle.

28.2.1. Why?

Consider an absolutely rigid £ = co horizontal beam with its ends fixed. Let’s see how the
force on the central support changes as a function of height h of this support. For h < 0 the
force is zero. For h > 0 the force is infinite and h — 0_ and h — 0 are very different. So
the situation is unphysical. It means that the order of limits first £ — oo and then h — 0 is
wrong. We need to take the limits in the opposite order: first take h = 0 and then £ — oo.
In this order the limits are well defined. So we need to solve the static horizontal beam on
three supports for large, but finite £ and then take the limit £ — oo at the very end, when
we already know the solution. Luckily we know how to solve this problem for large E!

28.2.2. Two beams.

The beam is of length L. The central support has a coordinate x = 0 and is at the distance
[, from the left end and at the distance (g from the right end (Ig + 1, = L).

In the previous lecture we saw, that we need four boundary conditions to define the shape
of the beam. Each end of the beam gives two conditions. However, the central support will
give another set of conditions. It looks like the problem will be over-determined.

It is not so. There is one place, an infenitesimal
—I 0 lr piece around the central support, where the previous
' i~ lecture’s calculation fails, as in that calculation we
/N only considered elastic forces and the gravity. Here

ya\ AN
ZG‘y_,x there is another force — the force from the support —
fr Fy fr which must be included in the equilibrium condition
| ! for that one infinitesimal piece. Outside of this one
e 'k TR® infinitesimal piece we have only elastic forces and the
| gravity, so outside of this one piece the calculations of
f Ll AN ) the previous lecture are valid.

The central support exerts a force F, on the beam.
This force is at a single point.

e It means that there is a jump/discontinuity in the internal elastic forces at x = 0.

e However, for everything outside of the infinitesimal piece around the central support
we can use the results of the previous lecture. So everything is piece-wise continuous
on the left and on the right of x = 0. We then use two functions Y7 (z) and Yg(z) to
describe the shape to the left and to the right of the central support.

We then have the shape which is given by
Yi (=l <x<0) and Yr(0 < x < lR)

As all supports are at the same height we must have Y, (z =0) = Y (z = —l;) = Yr(z =
0) =Ygr(z=1g) =0, so

Yy =~ x(x + 1) (g;2+Cle+Cé3) for =, <x <0
Vi = —5-x(x — lp) (x2+C’1Rx+C§> for 0 <z <lp

The form of these functions may look different from what we have used in the previous
lecture. However, the statement of equilibrium which we derived in the previous lecture
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simply demands, that the function Y'(z) is a polynomial of the fourth order with the coefficient
in front of z* be — 5175 Both functions above are exactly of this kind with the additional
requirement, that all supports are at the same height.

We thus have 4 unknown constants. We need four boundary conditions. Two boundary
conditions are given by the fact, that there is no torque on the left and on the right sides of

2 2
the beam: 881} =0 and aayf =0.
€T r=—Iy, T z=lR

28.2.2.1. The central support. The other two boundary conditions must come from the central
support. First, it is clear, that the beam must be smooth at x = 0, so 88% = ‘9{% .

To find the last boundary condition we compute the total torque on “the infinitesimal
element of length dx centered at = = 0. The total torque must be zero, so we have (Positive
torque is towards us, 77, and Tg, are torques on a given cross-section from the right part to
the left part. For fr and f;, positive is up and are applied on a given gross-section from the

right part to the left part. See figure.)
frdx/2+ frdx/24+71r — 17, =0, indx — 0 limit, 7x(0) = 7.(0).

As torque is the second derivative of Y (the left and right parts are made of the same
materials), this condition means that the second derivative from the left and from the right
must be the same. So the boundary conditions are

. . 2 2
e The torque at x = 0 is continuous: oYy = &g i
0z® |z=0 0z? |y
e The beam is smooth at z = 0: %L = i
T lz=0 0z |z=0
82YL — 82YR J—
e The torques on both ends are zero . =0 and S =0.
P02 p—yy 02 |g=ip

We thus have four conditions and four unknowns.

In order to find the force from the middle support on the beam F5, lets again consider a
small (length dx) element right on top of the middle support. The sum of all forces must be
zero, so we get (see figure)

Fy + fr— fo — pAgdr = 0.
Taking the limit dx — 0 we find
d*Yr d3Yy, pgA
dz® | _, da? x:0> T4 (C{DL —Cr =l ZL) '

(Check the units.) We see, that if we know Cf — CF, then we will know the force we are
interested in.
Let’s see what the boundary conditions give one by one:

F2=fL—fR=IAE<

[ ]
CL41,0F = CR —1zCF.
[
1,CF = —1,CE.
[

3% +2CF I, +Cf =0, 33 —2CH,+CE=o0.
These are four linear equation for four unknowns. We only need the combination CF — CE
from them. Solving the equations we find

1 3+ gl + 13
Cff_(le:_g(lR_HL)w'

lrlp,
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and hence the force is
pgA (lr+1L)*\ Mg L?
F,==—"=( l 1 = 1 .
27 (R+L>< T s U TnE—w
After this we find that

Mg (., 1 L Mg(, L-1, L
Fo= 29 (g _ L Fr = - |
TR <3+L 1L>’ LA <3+ L L—ZL>

In particular

e The answer does not depend on E! So the limit £ — oo is well defined!

o If I, = L/2, we have F, = 3My, F, = Fr = 2 Mg. The guy at the center carries
more than half of the total weight!

o If [, -0 (I — L), then Fy and F, (Fg) diverges. Why?

28.3. The force as a function of h.

Now let’s finish this problem and compute how the force F5 depends on the height h of the
middle support. We simplify the problem by considering the middle support to be in the
center.

We expect that the result for the force on the cen-
ter support will be linear in h as for a spring.

A A e This is different from the situation of two
unstretched springs. The difference is the
torques that appears at bending.

So the result should have the form F'(h) = —%M g — kh. The spring constant k£ will depend
on the Young modulus E. It is also clear, that if we fix the position of the ends (this is what
we do for the solution) the spring constant will not depend on g, as it will be the same even
without gravity. The force is always proportional to the combination EFTA.

e The dimensional analysis then gives kh ~ EZQA%.

cross-section area, I has units of length square.)

(E has units of pressure, A is

The prefactor should be just a number.
Again we have two functions Y7 (z) and Yg(x) and the following boundary conditions

e At both ends we must have Y = 0, so

Yi(x=-1)=0, Yr(z =1) =0.
e At x = 0 we must have Y = h for both parts, so

Yi(x =0)=h, Yr(z =0) = h.

e The torque is continuous at the center

9%Yy, B Yy
0x? a::O_ 0x? o0
e The beam is smooth at the center
ov| oV
ox m:O_ or 95:07
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e The torques at the ends are zero.
%Y, %Y,
L —0, R 0,
0x? 0x?
r=—I1 r=l

The force on the support from the beam is given by (different sign then before)
a3y

3
F = _IAE AV .
dx3 0

3
dzs | _,
The first two conditions are satisfied by the functions of the form

pgl
241 F
Yr(z) = _QZIgE (x —1) <x3 + Cf2? + Cfx + pglh>

The rest four conditions are enough to determine four unknown constants. As the result we
have for the force on the support

241FE
Yi(z) = _QZQE (z+1) <x3 + Cya® + Cfx — h)

F(h) = Mg~ 62
It has the expected form. One can see, that
F(h=0) —ZMg
F=0, forh= —l%]\g}qﬁ
F=-Mg, forh=I[2%

slope: 6 EZQA

This point is
independent of E
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28.4. N supports.

Let’s see if this scheme will work if we have N supports: two at the ends of a beam and N —2
somewhere in between.

e We will have N — 1 functions Y, each requires 4 constants, so we need 4(N — 1)
conditions.
e We have two conditions on both ends — 4 conditions.
e On each of the N — 2 supports in the middle we have:
— Two conditions that the functions on the left and on the right have the same
value — 2 conditions.
— The smoothness — match of the first derivatives on the left to the that of on
the right — 1 condition.
— The torque condition — match of the second derivatives on the left to the that
of on the right — 1 condition.
— Total 4 conditions on each of the middle support.
e So total for all middle supports we have 4(N — 2) conditions.
e Adding the conditions on the ends we have 4(N — 2) +4 = 4(N — 1) conditions.
e The total number of conditions equals to the total number of the unknowns!

So the scheme which we derived will work for any number of supports.



LECTURE 29

Hydrodynamics of Ideal Fluid: Mass conservation and
Euler equation.

e Students evaluation 04-19-2023 until 05-03-2023.

29.1. Hydrostatics.

For the statics of liquid we can use the elastic theory. The main difference between the solid
body and the liquid is that the liquid has zero sheer coefficient. In this case the equation

1
oir = Kugjioum + 2p(uwiy, — gfsikujj)-

tells us that the stress tensor is diagonal and we can use 0;; = —PJ;;. The constant P is
called pressure. We then have
(5V O P
% 3K K
The constant K is then given by the equation of state for the liquid.
The static equilibrium condition is that the sum of all forces on a volume dV is zero. The
force from stress tensor on the volume dV' is %‘Z? , the force from gravity is g;pdV, where p is

the liquid’s density. So the static equilibrium condition reads:

doy;
ax] - pg’“

gives

oP - o
9.~ P9 VP = pg
Ty

So the pressure at the point of depth h is P = pgh.
Consider a small volume dV'. The force which acts on it is the weight pgdV and the force
of the hydrostatic pressure. We see, that the force of the hydrostatic pressure is

df = —dVVP
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29.2. Hydrodynamics of ideal liquid.

e Separation of scales.
e Separation of time scales.
e Universality.

Ideal fluid means that there is no viscosity.

29.2.1. Mass conservation.

The liquid is now moving. Mass current: amount of mass dM through an area dS during
time dt is dM = Idt, I is proportional to dS and depends on the orientation, so [ = ] ds.
j is the mass current density and is
J = pu.
Mass conservation, consider an arbitrary volume V'
e during time dt the amount of which crosses the boundary of the volume V' going in
is om = —dt jﬁavf- dS , Where dS points out. Using Gauss theorem we can rewrite
this as om = —dt [, V - jdV .
e During the same time d¢ the change of mass inside the volume V' is dt [;, pdV .
e As the ONLY WAY (this is our mass conservation statement) for the mass inside to
change is for it to cross the boundary we must have

—dt/ ﬁ-j‘dvzdt/ pdV
1% 1%
e As it is correct for ANY volume V' we have
p+V-j=0.
This is called the continuity equation. It represents the fact that the mass cannot appear or

disappear. It will also be correct for any conserved quantity with the correct definition of
“current density”.

29.2.2. Another Euler equation.

We can describe the flow of liquid in two different ways:

e Describe the position and the velocity of the “liquid particles” as the function of
time.

e Introduce the fields p(7,t), P(7,t), and ¥(7,t) of density, pressure, and velocity and
describe the dynamics of these fields.

Describe the two point of views.

e the field ¥(7,t) describes the velocity at the point 7 at time ¢. It is NOT a velocity
of an object! it’s time derivative 2 is NOT an acceleration of an object. We cannot

use the Newton’s laws for it. "
Instead we must consider a small volume dV at point 7 at time £. This volume has mass pdV'
and is an object to which we can apply the Newton’s law F' = md.
e The force which acts on this volume is —dV'V P.
e Considering the vector field 0(7,t) as given at each point and at each time(!):

— At time ¢ our volume dV has the velocity (7, t).
— At time ¢ + dt this volume/object will shift to the position 7 = 7+ (7, t)dt.
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— So its velocity at time t + dt is

Tt + dt) = T(F + 0(F, t)dt, t + dt) ~ T(7, t) + (Vi0)vdt + g;}dt.

— So during time dt the velocity of the volume/object dV has changed by dv =
dt(v- V)T + %dt.
dv

— Its acceleration then is @ = % = (- V)U +

ey

=5

e Now we can write F' = ma:

—dVVP = pdV ((17- V)7 + ?;;)

The equation of the vector field ¥(7,¢) time evolution (Euler equation) is

ov - 1
— +(U-V)i=—--VP
5 T (V) P
In case there is gravity there is extra force pdV ¢ on this volume/object, so the equation is
modified 9% 1
v — —
— + (- V)i=—--VP+g.

This equation together with the continuity equation and the equation of state are the full
set of equations which must be supplied with the boundary conditions.
e The equation of state — how p depends on P (and may be temperature) — is what
distinguishes one liquid from another.
e All together we have three equations (five in components) for three (again five in
components) fields ¢, P, and p.

e Student evaluations.






LECTURE 30

Hydrodynamics of Ideal Fluid: Incompressible fluid,
potential flow.

e Students evaluation 04-19-2023 until 05-03-2023.

30.1. Incompressible liquid.

In case of incompressible liquid the equation of state is particularly simple: the density is
constant. So we have

I o o= - (P
V-7=0, at%—(v-V)z):—V(p—|—(I>g>.

In this case we can use the following trick (more formal justification can be found in the
cutout): we will be looking for the solution in the form
U= Vo.

Notice, that this implies that curlv' = 0.
The continuity equation then gives

Ap = 0.

Using the formula
U X curld = %61}2 —(@-V)T
we can rewrite the Euler equation as This is so called potential flow. We need to supplement this
P 1 equation with the boundary conditions. The simplest one is
o U xewlv= 7V( RCRE ) that on each boundary the component of the fluid velocity
If we now take curl of both sides we'll get ~ perpendicular to the boundary equals to the component of
the boundary velocity perpendicular to the boundary.
Now substituting ¥ = V¢ into the Euler equation and

using (7- V)T = 900’0 ¢ = 9¢pd ¢ = LI (0¢)? = Viv?

—curld — curl(¥ x curld) =0

ot
Notice, that this equation is identically
satisfied if curld = 0. Which in turn iden-

- we find
tically satisfied by ¥ = V¢ for some func- 8¢ ]
tion ¢. v q) + — =0
(0_%p+ 2" ) ’

and finally (notice, that the function f does not depend on the coordinate and thus must be
given by the boundary conditions) we get the equation for P.

19l0) 1
8t+ +<I> +211 = f(t)
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30.2. Potential flow around a moving sphere

Consider a sphere of radius R moving with the velocity @ in the ideal incompressible fluid.
The flow of the fluid around the sphere is potential, so we need to solve the equation

A¢p =0,

— —|

- U, U — 0.

iUl sphere — —

where the boundary conditions demand that the normal component of the fluid on the sphere
equals the normal component of the element of the sphere.

The function ¢ is the scalar. It must linearly depend on the velocity @ as both the Laplace
equation and the boundary conditions are linear. This is analogous to the dipole field in the
electrostatics, so the solution must be of the form

-1
p=at-V-,
r

where a is an arbitrary constant which must be found from the boundary conditions. This
is the field produced by the dipole d = ai, so the velocity (electric field) is

U= T—3[3n(un)—u]

So on the sphere surface we have

I 2a

v-nl_gp ﬁ( )
and we see, that a = %3 and

R? R3
= ——U-1, U= —[3n(u-n)—u].
=5 s B 7) — 1)
In order to calculate the pressure use % + % + %vZ = %. We then need to calculate %‘f.

In order to do we must remember, that the sphere is moving, so we need to think about the
potential ¢ as a function of the position of the center of the sphere 7y and its velocity u:
(7 — 79, u), then we have

9 09 -
We then find . . .
_ L2 29 L opn U
P—P0—|—8pu (9cos” 0 5)+2pRn o

We can calculate the total force acting on the sphere

F= f Pds.
The integration of the first two terms in P gives zero. For the last term we find
1 du; 14w du,;
F, = —pR—LArR’mym; = = —pR*—.
gy T T T P

(it is clear that 7;m; must be diagonal. Also n,n, = 7yn, = 7,1, and m;n; = 1) So we find

that 1 _d 2 dii

Usj s u
~pR—L4ArR*m;m; = —pR*—.
gy TN T gy

F

Notice:
e Without the viscosity the force is zero if the velocity of the sphere does not change.
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e The liquid just effectively changes the mass of the sphere by the value

L% p3
237TR p-

Half of the expelled mass.
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