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LECTURE 1. OSCILLATIONS. OSCILLATIONS WITH FRICTION. 1

LECTURE 1
Oscillations. Oscillations with friction.

e Oscillators:

mi = —kx, mld = —mgsind ~ —mga, —LQ = g,
All of these equation have the same form
k/m
i = —wi, wi=14 g/l z(t =0) =z9, ov(t=0)=uyp.
1/LC

e The solution
z(t) = Asin(wt) + B cos(wt) = C'sin(wt + ¢), B = x, wA = .

e Oscillates forever: C' = /A2 + B2 — amplitude; ¢ = tan"'(A/B) — phase.
e Oscillations with friction:

mi = —kx — I, —LQ = g + RQ,

e Consider
i = —wir — 2vi, z(t=0) =z, v(t=0)=01.

This is a linear equation with constant coefficients. We look for the solution in the
form z = RCe™*, where w and C' are complex constants.

w? — 2iyw — wi =0, w =iyt \Jwi — 2

e Two solutions, two independent constants.
e Two cases: 7 < wy and 7 > wy.
e In the first case (underdamping):

r=c "R {Clemt + CQQ_iQt:| = Ce "'sin (U + ¢), Q=1/wd —~2

Decaying oscillations. Shifted frequency.
e In the second case (overdamping):

r = Ae ' 4 Be T+, Fy=v+4/12—wi>0

e For the initial conditions z(t = 0) = zy and v(t = 0) = 0 we find A = xonrr%r_,
B = —xorf%r_. For ¢ — oo the B term can be dropped as Iy > I, then z(t) ~
Ta—t Tt

OH_DG .
2

e Aty —> o0, ' — ;—g — 0. The motion is arrested. The example is an oscillator in
honey.






LECTURE 2
Oscillations with external force. Resonance.

2.1. Comments on dissipation.

Time reversibility. A need for a large subsystem.
Locality in time.

2.2. Resonance

Let’s add an external force:
i+ 2yd + wir = f(t), z(t=0)=uz9, v(t=0)=uy.

The full solution is the sum of the solution of the homogeneous equation with any
solution of the inhomogeneous one. This full solution will depend on two arbitrary
constants. These constants are determined by the initial conditions.
Let’s assume, that f(t) is not decaying with time. The solution of the inhomogeneous
equation also will not decay in time, while any solution of the homogeneous equation
will decay. So in a long time ¢ > 1/~ The solution of the homogeneous equation can
be neglected. In particular this means that the asymptotic of the solution does not
depend on the initial conditions.
Let’s now assume that the force f(t) is periodic. with some period. It then can be
represented by a Fourier series. As the equation is linear the solution will also be a
series, where each term corresponds to a force with a single frequency. So we need
to solve

i+ 2y + wir = fsin(Qt),
where f is the force’s amplitude.
Let’s look at the solution in the form x = fICe*¥* and use sin(Qt) = Fe!. We

then get

1 .
C = — |Cle
wh — % + 20y [Cle™™,

1 2782
e tang = w27_ 62
{(ch —wi)?+ 4729?} 07 %%
£(t) = FS|CIE™ 9 = FIC]sin (gt — 6)

3
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e Resonance frequency:
L= Jwd - 22 =02 - 2,

where 2 = \/wg — 7?2 is the frequency of the damped oscillator.
e Phase changes sign at Q‘}) = wp > Q%. Importance of the phase — phase shift.

e To analyze resonant response we analyze |C|%.
e The most interesting case 7 < wy, then the response |C|? has a very sharp peak at
Qf ~ Wo-:
1 1 1

C]? = ~
O = o 2 S 1R @ et

so that the peak is very symmetric.

¢ |Clinax & ﬁ-

e to find HWHM we need to solve (Qf — wp)? + 92 = 272, so HWHM = ~, and
FWHM = 2~.

e () factor (quality factor). The good measure of the quality of an oscillator is @ =
wo/FWHM = wy/27. (decay time) = 1/, period = 27 /wy, so Q = W%.

e For a grandfather’s wall clock Q =~ 100, for the quartz watch Q ~ 10%.

Response.

e Response. The main quantity of interest. What is “property”?
e The equation
i+ 2vi +wiz = f(t).
The LHS is time translation invariant!
e Multiply by ¢! and integrate over time. Denote

T, = /x(t)ei“tdt.

(—w2 — 2iyw + w%) T, = /f(t)e“tdt, T, =—

Then we have

f f(t/)eiwt’dt/

w2 + 2iyw — wi

e The inverse Fourier transform gives

o0 = [ Loty = [y [

o " on uﬂ + 2iyw — wd

iw(t—t")

- / x(t — ) f(t)at.
e Where the response function is (7 < wp)

dw e—iwt —'yt 51n(t V w() Y ) t > O

S - g L we =iy E w2

21 w? + 2iyw — W 0 L t<0

e Causality principle. Poles in the lower half of the complex w plane. True for any
(linear) response function. The importance of v > 0 condition.



LECTURE 2. OSCILLATIONS WITH EXTERNAL FORCE. RESONANCE.

' 3000

0 1 2 3

Figure 1. Resonant
response. For insert @ = 50.






LECTURE 3

Work energy theorem. Energy conservation. Potential
energy.

3.1. Mathematical preliminaries.

e Functions of many variables.
e Differential of a function of many variables.
e Examples.

3.2. Work.

e A work done by a force: 6W = F - dr.

e Superposition. If there are many forces, the total work is the sum of the works done
by each.

e Finite displacement. Line integral.

3.3. Change of kinetic energy.

e If a body of mass m moves under the force F , then.

mCZ =F, mdi=Fdt, mv-di=F- vdt=F - di=0W.

So we have )

muv
dT =W

e The change of kinetic energy equals the total work done by all forces.

3.4. Conservative forces. Energy conservation.

e Fundamental forces. Depend on coordinate, do not depend on time.
e Work done by the forces over a closed loop is zero.

e Work is independent of the path.

e Consider two paths: first dz, then dy; first dy then dz

OF, OF,
W = Fy(x,y)de + Fy(x + dz,y)dy = Fy(z,y)dy + Fy(z,y + dy)dz, y| =

Ox y oy

x

7
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So a small work done by a conservative force:
0F, OF
oW = Fydx + F,dy, Yy -2
vy oz oy
is a full differential!
oW = —dU
It means that there is such a function of the coordinates U(z,y), that
Fx = —%, Fy = —aiy, or F = —gradU =-VU.

So on a trajectory:

2
d<m2v—|—U>:O, K + U = const.

If the force F(7) is known, then there is a test for if the force is conservative.
V x F=0.

In 1D the force that depends only on the coordinate is always conservative.

e Examples.
e In 1D in the case when the force depends only on coordinates the equation of motion

can be solved in quadratures.

e The number of conservation laws is enough to solve the equations.
e If the force depends on the coordinate only F'(z), then there exists a function —

potential energy — with the following property

_ou
ox

Such function is not unique as one can always add an arbitrary constant to the
potential energy.
The total energy is then conserved

F(z) =

.2
K + U = const., %%—U(z):E

Energy E can be calculated from the initial conditions: E = = 8 + U(xo)
The allowed areas where the particle can be are given by F — U(x) > 0.
Turning points. Prohibited regions.

Notice, that the equation of motion depends only on the difference F — U(x) =

mTvg + U(xg) — U(x) of the potential energies in different points, so the zero of the
potential energy (the arbitrary constant that was added to the function) does not
play a role.

We thus found that

dz 2
— =1\ —/E-U
dt m (z)
Energy conservation law cannot tell the direction of the velocity, as the kinetic energy

depends only on absolute value of the velocity. In 1D it cannot tell which sign to
use “+”7 or “—". You must not forget to figure it out by other means.
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e We then can solve the equation

L m__dr
2 \JE-U(x)
e Examples:
— Motion under a constant force.
— Oscillator.

— Pendulum.
e Divergence of the period close to the maximum of the potential energy.

— dt,

b " m/ﬂﬁ da’
=y [
2 Jao \JE - U(2!)






LECTURE 4

Central forces. Effective potential.

4.1. Spherical coordinates.
4

e The spherical coordinates are given by
x =rsinfcos ¢
y=rsinfsing .
2z =r1rcosf
e The coordinates r, 6, and ¢, the corresponding unit vectors é,, éy, é4.

e the vector dr is then
dr' = €,dr + eyrdf + é,rsin fdg.

dr' = e€,dx + €,dy + €.dz
e Imagine now a function of coordinates U. We want to find the components of a

vector VU in the spherical coordinates.
e Consider a function U as a function of Cartesian coordinates: U(x,y, z). Then

ou ou aUdz — VU - dr.

dU = %daﬂ—a—ydy%—@
- ou_, oU_, 0U,
VU = aex + aiyey + @62

11



12

4.2.

SPRING 2016, ARTEM G. ABANOV, ANALYTICAL MECHANICS. PHYS 601

On the other hand, like any vector we can write the vector VU in the spherical
coordinates.

VU = (VU + (VU)o + (VU) 8y,

where (VU),, (VU )y, and (VU), are the components of the vector VU in the spher-
ical coordinates. It is those components that we want to find
e Then

dU = VU - di = (VU ),dr + (VU )grdd + (VU ) 4 sin 0d¢

On the other hand if we now consider U as a function of the spherical coordinates
U(r,8,¢), then

ou ou oUu

Comparing the two expressions for dU we find

(VU), - %ZU
(o= v,
(VU)o = 5505
e In particular
- ou_, 10U 1 0oU

ﬁ:— = —— — e i
vu 87‘er 7“8969 rsin@@gzﬁ%

Central force

e Consider a motion of a body under central force. Take the origin in the center of
force.
e A central force is given by

F = F(r)e,.

e Such force is always conservative: V x F = 0, so there is a potential energy:
~ - ou ou ou
F=-VU=—-——:¢, —=0 —=0,

ar " o0 96

so that potential energy depends only on the distance r, U(r).

e The torque of the central force 7 = 7% F= 0, so the angular momentum is conserved:
J = const.

e The motion is all in one plane! The plane which contains the vector of the initial
velocity and the initial radius vector.

e We take this plane as © — y plane.

e The angular momentum is J = Jé., where J = | H\ = const.. This constant is given
by initial conditions J = m|ry X Tp|.

. . J
mrth=J, b=

mr
e In the x — y plane we can use the polar coordinates: r and ¢.

e The velocity in these coordinates is

U= fgr+T¢g¢ = T’é} + 76_:15
mr
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e The kinetic energy then is

— 2 2
- mo- _mir J
2 2 2mr?
e The total energy then is
mi? J?
F=K+U=—+—-=4U(r).
* 2 - 2mr? +Ulr)
e If we introduce the effective potential energy
J2
U. =——+U(r),
73(r) = 55 +U(r)
then we have
m7‘"2 . 8Ueff

- + Uess(r) = E, mi = B

e This is a one dimensional motion which was solved before.

Kepler orbits.

13

Historically, the Kepler problem —

= Uest ()=

- ol
=lw =lw

= Uesf(N==3+
—E

the problem of motion of the bod-
ies in the Newtonian gravitational
field — is one of the most impor-
tant problems in physics. It is the
solution of the problems and exper-

imental verification of the results

that convinced the physics commu-
nity in the power of Newton’s new
math and in the correctness of his

mechanics. For the first time peo-

ple could understand the observed

motion of the celestial bodies and

make accurate predictions.

The

whole theory turned out to be much

simpler than what existed before.

e In the Kepler problem we want to consider the motion of a body of mass m in the

gravitational central force due to much larger mass M.

e As M > m we ignore the motion of the larger mass M and consider its position
fixed in space (we will discuss what happens when this limit is not applicable later)

e The force that acts on the mass m is given by the Newton’s law of gravity:

-, GmM GmM
F - — 3 r = — 2 6’!’
r r

where €, is the direction from M to m.
e The potential energy is then given by
GMm ou GmM
U(r)=— , =——,

r or r

U(r - o00) =0
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e The effective potential is
J? GMm

2mir? r

Uers(r)

where J is the angular momentum.

e For the Coulomb potential we will have the same r dependence, but for the like
charges the sign in front of the last term is different — repulsion.

e In case of attraction for J # 0 the function U,ys(r) always has a minimum for some
distance ry. It has no minimum for the repulsive interaction.

e Looking at the graph of U.s¢(r) we see, that

— for the repulsive interaction there can be no bounded orbits. The total energy
E of the body is always positive. The minimal distance the body may have with
the center is given by the solution of the equation Ues(rmim) = E.

— for the attractive interaction if £ > 0, then the motion is not bounded. The
minimal distance the body may have with the center is given by the solution of
the equation Ueff(rmin) = E.

— for the attractive for Uess(rpmin) < E < 0, the motion is bounded between the
two real solutions of the equation U.fs(r) = E. One of the solution is larger
than rg, the other is smaller.

— for the attractive for Uess(rmim) = E, the only solution is 7 = ry. So the motion
is around the circle with fixed radius rg. For such motion we must have

mv?  GmM J? GmM J?

= — 7’0 = —
To r3 mrg rg Gm2M

I

and
mv:  GmM 1GmM
Ue = E = — — = ——
ff(TO) 2 To 2 To

these results can also be obtained from the equation on the minimum of the
effective potential energy 8%% =

e In the motion the angular momentum is conserved and all motion happens in one
plane.

e In that plane we describe the motion by two time dependent polar coordinates r(t)
and ¢(t). The dynamics is given by the angular momentum conservation and the
effective equation of motion for the r coordinate

b= i | i OUers(r)
mr2(t) or

e For now [ am not interested in the time evolution and only want to find the trajectory
of the body. This trajectory is given by the function r(¢). In order to find it I will
use the trick we used before

dr_d¢dr  J dr  Jd(1/r) *rJ d*(1)r)

dt — dtdy  mr(t)de m do a2 m=r? dg?
On the other hand

OUesy  J? 3 2
5 = %<1/7’) +GMm (1/r)".
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e Now I denote u(¢) = 1/r(¢) and get

J? G dPu T, 5
Tmlder T m G Mmu
or

" GMm?
+

15






LECTURE 5
Kepler orbits continued

)

aphelion

perihelion

e We stopped at the equation
" GMm?

e The general solution of this equation is

GMm?
u=— + Acos(¢ — ¢o)

e We can put ¢y = 0 by redefinition. So we have
1 GMm?
— =7v+ Acos ¢, = ——
- = ¢ g 7
If v = 0 this is the equation of a straight line in the polar coordinates.
e A more conventional way to write the trajectory is
1 1 J?
—=—(1+e€cosg), c= =
roc ( ?) GMm? v
where € > 0 is dimentionless number — eccentricity of the ellipse, while ¢ has a
dimension of length
e We see that
— If € < 1 the orbit is periodic.
— If ¢ < 1 the minimal and maximal distance to the center — the perihelion and
aphelion are at ¢ = 0 and ¢ = 7 respectively.

C C
Tmaz

1+¢€ 1«
17

T'min =
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— If € > 1, then the trajectory is unbounded.

e If we know ¢ and € we know the orbit, so we must be able to find out J and E from
c and e. By definition of ¢ we find J? = ¢GMm?. In order to find E, we notice, that
at 1 = Tpmin, 7 = 0, s0 at this moment v = rpnd = J/Mrpn, so the kinetic energy
K = mv?/2 = J?/2mr?,, | the potential energy is U = —GmM/r ;.. So the total
energy is

1—-eGmM
2 c
Indeed we see, that if € < 1, E' < 0 and the orbit is bounded.
e The ellipse can be written as

(x4 d)? N y?

EFE=K+U=- J? = cGMm?,

with . .

_ _ _ 2 _

=1 b_im, d=ae, b°=ac.

e One can check, that the position of the large mass M is one of the focuses of the
ellipse — NOT ITS CENTER!

e This is the first Kepler’s law: all planets go around the ellipses with the sun at

one of the foci.

a

5.1. Kepler’s second law

The conservation of the angular momentum reads

1. J
—r2p = —.
2 2m
We see, that in the LHS rate at which a line from the sun to a comet or planet sweeps out
area:
dA J
dt  2m’
This rate is constant! So
e Second Kepler’s law: A line joining a planet and the Sun sweeps out equal areas

during equal intervals of time.

5.2. Kepler’s third law

Consider now the closed orbits only. There is a period T" of the rotation of a planet around
the sun. We want to find this period.
The total area of an ellipse is A = wab, so as the rate dA/dt is constant the period is

T A 2mabm
S dA/dt T
Now we square the relation and use b*> = ac and ¢ = Gj\{liiﬂ to find
2 4 2
T? = 47T2%a30 = ijrwa?’

Notice, that the mass of the planet and its angular momentum canceled out! so
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e Third Kepler’s law: For all bodies orbiting the sun the ration of the square of the
period to the cube of the semimajor axis is the same.

This is one way to measure the mass of the sun. For all planets one plots the cube of the
semimajor axes as x and the square of the period as y. One then draws a straight line through
all points. The slope of that line is GM /4r?.

5.3. Another way

e Another way to solve the problem is starting from the following equations:
J mr?

¢= mr2(t)’ 2
e For now [ am not interested in the time evolution and only want to find the trajectory

of the body. This trajectory is given by the function.r(gb). In order to find it T will
express 7 from the second equation and divide it by ¢ from the first. I then find

’ d 2
; = d; = 7‘2\/777;\/E — Uess(r)

+ Ueff<7“) =F

or

J dr

— do, - / ar :/d¢

The integral becomes a standard one after substitution z = 1/r.

5.4. Conserved Laplace-Runge-Lenz vector A

The Kepler problem has an interesting additional symmetry. This symmetry leads to the
conservation of the Laplace-Runge-Lenz vector A. If the gravitational force is F=— ’“267,
then we define:
A=pxJ—mke,
where J = 7 x p This vector can be defined for both gravitational and Coulomb forces: k£ > 0
for attraction and k£ < 0 for repulsion.
An important feature of the “inverse square force” is that this vector is conserved. Let’s

check it. First we notice, that J = 0, so we need to calculate:

Now using

We then see
A:FXJ—ﬁJxeT: F+T—26T x J =
So this vector is indeed conserved. .
The question is: Is this conservation of vector A an independent conservation law? If it
is the three components of the vector A are three new conservation laws. And the answer is
that not all of it.
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o As J = 7 x p is orthogonal to €., we see, that J-A=0. So the component of A

perpendicular to the plane of the planet rotation is always zero.

e Now let’s calculate the magnitude of this vector

Lol . . omk
A-A=pJ2 — (7 )2+ m?k? — 2mké, - [ x J]:ﬁgﬁ+m2k2—:'?k(]-[ﬁ<ﬂ

Pk
=2m ( — ) J? +m?k? = — 9mE.J? +m?k? = EkPm?2.
2m

So we see, that the magnitude of A is not an independent conservation law.

e We are left with only the direction of A within the orbit plane. Let’s check this

direction. As the vector is conserved we can calculate it in any point of orbit. So
let’s consider the perihelion. At perihelion ppe, L Tper L f where the subscript
per means the value at perlhehon So simple examination shows that ppe, X J =
PJé€per. S0 at this point A= (pperJ — mk)ép.,. However, vector A is a constant
of motion, so if it has this magnitude and direction in one point it will have the
same magnitude and direction at all points! On the other hand J = ppe,Tmin, SO

N 2
A = mrmm(Qz;‘?;: -k Jeper = MTmin (2K per + Uper). We know that rp,, =

Tmin

Kper = %%(1 +€)? and Uy, = —%(1 +€). So

_c
14€?

A = mkeeye,.

We see, that for Kepler orbits A points to the point of the trajectory where the planet
or comet is the closest to the sun.

e So we see, that A provides us with only one new independent conserved quantity.

5.4.1. Kepler orbits from A

The existence of an extra conservation law simplifies
many calculations. For example we can derive equa-
tion for the trajectories without solving any differen-
tial equations. Let’s do just that.

Let’s derive the equation for Kepler orbits (trajec-
tories) from our new knowledge of the conservation of

the vector A.

=

P x J| = mkr = J* — mkr

On the other hand

Or

A= rAcos, so rAcos@=J*—mkr

1 mk (1+ A 0) J? A
=" — cos c=— €= —.
r J? mk ’ ’

5.5. Bertrand’s theorem

Bertrand’s theorem states that among central force potentials with bound orbits, there are
only two types of central force potentials with the property that all bound orbits are also
closed orbits:
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(a) an inverse-square central force such as the gravitational or electrostatic potential

—k
V(r) = s
(b) the radial harmonic oscillator potential
1
V(I‘) = 5]{?7’2.

The theorem was discovered by and named for Joseph Bertrand.
The proof can be found here: https://en.wikipedia.org/wiki/Bertrand’27s_theorem


https://en.wikipedia.org/wiki/Bertrand%27s_theorem




LECTURE 6
Scattering cross-section.

Set up of a scattering problem. Experiment, detector, etc.

e Energy. Impact parameter. The scattering angle. Impact parameter as a function
of the scattering angle p(6).

e Flux of particle. Same energy, different impact parameters, different scattering an-
gles.

e The scattering problem, n — the flux, number of particles per unit area per unit
time. dN the number of particles scattered between the angles # and 6 + df per unit
time. A suitable quantity do describe the scattering

do = d—N

n

It has the units of area and is called differential cross-section.
e If we know the function p(#) , then only the particles which are in between p(f) and
p(0 4 df) are scattered at the angle between 6 and 0 4 df. So dN = n2wpdp, or

d
do = 2mpdp = 2mp |d§ do

(The absolute value is needed because the derivative is usually negative.)
e Often do refers not to the scattering between 6 and 6 + df, but to the scattering to
the solid angle dw = 27 sin 8df. Then
p |dp
= — | d
; | b

sin 6

Examples

e Cross-section for scattering of particles from a perfectly rigid sphere of radius R.
— The scattering angle 6 = 2¢.
— Rsin¢ = p, so p = Rsin(6/2).

p_|dp Lo
77 sing|do|™ T 4T
— Independent of the incoming energy. The scattering does not probe what is

inside.
23
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— The total cross-section area is

1 T
o= /da = ZRQQW/ sin dh = 7 R?
0

e Cross-section for scattering of particles from a spherical potential well of depth U,
and radius R.
— Energy conservation

2 2
muy  mu [ 20U, PE—
92 9 70 v =yl muvd voy'L o/

— Angular momentum conservation

vosinaw = vsin 3, sina = n(FE)sin g, n(E)=4/1+Uy/E
— Scattering angle
0 =2(a—05)
— Impact parameter
p= Rsina
— So we have

% =nsin(a—0/2) = nsinacos(0/2) —ncosasin(6/2) = n% cos(0/2) —ny/1 — p/Rsin(0/2)

2= R n?sin%(0/2) .
14+ n? —2ncos(0/2)
— The differential cross-section is
 R*n* (ncos(0/2) — 1)(n — cos(0/2))
7= 4cos(6/2) (1 +n%—2ncos(6/2))?
— Differential cross-section depends on F /Uy, where E is the energy of incoming
particles. By measuring this dependence we can find U, from the scattering.
— The scattering angle changes from 0 (p = 0) to 040, Where cos(Opaz) = 1/n
(for p = R). The total cross-section is the integral

emax 2
0:/ do = 7R”".
0

It does not depend on energy or Uj.
e Return to the rigid sphere but with Uj.

dw




LECTURE 7
Rutherford’s formula.

Consider the scattering of a particle of initial velocity v, from the central force given by
the potential energy U(r).

e The energy is

mvz

E=—=
2
e The angular momentum is given by
Ly = musep,

where p is the impact parameter.
e The trajectory is given by

Ly 1 _ L
:‘3(¢—¢0)—\/%/TOTQ E—Ueff<r)7 Ueff(T)—U(T)JFW

where rg and ¢q are some distance and angle on the trajectory.

At some point the particle is at the closest distance ry to the center. The angle at this
point is ¢y (the angle at the initial infinity is zero.) Let’s find the distance ry. As the
energy and the angular momentum are conserved and at the closest point the velocity is
perpendicular to the radius we have

2
mug

E:T—i—U(To), L¢:m7'0?}0.
so we find that the equation for rq is
Ueff(To) =F.

This is, of course, obvious from the picture of motion in the central field as a one dimensional
motion in the effective potential Uess(r).
The angle ¢q is then given by

L¢> oo ]
7.1 = — —_———
( ) ¢O \/% /7"0 7 E— Ueff(r)

From geometry the scattering angle 6 is given by the relation

(7.2) T — 0420y = 27.
25
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So we see, that for a fixed vy the energy E is given, but the angular momentum L,
depends on the impact parameter p. The equation then gives the dependence of ¢
on p. Then the equation gives the dependence of the scattering angle 6 on the impact
parameter p. If we know that dependence, we can calculate the scattering cross-section.

7= sin 6 ‘d@

Example: Coulomb interaction. Let’s say that we have a repulsive Coulomb interaction
«
U=—, a>0
r
In this case the geometry gives
0 = QQZ)Q — .

Let’s calculate ¢q

o L¢ /OO 1 dr
V2m Jrg 12 o L2
E—5 = e
where rg is the value of r, where the expression under the square root is zero.

Let’s take the integral
dz dz

/l/ro /l/m
TO -2 \/E—ozx—x2¢’ \/E+2L2_ (@ + 97)°

2mr2 S

2m  [1/ro dx
L2 / 2mE‘ a2m2 . am\2
¢ (SL’ + L?zﬁ )
changing | /2mE
L Ly

=z + 75 we find that the integral is

2m 7T/2
L2

2,,2

~1/2
where sin(¢) = % <27LEE + O‘Lrg ) So we find that

¢
G0 =7/2—1h

or

omE  o®*m? —1/2
Cos g = sinyy = — ( 5+~ )
Ly \ L Ly

Using Ly = pV2mE this gives

or
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The differential cross-section then is
dp?> 1 a \?2 1
do = — ——dw = () ———dw
df 2sin@ 4E) sin*(0/2)
e Notice, that the total cross-section diverges at small scattering angles.
Discussion.

e The beam. How do you characterize it?

The statistics. What is measured?

The beam again. Interactions.

The forward scattering diverges.

The cut off of the divergence is given by the size of the atom.
Back scattering. Almost no dependence on 6.

Energy dependence 1/E?.

e Plot do as a function of 1/(4F)?, expect a straight line at large 1/(4F).
The slope of the line gives o

What is the behavior at very large £7 What is the crossing point?
e The crossing point tells us the size of the nucleus do = R{dw.

How much data we need to collect to get certainty of our results?






LECTURE &
Functionals.

8.1. Difference between functions and functionals.

8.2. Examples of functionals.

Area under the graph.
Length of a path. Invariance under reparametrization.

It is important to specify the space of functions.

8.3.
8.4.

8.5.

Energy of a horizontal sting in the gravitational field.

General form [ L(z,y,y',y",...)dx. Important: In function L the y, 3/, y” and so
on are independent variables. It means that we consider a function L(x, 21, 22, 23, . . . )
of normal variables z, z1, 29, 23, ...and for any function y(z) at some point = we
calculate y(z), v'(z), y"(z), . ..and plug = and these values instead of z1, 29, 23, ...in
L(z, 2,22, 23,...). We do that for all points z, and then do the integration.

Value at a point as functional. The functional which for any function returns the
value of the function at a given point.

Functions of many variables. Area of a surface. Invariance under reparametrization.

Discretization. Fanctionals as functions.

Minimization problem

Minimal distance between two points.
Minimal time of travel. Ferma Principe.
Minimal potential energy of a string.
ete.

The Euler-Lagrange equations

The functional A[y(z)] = [* L(y(z), ' (z), z)dz with the boundary conditions y(z;) =

1
y1 and y(22) = yo.
The problem is to find a function y(x) which is the stationary “point” of the functional

Aly(x)].

Derivation of the Euler-Lagrange equation.
29
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e The Euler-Lagrange equation reads
d oL 0L
dz oy Oy’

8.6. Examples

e Shortest path [*\/1+ (y/)2dx, y(z1) = y1, and y(z2) =

oL oL Y
L(y(z),y (), ) = /1 4+ (¥)?, - =0, o, T T
(v(), (@), ) WG, R
the Euler-Lagrange equation is
= const., y'(z) = const., y =az+b.

d Y Y
— 7 =0, . J
v \J1+ (y)? y1I+(y)?

The constants a and b should be computed from the boundary conditions y(x;) = 1,
and y(22) = yo.
e Shortest time to fall — Brachistochrone.
— What path the rail should be in order for the car to take the least amount of
time to go from point A to point B under gravity if it starts with zero velocity.
— Lets take the coordinate x to go straight down and y to be horizontal, with the
origin in point A.
— The boundary conditions: for point A: y(0) = 0; for point B: y(zp) = ys.
— The time of travel is

— We have

Lo/ ) 1+ (y')? oL OL 1 Y
v,Yy,r)= —F7— a5 Y a .,

29z dy oy 29z \/1 + (y)?
— The Euler-Lagrange equation is

a1y —0 1 @) _ 1 Y (x) = z
dr \ Vx 1+ (y)? ’ r1+(y)? 24’ 2a — x

— So the path is given by
/ 2a — :1:’

— The integral is taken by substitution = = a(1 — cos#). It then becomes a [(1 —
cos#)df = a(f — sin#). So the path is given by the parametric equations

x =a(l —cos), y =a(f —sinb).

the constant @ must be chosen such, that the point xg,yg is on the path.



LECTURE 9
Euler-Lagrange equation continued.

9.1. Reparametrization

The form of the Euler-Lagrange equation does not change under the reparametrization.
Consider a functional and corresponding E-L equation

X2 ! d aL 8L
A:/x L(y(x), y,(z), z)dz, dr oy, Oy(z)

Let’s consider a new parameter £ and the function x(§) converts one old parameter z to
another £&. The functional

L dg )dm

A x2L , do — §2L i
= [ e = [ (0.5 ) e

where y(§) = y(x(£)). So that

G
The E-L equation then is
d dLe  OLg
€y, y(€)
Using
dLe dx dL d§  OL dLe  dx OL

Oye  déoy,dx  dy,”  Oy(&)  d€ay(x)

we see that E-L equation reads

d oL dr L d 9L OL
d¢ oy, d¢oy(x)”  dxdy, Oy(x)

So we return back to the original form of the E-L equation.
What we found is that E-L equations are invariant under the parameter change.

31
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9.2. The Euler-Lagrange equations, for many variables.

9.3. Problems of Newton laws.

9.4.
9.5.
9.6.

e Not invariant when we change the coordinate system:

. s 12 F.
Cartesian: { mi = Iy , Cylindrical: { m ET re )
m

mij = F, ro 4 219) = Fy

e Too complicated, too tedious. Consider two pendulums.
e Difficult to find conservation laws.
e Symmetries are not obvious.

Newton second law as Euler-Lagrange equations
Hamilton’s Principle. Action. Only minimum!

Lagrangian. Generalized coordinates.



LECTURE 10
Lagrangian mechanics.

10.1. Hamilton’s Principle. Action.

For each conservative mechanical system there exists a functional, called action, which is
minimal on the solution of the equation of motion

10.2. Lagrangian.

Lagrangian is not energy. We do not minimize energy. We minimize action.

10.3. Examples.

e Free fall.
e A mass on a stationary wedge. No friction.
e A mass on a moving wedge. No friction.
e A pendulum.
e A bead on a vertical rotating hoop.
— Lagrangian.

L= %RQQQ + %QzR2 sin® @ — mrR(1 — cos ).
— Equation of motion.
RO = (Q*Rcosf — g)sin 6.

There are four equilibrium points

g
Q2R
— Critical €2.. The second two equilibriums are possible only if

g
Q2R<1, Q>Q.=1/g/R.

— Effective potential energy for €2 ~ €).. From the Lagrangian we can read the
effective potential energy:

Uesp(0) = —%QQRz sin® @ +mrR(1 — cos 6).

sinf = 0, or cosf =

33
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Assuming 2 ~ Q). we are interested only in small 6. So

1 3
Uepp(0) = 5mRQ(Qi — 06 + 2
Uss s (6) ~ mB20L(Q, — 0)6 + ij29394

— Spontaneous symmetry breaking. Plot the function Uesr(8) for @ < ., Q= Q,,
and §2 > (2. Discuss universality.

— Small oscillations around 6 = 0, 2 < €2,

mR%0 = —mR*(Q* - Q%)0,  w=,/02-Q2

— Small oscillations around 6y, €2 > Q..

mR2020*

Uesr(0) = —%92]%2 sin? @ + mrR(1 — cosf),

8Ueff _ 2 _ : 82Ueff _ 2002 20 2 .
0 mR(Q°Rcosf — g)sind, 505 =mRQ"sin” 0 — mR cos ("R cosl — g)
8Ueff 82Ueff 2702 2

= =mR*(Q° —Q
N o0 |, ( ‘)

So the Tylor expansion gives
1
Uesr(0 ~ 6y) ~ const + ngQ(Q2 — 2)(0 — 6,)*
The frequency of small oscillations then is

w=4/02 - 02

— The effective potential energy for small § and |Q2 — Q|
1 1
Uesr(8) = §Q(Qc — )6 + 1()94.
— 6 for the stable equilibrium is given by OU.sr/06 = 0
g 0 for Q < Q.
P VEQ =) for Q>
Plot 6y(2). Non-analytic behavior at €.
— Response: how 6, responses to a small change in (2.
00, 0 for Q< Q.
0 g\/gwﬂl__m for Q> Q.

Plot % vs (). The response diverges at €)..
e A double pendulum.

— Choosing the coordinates.
— Potential energy.

— Kinetic energy. Normally, most trouble for students.




LECTURE 11
Lagrangian mechanics.

11.1. Non uniqueness of the Lagrangian.

11.2. Generalized momentum.

e For a coordinate ¢ the generalized momentum is defined as

287[1

e For a particle in a potential field L = meQ — U(7) we have

, 0L :,
pP=—==mr

or
e For a rotation around a fixed axis L = %52 —U(¢), then

oL .
=" =Id=J
% ) ¢

The generalized momentum is just an angular momentum.

11.3. Ignorable coordinates. Conservation laws.

If one chooses the coordinates in such a way, that the Lagrangian does not depend on say
one of the coordinates ¢; (but it still depends on ¢, then the corresponding generalized
momentum p; = g—qu is conserved as

d doL 0L

e e
dtpl dt 8q1 8(]1

e Problem of a freely horizontally moving cart of mass M with hanged pendulum of
mass m and length [.

35
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11.4. Momentum conservation. Translation invariance
Let’s consider a translationally invariant problem. For example all interactions depend only

on the distance between the particles. The Lagrangian for this problem is L(7, ... 7, 7, ... T;).
Then we add a constant vector € to all coordinate vectors and define

L(Fi, . Py, @ = LA + € .. T4 ET,... T)
It is clear, that in the translationally invariant system the Lagrangian will not change under
such a transformation. So we find

0L,
0 0
But according to the definition
OL. 3 oL
0 — Or;

On the other hand the Lagrange equations tell us that
gL 0L d
o, dt = or,  dt ="

—

SO
22@20, Zﬁi:const.
i i

We see, that the total momentum of the system is conserved!

11.5. Noether’s theorem

Let’s assume that the Lagrangian has a one parameter continuous symmetry. Namely
L(q,q,t) = L(heq,heq,t), where h. is some symmetry transformation which depends on
the parameter e. Then using notations Q(e,t) = h.q(t) we find 0.L(Q,Q,t) = 0. On the
other hand

. oL 0 L OC oL 0 oL d 0 OL d oL\ o d (0L 0
0.L(Q Q. = 2L0Q, 0L0Q _ Ok Q+Q—<—) 9,4 <8Q8?>

T 0Q 0 0Q D 0Q de  0Qdt D \OQ  dtdQ
We see, that if Q is a solution of the Lagrange equation, then we find the
d (0L 0Q
dt (8(1206>

Or that
0L 0Q

@E = const.
during the motion.
So the message is that for every symmetry of the Lagrangian there is a conserved quantity.
Examples:

e Momentum conservation: 7 — 7"+ €€.. The Noether’s theorem gives

aL — - =
5’66 =7p-e. = const.
e Angular momentum: 7 — 7+ d¢eéy, x 7. The Noether’s theorem gives
oL _, .

ie¢xF:p-(€¢xF):€¢-(Fxﬁ)
or
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11.6. Energy conservation.

Consider a Lagrangian, which does not depend on time explicitly: L(q,q). Let’s compare

the value of the action
to

A= L(q,q)dt, q(t1) =qi, q(t2) = qq

t1

with the value of the action
t

A= [T LQQd  Qhto=a. Qltate)=a

t1+e€
on the functions q(t) and Q(t) = q(t — €). It is clear, that if q satisfies the boundary
conditions, then so does Q(¢). Then by changing the variables of integration we find, that
the value of the action is the same for both functions and does not depend on €. So in this
case OcAc|._o =0. On the other hand

) s(oLoQ oLoq)
ae-/46|e=(] - L’tz L’tl + /tl (aQ Oe * aQ Oe )e() "=
dt

2 d (9L OQ (oL dOL 0Q
Lly = Ll + /t1 dt (8(:286>6:D " /t1 <3Q - dtaQ);o e |

If we now consider the value of the action on the solutions of the Lagrange equations,
then we see, that the last term is zero. We also can substitute q and ¢ instead of Q and Q,
and —¢q = 29 . We then find:

Oe
oL oL
—q—-L)] =(=—q—-L| .
(aqq )tg (aqq >t1

As times t; and ty are arbitrary, then we conclude, that

oL
p="4_1
aq 1

is a conserved quantity. It’s called energy.
Example:
o L =" U(F).
e A particle on a circle.
e A pendulum.
e A cart with a pendulum.
e A string with tension and gravity.







LECTURE 12
Lagrangian’s equations for magnetic forces.

The equation of motion is
mr = q(E + 7 x é)
The question is what Lagrangian gives such equation of motion?

Consider the magnetic field. As there is no magnetic charges one of the Maxwell equations
reads

V-B=0
This equation is satisfied by the following solution
B=V x /f,

for any vector field A(7, ¢).
For the electric field another Maxwell equation reads

. OB
VXxE=——
x ot
we see that then
. OA
E=-V¢— —
(b at )

where ¢ is the electric potential.

The vector potential A and the potential ¢ are not uniquely defined. One can always
choose another potential

A=A+ VF ¢':¢—ELF
’ ot

Such fields are called gauge fields, and the transformation above is called gauge transforma-
tion. Such fields cannot be measured.

Notice, that if B and E are zero, the gauge fields do not have to be zero. For example if
A and ¢ are constants, B= 0, E =0.

Now we can write the Lagrangian:

5
L="0-—q(—7A)

e [t is impossible to write the Lagrangian in terms of the physical fields B and E!
39
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e The expression

pdt — di- A
is a full differential if and only if
9A -
P _—— = A =
Vo 5 0, V X 0,

which means that the it is full differential, and hence can be thrown out, only if the
physical fields are zero!

The generalized momenta are

L . S
p= i =mr+ qA
or
The Lagrange equations are :
d oL
at’ ~ or
Let’s consider the z component
d oL
at?” =
mi 4 qi o gy 4 504 Oe 00 30 g0 | 04
gy TW gy T@ g, Tl T g, T gy T W T ¥,
i — _@_8Ax+, 04, 04, . 0A,  0A,
N\ Tar e Y er oy 9z oz

mi = q(E, +yB, — 2By)



LECTURE 13
Hamiltonian and Hamiltonian equations.

13.1. Hamiltonian.

Given a Lagrangian L({q;},{¢:}) the energy

. oL
E= ZPiQi L, pi= a4,

is a number defined on a trajectory! One can say that it is a function of initial conditions.
We can construct a function function in the following way: we first solve the set of
equations

oL
b= 04,

with respect to ¢;, we then have these functions

¢ = ¢i({g},{p;})

and define a function H({¢;}, {p:})
H({q:}, {pi}) = sz'%({qj}7 {pi}) — L@} {d{ag}: {pi})}),

This function is called a Hamiltonian!
The importance of variables:

e A Lagrangian is a function of generalized coordinates and velocities: ¢ and ¢.
e A Hamiltonian is a function of the generalized coordinates and momenta: ¢ and p.
Here are the steps to get a Hamiltonian from a Lagrangian

(a) Write down a Lagrangian L({¢;},{q¢:}) — it is a function of generalized coordinates
and velocities ¢;, ¢;
(b) Find generalized momenta
0L
P g
(c) Treat the above definitions as equations and solve them for all ¢;, so for each velocity
¢; you have an expression ¢; = ¢;({¢; }, {p;})-
41
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(d) Substitute these function ¢; = ¢;({¢;}, {p;}) into the expression

sz‘qz‘ — L({ai}, {a:})-

The resulting function H({¢},{p:}) of generalized coordinates and momenta is called a
Hamiltonian.

13.2. Examples.

e A particle in a potential field.
Kepler problem.

Motion in electromagnetic field.
Rotation around a fixed axis.

A pendulum.

A cart and a pendulum.

New notation for the partial derivatives. What do we keep fixed?
e Derivation of the Hamiltonian equations.

. OH ) OH

q= 87]7’ .
e Energy conservation.

e Velocity.

o H(p,x) = vm?c* + p*c? + U(x).

13.3. Phase space. Hamiltonian field. Phase trajectories.

Motion in the phase space.

Trajectories do not intersect. (Singular points)
Harmonic oscillator.

Pendulum.

13.4. From Hamiltonian to Lagrangian.



LECTURE 14
Liouville’s theorem. Poisson brackets.

14.1. Liouville’s theorem.

Lets consider a more general problem. Lets say that the dynamics of n variables is given by
n equations
T = f(Z).

These equations provide a map from any point Z(¢ = 0) to some other point Z(t) in our
space in a latter time. This way we say, that there is a map g¢' : £(0) — Z(¢). We can use
this map, to map an original region D(0) in & space to another region D(t) at a later time
D(t) = ¢*D(0). The original region D(0) had a volume v(0), the region D(¢) has a volume
v(t). We want to find how this volume depends on t. To do that we consider a small time
increment dt. The map g% is given by (I keep only terms linear in dt)

g" (@) = 2 + f(Z)dt
The volume v(dt) is given by

dt) — / a
v(dt) D(dt) v

We now consider our map as a change of variables, from Z(0) to Z(dt). Then

di(,.
v(dt) = /( )det Mdnx.
D(0

(%zzj
Using our map we find that the matrix
a dt i a .
GO S (Y |
8@ 6%

We need the determinant of this matrix only in the linear order in dt. We use the following
formula log det M = trlog M to find

det (B + dtA) = tTos(BHid) o T4 4 gy,
and find

v(dt) = v(0) + dt / Z a‘gx z,

43
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ofi(x
./ Z le
For the Hamiltonian mechanlcs we take n to be even, half of xs are the coordinates ¢;,
and the other half are momenta p;. Then we fave

" of(7) 21 9*H  0*H
2 o, =2 B0 opda |
i=1 i i=1 q;0D; 'D:0q;

So the Hamiltonian mechanics conserves a volume of the phase space region. Minus sign is
very important.

or

14.2. Poisson brackets.

Consider a function of time, coordinates and momenta: f(¢,q,p), then

& of of . of .\ of Of OH Of OH\ of
dt 8t+z< apl-pi>_&s+;<aqiapi_apiaqi>_at+{H’f}

where we defined the Poisson brackets for any two functions g and f

B 99 0f _ 0g Of
{9, f} = Zl: <8pi g Ogi 0pi)

In particular we see, that
{Pu%} = 04 k-
Poisson brackets are
e Antisymmetric.

e Bilinear.
e For a constant ¢, {f,c} = 0.

o {fif2,9} = [i{f2. 9} + foA f1. 9}
Let’s consider an arbitrary transformation of variables: P, = P;i({p},{q}), and Q; =

Qi({p},{q}). We then have
P,={H P}, Qi ={HQ}

or
OH 0P, OH 0P,
b=
zk: (31% Oqy 3% 5]%)
<(8H oP, 8H 8Qa> or; (81—1 oP, N OH 8Qa> 8PZ~>
o \\OFa Op 3Qa Opr ) Oqu, 0P, Oqx ~ 0Qa Oqi ) Opy,
SR (LN ARELSTAR)
Analogously,

A OH
i 1y 9 Pa
0= =3 (@) + S0P
We see, that the Hamiltonian equations keep their form if

{‘Pi7 Qa} = 5’i,a7 {-P'u Pa} - {Qz, Qa} =0
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The variables that have such Poisson brackets are called the canonical variables, they are
canonically conjugated. Transformations that keep the canonical Poisson brackets are called
canonical transformations.






LECTURE 15

Hamiltonian equations. Jacobi’s identity. Integrals of
motion.

15.1. Hamiltonian mechanics

e The Poisson brackets are property of the phase space and have nothing to do with
the Hamiltonian.

e The Hamiltonian is just a function on the phase space.

e Given the phase space p;,q;, the Poisson brackets and the Hamiltonian. We can
construct the equations of the Hamiltonian mechanics:

e In this formulation there is no need to distinguish between the coordinates and
momenta.
e Time evolution of any function f(p,q,t) is given by the equation

df of
%—EJF{HJ}

difference between the full and the partial derivatives!
e The Poisson brackets must satisfy:

— Antisymmetric.

— Bilinear.
« For a constant ¢, {f,c} = 0.
« {fifo, 9t = [i{fo g} + o fr 9}

— Jacobi’s identity: {f,{g,h}} + {g,{h, f}} +{h,{f,9}} = 0. (I will prove it

later.)

Given the phase space equipped with the Poisson brackets with above properties any
function on the phase space can be considered as a Hamiltonian. The Hamiltonian dynamics
is then fully defined.
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15.2. Jacobi’s identity

First: Using the definition of the Poisson brackets in the canonical coordinates it is easy, but
lengthy to prove, that for any three functions f, g, and h:

{f g h}} +1{g9.{h, f}} +{n.{f. 93} =0

As it holds for any functions this is the property of the phase space and the Poisson brackets.

Second: Without referring to canonical coordinates we can do the following. Lets consider
three time independent functions on the phase space f, g, and h. Lets think of the function
h as a Hamiltonian of some dynamics. We then can write

S = {00 + 15, S = ({11} + LF A0}
On the other hand ;

Comparing these two expressions we see, that the Jacobi’s identity must hold in order for the
dynamics to be consistent. If the functions f, g, and h are time dependent the calculation is
similar, but lengthier.

15.3. How to compute Poisson brackets.

Lets say, that we have a phase space with coordinates {¢;}. The phase space is equipped
with the Poisson brackets, which we know for the coordinates {¢;, ¢;} — we do not distinguish
between the coordinates and momenta, and the Poisson brackets do not have to be canonical,
but they satisfy all the requirements. Lets say, that we have two functions on the phase space
f({a}) and g({¢:}). The question is how to compute the Poisson bracket {f, g}?

We start from computing the Poisson bracket {f,¢;}. A ¢; is a function on the phase
space, so we can consider it as a Hamiltonian. Then we have

df
% = {Qi,f}‘
On the other hand
G _of,_of

Comparing the two expressions we find
of
8qj J

Notice, that at the end the dynamics does not matter. The above formula is just a relation
between two Poisson brackets.
Now consider the two functions f({¢;}) and g({¢;}). Lets take the function f as a Hamil-

tonian. Then we have
dg

On the other hand
dg _ ag-._@{f )= 99 Of , 9
dt - 8%,% - a% an - an aq] QJa% .
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Again, comparing the two expressions we find

8f 39
{9k =5- G}
15.4. Integrals of motion.
A conserved quantity is such a function f(q,p,t), that % = 0 under the evolution of a
Hamiltonian H. So we have 8f
+ {H,f}=0.

In particular, if H does not depend on tlme, then obviously {H, H} = 0 and the energy is
conserved.

Let’s assume, that we have two conserved quantities f and ¢g. Consider the time evolution
of their Poisson bracket

Gt ={ Db+ {n g v mtnan = {Shof+ {2+ trtmman + a1 10) -

e e N T

So if we have two conserved quantities we can construct a new conserved quantity! Sometimes
it will turn out to be an independent conservation law!

15.5. Angular momentum.

Let’s calculate the Poisson brackets for the angular momentum: M =7 x p.
Coordinate 7 and momentum p are canonically conjugated so

'y =65 Py ={" "} =0.

So

{Mi, M]} — Gilkejmn{rlpk:’ Tmpn} — 6ilk:ejmn (Tl{pk, rmpn} —i—pk{rl, rmpn}) —

eilkejmn (rlpn{pk’ Tm} + Tlrm{pk’pn} +pkpn{rl’ Tm} +pkrm{rl’pn}) —

cilk cjmn (rlpnakm . pkrmdln> _ (Eukeﬂm . EiknEjlk) " = =p ipd _ zp] — ik k
In short 4 ' -

{M', M7} = —e7" M*
We can now consider a Hamiltonian mechanics, say for the Hamiltonian

—

H="h M






LECTURE 16

Oscillations.
16.1. Small oscillations.
Problem with one degree of freedom: U(x). The Lagrangian is
2
L="" " Ua).
2
The equation of motion is
. ou
mi=——
ox
If the function U(x) has an extremum at z = z, then 2% = 0. Then 2 = z( is a (time
T=x0

independent) solution of the equation of motion.
Consider a small deviation from the solution x = x¢ + dx. Assuming that dx stays small
during the motion we have

Ue) = Ul +8)  Ulro) + U (o) + 50" (w0)da® = Ulao) + 50" (w0)5”
The equation of motion becomes
mox = —U"(x0)0x
o If U"(x0) > 0, then we have small oscillations with the frequency

W2 = U”@O)
m

This is a stable equilibrium.
o If U"(xg) < 0, then the solution grows exponentially, and at some point our approx-
imation becomes invalid. The equilibrium is unstable.

Look at what it means graphically.

Generality: consider a system with infinitesimally small dissipation and external pertur-
bations. The perturbations will kick it out of any unstable equilibrium. The dissipation will
bring it down to a stable equilibrium. It may take a very long time.

After that the response of the system to small enough perturbations will be defined by
the small oscillations around the equilibrium
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16.2. Many degrees of freedom.

Consider two equal masses in 1D connected by springs of constant k to each other and to
the walls.

There are two coordinates: z; and 5.

There are two modes 1 — z9 and z; + zs.

The potential energy of the system is

kx?  k(wy —29)* ka3

Ul 2) = = 2 2

The Lagrangian
mit  mii  kx? k(ry —x9)?  kad

L= + - —
2 2 2 2 2
The equations of motion are
mi; = —2kx, + kxo
m{i'g = —Qk’IQ + ]{?ZL‘l

These are two second order differential equations. Total they must have four solutions. Let’s
look for the solutions in the form

z = A, Ty = Age™'
then
—w?mA, = —2kA; + kA,
—w?mAs = —2kAs + kA,
or
(2k — mw?)A; —kAy =0
(2k —mw*) Ay — kA, =0
or

2k — mw? —k A\ 0
—k 2k — mw? Ay |

In order for this set of equations to have a non trivial solution we must have

2k — mw? —k
det ( L 9% — mus? ) =0, (2k —mw?)* — k* = 0, (k —mw?)(3k —mw?) =0
There are two modes with the frequencies

w=k/m, wp = 3k/m
and corresponding eigen vectors
A L1 A\ L1
(5)=+() (a)-»(4

The general solution then is

( 11 ) = A° ( } ) cos(wat + ¢a) + Ab ( _11 ) cos(wpt + @)

T2

What will happen if the masses and springs constants are different?
Repeat the previous calculation for arbitrary my, ma, ki, ko, ks.
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General scheme.

16.3. Oscillations. Many degrees of freedom. General case.

Let’s consider a general situation in detail. We start from an arbitrary Lagrangian

L=K({g}{a}) —U{a})
Very generally the kinetic energy is zero if all velocities are zero. It will also increase if any
of the velocities increase.
It is assumed that the potential energy has a minimum at some values of the coordinates
¢ = @o. Let’s first change the definition of the coordinates x; = ¢; — qo;. We rewrite the
Lagrangian in these new coordinates.

L= K({@:i},{zi}) — U({x:})
We can take the potential energy to be zero at x; = 0, also as z; = 0 is a minimum we must
have oU/0x; = 0.
Let’s now assume, that the motion has very small amplitude. We then can use Taylor
expansion in both {#;} and {z;} up to the second order.
The time reversal invariance demands that only even powers of velocities can be present in
the expansion. Also as the kinetic energy is zero if all velocities are zero, we have K (0, {x;}),

so we have
1

K({#i} fei}) ~ 52 aaigﬁcj

l‘ll'j — 5]€Z]$Zl’],
©=0,2=0
where the constant matrix k;; is symmetric and positive definite.
For the potential energy we have

1 ou

1,

1
I‘Z'l'j = §uijxixj,
=0

where the constant matrix u;; is symmetric. If x = 0 is indeed a minimum, then the matrix
u;; is also positive definite.

The Lagrangian is then
1 1

L= ikljxlxj — §uijxixj
where k;; and w;; are just constant matrices. The Lagrange equations are
kijij = —uij;
We are looking for the solutions in the form
a __ a twat
x = Aje™,
then
(16.1) (wgkij — u]) A2 =0
In order for this linear equation to have a nontrivial solution we must have
det (Ldgk’ij — ’LLij> =0

After solving this equation we can find all NV of eigen/normal frequencies w, and the eigen /normal
modes of the small oscillations A{.
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We can prove, that all w? are positive (if U is at minimum.) Let’s substitute the solutions
w, and A§ into equation ([16.1), multiply it by (Af)* and sum over the index i.
Z (ngij — uij) A;A: = O
ij
From here we see " A
Y ki A AT
As both matrices k;; and u,;; are symmetric and positive definite, we have the ration of to
positive real numbers in the RHS. So w? must be positive and real.
Examples

W

e Problem with three masses on a ring. Symmetries. Zero mode.
e Two masses, splitting of symmetric and anitsymmetric modes.



LECTURE 17

Oscillations with parameters depending on time.
Kapitza pendulum.

e Oscillations with parameters depending on time.

1 1
The Lagrange equation
d d
Em(t)%x = —k(t)x.

We change the definition of time

gl _d A1

T T A dt — mt)

then the equation of motion is
i
dr?

So without loss of generality we can consider an equation

= —mbkx.

i = —w?(t)x

e We call () the frequency of change of w.
e Different time scales. Three different cases: Q > w, ) < w, and Q ~ w.

17.1. Kapitza pendulum > w
17.1.1. Vertical displacement.

e Set up of the problem.
e Time scales difference.
e Expected results.

The coordinates ‘
x=1[sing & =lpcosp
y=1(1—cos¢)+¢&"’ y=lpsing + &
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The Lagrangian

mi? .
L= —gf) + mld€ sin ¢ + mgl cos ¢

The equation of motion )
¢+ fsinqﬁ = —w?sin ¢
Look for the solution B
(b = ¢0 + 07 0=0
e What does averaging means. Separation of the time scales. Time T such that
< T<w
We expect 6 to be small, but 6 and 6 are NOT small. The equation then is

(17.1) do + 0 + ?sin o + ?0 cos o = —w? sin gy — w? cos ¢y

The frequency of the function ¢ is small, so the fast oscillating functions must cancel each
other. So .
§

0+ 7 sin ¢y + ?0 cos ¢y = —w?6 cos .

Neglecting term proportional to small  we get
0= —§ sin ¢y.

As € = 0, the requirement § = 0 fixes the other terms coming from the integration.
Now we take the equation (17.1)) and average it over the time 7.

Y
o + lg cos ¢y = —w? sin @y

We now have
1 /T —

0= —elysingy, &= [ = [ (€7d=—(EF

Our equation then is

b= — (w2 sin ¢y + (23)22 sin 2¢0) = —;20 (—w2 cos ¢p — (éfl)j cos 2¢0>

So we have a motion in the effective potential field

©?

e cos 2¢yg

Uepp = —w? cos ¢p —

The equilibrium positions are given by

oU . 13
% = w?sin ¢y + <21>2

We see, that if <= (g) ° < 1, a pair of new solutions appears.
The stability is defined by the sign of

o°U _ (6)?
%—w CoS P + —o— 2

sin 2¢9 = 0, sin ¢ (w + <§2>2 coS (b()) =0

cos 2¢y
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One see, that

e ¢y = 0 is always a stable solution.
® ¢y = 7 is unstable for % > 1, but becomes stable if % < 1.

e The new solutions that appear for % < 1 are unstable.

For ¢ close to m we can introduce ¢g = 7 + ¢
1_ 2 @ 7
¢=—w (W - 1) ¢

We see, that for (22)22 > 1 the frequency of the oscillations in the upper point have the

frequency L
~2 5 [ ()7

Remember, that above calculation is correct if €2 of the £ is much larger then w. If ¢ is

oscillating with the frequency €, then we can estimate (£)2 ~ Q2¢2, where & is the amplitude
of the motion. Then the interesting regime is at
l2
0% > Wi > Wt
e

So the interesting regime is well withing the applicability of the employed approximations.







LECTURE 18

Oscillations with parameters depending on time.
Kapitza pendulum. Horizontal case.

Let’s consider a shaken pendulum without the gravitation force acting on it. The fast

—

shaking is given by a fast time dependent vector (). This vector defines a direction in space.

—

I will call this direction 2, so £(t) = 2£(¢).

The amplitude ¢ is small £ < [, where [ is the length of the pendulum, but the shaking
is very fast {2 > w, the frequency of the pendulum motion (without gravity it is not well
defined, but we will keep in mind that we are going to include gravity later.)

Let’s now use a non inertial frame of reference connected to the point of attachment of the
pendulum. In this frame of reference there is a artificial force which acts on the pendulum.
This force is

f = —&ms.
If the pendulum makes an angle ¢ with respect to the axis Z, then the torque of the force f
is 7 = —[fsin¢. So the equation of motion

mi%d = Imé sin ¢, 6= ? sin ¢

Now we split the angle onto slow motion described by ¢y — a slow function of time, and
fast motion 6(t) a fast oscillating function of time such that 6 = 0.
We then have

G0+ 0 = §Sin(¢o +0)

l
Notice the non linearity of the RHS.
As 0 < ¢, we can use the Taylor expansion

(18.1) do+ 0 = ?sin(gzﬁg) + {lé’ cos(¢y)

Double derivatives of # and & are very large, so in the zeroth order we can write

6 = §Sin(¢g), 0 = gsin(gbo).

Now averaging the equation ([18.1]) in the way described in the previous lecture we get
. £ e
Gy = glcos(gbo) = ;sm(%) cos(¢o)
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or

Figure 1. The Kapitza

pendulum.

ou
9o

= w?sin ¢y + & (&)

éo @ cos(¢o) = 52 Sln(ﬁbo) cos(¢o)

What is happening is illustrated on the figure. If £ is posi-
tive, then £ is negative, so the torque is negative and is larger,
because the angle ¢ = ¢y + 0 is larger. So the net torque is
negative!

18.0.2. Vertical.

Now we can get the result from the previous lecture. We just
need to add the gravitational term —w? sin ¢.

2

— & sin60) cos(0).

f So we have a motion in the effective potential field

P = —w” sin ¢y

©?
412

The equilibrium positions are given by

Uepr = —w? cos ¢y — cos 2¢yg

2

sin 2¢y = 0, sin ¢g ( + @ COS ¢0) =0

22 2

We see, that 1f © < 1, a pair of new solutions appears.

The stability is defined by the sign of

One see, that

0’U (€)?

3#453 = w? cos ¢y + 22— B cos 2¢g

e 9y = 0 is always a stable Solution
e ¢y = 7 is unstable for £= (g) > 1, but becomes stable if <= 6) - < 1.

e The new solutions that appear for <= (g) ® < 1 are unstable.

For ¢ close to m we can introduce ¢o = 7 + ¢

We see, that for
frequency

5——&(%— )¢

> 1 the frequency of the oscillations in the upper point have the

~2 2 @
w=w (W_l)
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Remember, that above calculation is correct if €2 of the £ is much larger then w. If € is
oscillating with the frequency €2, then we can estimate (£)2 &~ Q2¢2, where & is the amplitude
of the motion. Then the interesting regime is at

l2
02 > W= > W
£2

So the interesting regime is well withing the applicability of the employed approximations.

18.0.3. Horizontal.

If ¢ is horizontal, the it is convenient to redefine the angle ¢9 — 7/2 + ¢, then the shake
contribution changes sign and we get

(@7

el cos 2¢yg

Uepp = —w® cos ¢y +

The equilibrium position is found by

U, . (£)?
8¢£f = sin ¢ (w2 — (p)cosqﬁo) .

Let’s write U.ss for small angles, then (dropping the constant.)

2 52 2 N2

2 (&2 2
Ueps & % (1 ) ) %0 + %¢3~

If & ~ 1, then

w3212

w?2[?

e Spontaneous symmetry braking.






LECTURE 19

Oscillations with parameters depending on time.
Foucault pendulum.

The opposite situation, when the change of parameters is very slow — adiabatic approxi-
mation.

In rotation

7= XTr.
In our local system of coordinate (not inertial) a radius-vector is
T = T€y + Y&,.
So _
7= 1€ + ye, + 282 X &, + Y x €,
I chose the system of coordinate such that e, L Q. Then
7 = * + 9 + y* Q% cos® 0 + %2 + 2Q(xy — yi) cos O

For a pendulum we have

xr=Ilpcosy, y=Ipsiny
o)
P2 4% = 123+ 12g2)?
wy — yi = ™)
and . _ _
v? = I2¢* + Pp*)? 4 2Q12 %) cos O + Q212 ¢*(cos® ¢ + sin® ¢ cos® §)
The Lagrangian then is
mu? 21

L= T+mglcos¢: % — §mglgz52

e In fact it is not exact as the centripetal force is missing. However, this force is of the
order of Q2 and we will see, that the terms of that order can be ignored.

and the Lagrangian equations
b = —w?p 4+ oY% + 200 cos 0 4+ Q2 (sin? b cos® O + cos? 1))
. . ) 1
20 + ¢*1h + 200 cos § = —§Q2¢2 sin 2¢) sin? 6
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We will see, that ¥ ~ Q. Then neglecting all terms of the order of Q2 we find

6=~
¥ =—Qcosh

The total change of the angle 1 for the period is
Ay = QT cos = 2w cos 6.

e Geometrical meaning.

19.1. General case.

We want to move a pendulum around the world along some closed trajectory. The question
is what angle the plane of oscillations will turn after we return back to the original point?

We assume that the earth is not rotating.

We assume that we are moving the pendulum slowly.

First of all we need to decide on the system of coordinates. For our the simple case we
can do it in the following way.

(a) We choose a global unit vector 2. The only requirement is that the z line does not
intersect our trajectory.

(b) After that we can introduce the angles 6 and ¢ in the usual way. (strictly speaking
in order to introduce ¢ we also need o introduce a global vector &, thus introducing
a full global system of coordinates.)

(c¢) In each point on the sphere we introduce it’s own system/vectors of coordinates
€4, €p, and N, where n is along the radius, €4 is orthogonal to both # and £, and
ég =7 X é¢ .

We then have

A2 A2:7A12:17

69:€¢ égé¢:é9ﬁ:é¢ﬁ20

Let’s look how the coordinate vectors change when we change a point where we siting.
So let as change our position by a small vector dr. The coordinate vectors then change by
€9 — €9 + dég, etc. We then see that

Cg-dég=8s-déy=n-di =0,  eg-déy+dés-y=2g-di+dég-n = éy-di+dés-n =0,
or

dég = ay + b
dé¢ = —aée + cn
dn = —bég — Cé¢

Where coefficients a, b, and c are linear in dr.
Let’s now assume, that our di” is along the vector é,. Then it is clear, that dn =

sin(0) “Cle,, and dég = — '),
If dr’ is along the vector éy, then déy = 0, and dn = (dif@)ég.
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Collecting it all together we have
(di-é4) . (dr'- ég) .
—ré, — n

déy = —
0 Rtand * R
s Wto) (dr-és) .
déy = Rtang © — sin(h) 7
d dr-é
J = Még +sin(9) %),

R R
Notice, that these are purely geometrical formulas.
Now let’s consider a pendulum. In our local system of coordinates it’s radius vector is
E: 28y + Yy = £ cos ey + £ siné,.
The velocity is then
Lo . o . o R 0ég . 0é4. dr
£ = &(cos ey + siné,) + E(—sinéy + cosé,) + E(cos wﬁ + sin w%)%

When we calculate 5? we only keep terms no more than first order in dr/dt
ép - 0epdr €y - di
& @ P+ 2 2y R o

The potential energy does not depend on v, so the Lagrange equatlon for 1 is simply
d 9L \oreover, as ¢ is fast when we take the derivative 4 < we differentiate only §. Then

dt oy
g - dr
166 + 46— —
SO
b= — 1 Rsmed(ﬁ——cosﬁ@
~ Rtan® dt dt
Finally,

diyp = — cos 0do.






LECTURE 20

Oscillations with parameters depending on time.
Parametric resonance.

20.1. Generalities

Now we consider a situation when the parameters of the oscillator depend on time and the
frequency of this dependence is comparable to the frequency of the oscillator. We start from
the equation

i = —w(t)z,

where w(t) is a periodic function of time. The interesting case is when w(t) is almost a
constant wy with a small correction which is periodic in time with period 7'. Then the case
which we are interested in is when 27 /7 is of the same order as wy. We are going to find the
resonance conditions. Such resonance is called “parametric resonance”.

First we notice, that if the initial conditions are such that z(t = 0) = 0, and @(t = 0) = 0,
then z(t) = 0 is the solution and no resonance happens. This is very different from the case
of the usual resonance.

Let’s assume, that we found two linearly independent solutions z;(t) and x5(t) of the
equation. All the solutions are just linear combinations of z;(t) and xo(t).

If a function x;(t) a solution, then function x;(t + 7") must also be a solution, as 7' is
a period of w(t). It means, that the function z1(¢ + 7T") is a linear combination of functions
x1(t) and x5(t). The same is true for the function zo(t + 7). So we have

(oeem) = (e sy ()

We can always choose such x1(t) and zo(t) that the matrix is diagonal. In this case
r1(t+T) = i (t), 2o(t +T) = pawa(t)

so the functions are multiplied by constants under the translation on one period. The most
general functions that have this property are

n(t) =p "X (1), wa(t) = " Xa(0),
where X;(t), and X,(t) are periodic functions of time.
67
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The numbers p; and ps cannot be arbitrary. The functions x; and x5 satisfy the Wron-
skian equation
W (t) = @129 — Zowq = const
So on one hand W (t + T') = uy oW (t), on the other hand W (t) must be constant. So

pipz = 1.
Now, if 27 is a solution so must be xj. It means that either both p; and p9 are real, or
(i = po. In the later case we have |u1| = |ue| = 1 and no resonance happens. In the former

case we have py = 1/u (either both are positive, or both are negative). Then we have

wi(t) = X0 (), wa(t) = pT T X ().

We see, that one of the solutions is unstable, it increases exponentially with time. This
means, that a small initial deviation from the equilibrium will exponentially grow with time.
This is the parametric resonance.

20.2. Resonance.

Let’s now consider the following dependence of w on time
w? = w}(1 + hcost)

where h < 1.

e The most interesting case is when v ~ 2wg. Explain.

So I will take v = 2wy + €, where € < wy. The equation of motion is
&+ wi[1 + hcos(2wy + €)t]lz =0

(Mathieu’s equation)
We seek the solution in the form

x = a(t) cos(wg + €/2)t + b(t) sin(wg + €/2)t

and retain only the terms first order in € assuming that @ ~ ea and b ~ eb. We then substitute
this solution into the equation use the identity

cos(wp + €/2)t cos(2wy + €)t = ;cos 3(wo +€/2)t + ;COS(WQ +¢/2)t
and neglect the terms with frequency ~ 3wy as they are off the resonance. The result is
—wo(2a + be + ;hwgb) sin(w 4 €/2)t + wo(2b — ae + ;hwoa) cos(w+€/2)t =0
So we have a pair of equations
2a + be + ;hwob =0
2b — ae + ;hwoa =0
We look for the solution in the form a, b ~ ag, bpe*, then

1 1
2sag + bpe + ihwob =0, 2s5bg — ape + thQGO =0.



LECTURE 20. OSCILLATIONS WITH PARAMETERS DEPENDING ON TIME. PARAMETRIC RESONANCE9
The compatibility condition gives

st = i [(hw0/2)2 - 62] :

Notice, that e® is what we called p before. The condition for the resonance is that s is
real. It means that the resonance happens for

1 1
—ih(.do <e< 5]10.10

e The range of frequencies for the resonance depends on the amplitude h.

e The amplification s, also depends on the amplitude h.

e In case of dissipation the solution acquires a decaying factor e~
substituted by s — A, so the range of instability is given by

_\/<th/2)2 — 4N <e< \/(hw0/2)2 —4N\2

e At finite dissipation the parametric resonance requires finite amplitude A = 4\ /wy.

M so s should be







LECTURE 21

Oscillations of an infinite series of springs. Oscillations
of a rope. Phonons.

21.1. Series of springs.

Consider one dimension string of N masses m connected with identical springs of spring
constants k. The first and the last masses are connected by the same springs to a wall. The
question is what are the normal modes of such system?

e The difference between the infinite number of masses and finite, but large — zero
mode.

This system has N degrees of freedom, so we must find N modes. We call x; the dis-
placement of the ith mass from its equilibrium position. The Lagrangian is:

mx'2 k N+1

N
L:Z 2Z - 5 Z($¢—$i+1)2, Lo = TN+1 = 0.
=1 =0

21.1.1. First solution

The matrix —UJZkij + Usqj is

—mw? + 2k —k 0 .
—k —mw? + 2k —k 0
Wiy i = 0 —k —mw? + 2k —k

This is N x N matrix. Let’s call its determinant Dy. We then see
Dy = (=mw? +2k)Dy 1 — k*Dy s, Dy = —mw” + 2k, Dy = (—mw? + 2k)* — k?

This is a linear difference equation with constant coefficients. The solution should be of the
form Dy = a”. Then we have

—mw? + 2k + i\/mw2(4k — mw?)
5 :

a® = (—mw? + 2k)a — k?, a=

So the general solution and initial conditions are
DN = AaN_l + AdN_17 A —+ /_1 = —mwz —+ 2k7 A(l + A& — (_mw2 + 2k)2 . k2.
71
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The solution is A = % Now in order to find the normal frequencies we need to solve the
following equation for w.
2 ) N+1
a a a
Dy = oV — gVt =, or () =1
a—a a—a a
We now say that a = ke, (|a|? = k?) where cos ¢ = =2 =2k then

20N+ — 1. 2¢(N + 1) = 27n, where n=1...N.

So we have

™m —mw? — 2k ) ., TN
w; = 4— sin

COSO=C0S g = o mo N+ 1)

21.1.2. Second solution.
From the Lagrangian we find the equations of motion
&= —— 2 — T4 — Ti1), xg=2xN41 = 0.
m

We look for the solution in the form
x; = sin(fi) sin(wt), sin (N +1) =0.

Substituting this guess into the equation we get

k
—w’sin(B)) = —— (2sin(8j) — sin B(j + 1) —sin B(j — 1))
_ _E% <2eij5 _ eii+B _ 6i(j—1)ﬂ> _ _E%ez‘jﬂ (2 _ B _ e—iﬂ> — Egez‘jﬁ (ezﬂ/2 N e—z’ﬁ/2>2
m m m
k .. k
= 4" Qe 5in2(5/2) = —4 sin(j8) sin®(5/2).
— e sin”(6/2) — sin(j6) sin”(8/2)
So we have

k
2= 4—sin%(5/2
W =42 s (3/2),
but 8 must be such that sin (N + 1) = 0, so 3 = 375, and we have

w2:4£sin2L, n=1,...,N
m 2(N+1)

21.2. A rope.
The potential energy of a (2D) rope of shape y(x) is TfOL 14+ y?de ~ %fOL y'?*dz. The
kinetic energy is fOL g;g?d:z, so the Lagrangian is
L T
p.
L= [ (50" 5v%) do.  y(0) =y(1) =0.
0 \2 2

In order to find the normal modes we need to decide on the coordinates in our space of
functions y(z,t). We will use a standard Fourier basis sin kx and write any function as

y(z,t) = Apgsinka, sinkL =0
k



LECTURE 21. OSCILLATIONS OF AN INFINITE SERIES OF SPRINGS. OSCILLATIONS OF A ROPE. PHONON®
The constants Ay, are the coordinates in the Fourier basis. We then have

L p T
L=2v(Pa - k:2A2)
2 2,; (2 oo Tk
We see, that it is just a set of decoupled harmonic oscillators and k& just enumerates them.

The normal frequencies are






LECTURE 22

Motion of a rigid body. Kinematics. Kinetic energy.
Momentum. Tensor of inertia.

22.1. Kinematics.

We will use two different system of coordinates XY Z — fixed, or external inertial system of
coordinates, and zyz the moving, or internal system of coordinates which is attached to the
body itself and moves with it.

Let’s R be radius vector of the center of mass O of a body with respect to the external
frame of reference, 7 be the radius vector of any point P of the body with respect to the
center of mass O, and r the radius vector of the point P with respect to the external frame
of reference: T = R + 7. For any infinitesimal displacement dr’ of the point P we have

df = dR + dF = dR + d¢ x 7.
Or dividing by dt we find the velocity of the point P as

L &fF - dR - do
r=V+Qxr, i=—, V=—  Q=-".
U + 8 X7, U e L gt

Notice, that ¢ is not a vector, while d(E is.

In the previous calculation the fact that O is a center of mass has not been used, so for
any point O" with a radius vector R' = R + @ we find the radius vector of the point P to be
7 = 7'—d, and we must have v = V' 4+ x . Now substituting 7 = 7 + @ into v = V4+Qxi
we get U = V+Qxa+Qx. Sowe conclude that

V=V+QOxa, G=qQ

The last equation shows, that the vector of angular velocity is the same and does not depend
on the particular moving system of coordinates. So Q) can be called the angular velocity of
the body.

If at some instant the vectors V and €2 are perpendicular for some choice of O, then they
will be perpendicular for any other O": O-V =0-V'. Then it is possible to solve the equation
V+Qxd=0. Soin this case there exist a point (it may be outside of the body) with respect
to which the whole motion is just a rotation. The line parallel to Q) which goes through this
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point is called “instantaneous axis of rotation”. (In the general case the instantaneous axis
can be made parallel to V.)

e In general both the magnitude and the direction of Q are changing with time, so is
the “instantaneous axis of rotation”.

22.2. Kinetic energy.

The total kinetic energy of a body is the sum of the kinetic energies of its parts. Lets take
the origin of the moving system of coordinates to be in the center of mass. Then

K:;Zmavizéz:ma (‘7+QX7::1)2:;ZmaVQ‘i‘ZmaV'QXFa"'—;Zma {QXFOC}2
MV?

o o 1 - 2
+V-Ox Zmafa+§zma [Q xfa}
For the center of mass > m,7, = 0 and we have

MV? 1 s x  MV? QI
K—T+§Zma(ﬂra—(9-ra))— 5t

where

Lij =) mq ((51-]-773 — rflrg) .
I;; is the tensor of inertia. This tensor is symmetric and positive definite. The diagonal
components of the tensor are called moments of inertia.

22.3. Angular momentum
The origin is at the center of mass. So we have
M ="M X G =Y Maia x (DX 70) = ma (7»35 — (7 - Q))
Writing this in components we have
M; = I;0.

e In general the direction of angular momentum M and the direction of the angular
velocity €2 do not coincide.

22.4. Tensor of inertia.

Tensor of inertia is a symmetric tensor of rank two. As any such tensor it can be reduced

to a diagonal form by an appropriate choice of the moving axes. Such axes are called the

principal axes of inertia. The diagonal components [;, I, and I3 are called the principal

moments of inertia. In this axes the kinetic energy is simply

2 2 2

(a) If all three principal moments of inertia are different, then the body is called “asym-
metrical top”.

(b) If two of the moments coincide and the third is different, then it is called “symmetrical
top”.

(c) If all three coincide, then it is “spherical top”.

K =




LECTURE 22. MOTION OF A RIGID BODY. KINEMATICS. KINETIC ENERGY. MOMENTUM. TENSOR OF INE

For any plane figure if 2 is perpendicular to the plane, then I = > myy2, I, = 3 maz2,
and Iy = S mg (22 +142) = I} + [,. If symmetry demands that I; = I, then %]3 = 1.
Example: a disk, a square.

If the body is a line, then (if 2z is along the line) Iy = I3, and I3 = 0. Such system is

called “rotator”.






LECTURE 23

Motion of a rigid body. Rotation of a symmetric top.
Euler angles.

Spherical top.

Arbitrary top rotating around one of its principal axes.

Consider a free rotation of a symmetric top I, = I, # I,, where z, y, and z are the
principal axes. The direction of the angular momentum does not coincide with the direction
of any principle axes. Let’s say, that the angle between M and the moving axes z at some
instant is #. We chose as the axis x the one that is in plane with the two vectors M and 2.

During the motion the total angular momentum is conserved.

The whole motion can be thought as two rotations one the
Wi O rotation of the body around the axes z and the other, called
7 precession, i§ the rotation of the axis z around the direction of

s> the vector M.

At the instant the projection of the angular momentum on
the 2z axis is M cos . This must be equal to I.{),. So we have

M
Q, = TZCOSQ.

In order to find the angular velocity of precession we write

—

- M ~
Figure 1 0= MQW + Q.2

and multiply this equation by z. We find
Q, =, sin 6.
On the other hand

M = Q.13+ Q. 1,2,
multiplying this again by & we find
M
Msinf = Q,1,, Q, = T sin 6.
hence

Q:

pr

M
I,

79
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23.1. Euler’s angles

The total rotation of a rigid body is described by three angles. There are different ways to
parametrize rotations. Here we consider what is called Euler’s angles.

The fixed coordinates are XY Z, the moving coordinates zyz. The plane xy intersects
the plane XY along the line ON called the line of nodes.

The angle 6 is the angle between the Z and z axes.

CVZ The angle ¢ is the angle between the X axes and the
o line of nodes, and the angle v is the angle between
’ the x axes and the line of nodes. The angle 6 is from
0 to m, the ¢ and ¥ angles are from 0 to 2.

I need to find the components of the angular veloc-
ity Q of in the moving frame and the time derivative
of the angles 0, ¢, and .

(a) The vector  is along the line of nodes, so its
components along x, y, and z are ¢, = 0 cos 1),
0, = —0sinvy, and 0, = 0.

(b) The vector ¢ is along the Z direction, so its
component along z is ¢, = ¢cosf. Its com-

Figure 2 ponents along x and y are ¢, = ¢sinf cos 1,
and ¢, = {bsiy@sinw.
(¢) The vector ¢ is along the z direction, so 1), =
¥, and 1), = ¢y =0.

We now collect all angular velocities along each axis as Q, = 0, + ¢, + ¢, etc. and find
O, = B costp + ¢sinfsin
Q, = —0sin 1) + ¢sinf cos
Q. = ¢cosh + 1

These equations allow us to first solve problem in the moving system of coordinates, find
2, 2y, and ., and then calculate 0, ¢, and .

Consider the symmetric top again [, = I,. We take Z to be the direction of the angular
momentum. We can take the axis x coincide with the line of nodes. Then ¢ = 0, and we
have 1, =0, ), = ¢sind, and 2, = ¢cos + 1.

The components of the angular momentum are M, = 1,8}, = 1,0, M, = I,Q), = [,¢sin0,
and M, = I.€Q),. On the other hand M, = M cos¢, M, = 0, and M, = M sinf. Comparing
those we find

M M
), = — cos0.

i=0, Q. =d=1" :



LECTURE 24

Symmetric top in gravitational field.

Figure 1

The angles are unconstrained and change 0 < 6 <
m, 0<,¢ <27

We want to consider the motion of the symmetric
top (I, = I,,) whose lowest point is fixed. We call this
point O. The line ON is the line of nodes. The Euler
angles 0, ¢, and v fully describe the orientation of the
top.

Instead of defining the tensor of inertia with re-
spect to the center of mass, we will define it with
respect to the point O. The principal axes which go
through this point are parallel to the ones through
the center of mass. The principal moment I, does not
change under such shift, the principal moment with
respect to the axes x and y become by I = I, + ml?,
where [ is the distance from the point O to the center
of mass.

Q, = O costp + ¢sinfsiny
Q, = —fsine + Gsin b cos
Q. = dcosh+ 9

The kinetic energy of the symmetric top is

1 1
K=20%24+2
2 Z+2

(Qi + Qg) = ];(w + ¢cosh)? + 5(92 + ¢?sin*0)

The potential energy is simply mgl cos 6, so the Lagrangian is

L= I;(w + ¢cosh)? + ;(92 + ¢?sin? ) — mgl cos f

We see that the Lagrangian does not depend on ¢ and i — this is only correct for the

oL

symmetric top. The corresponding momenta My = % and M3 = £+ are conserved.

M; = ]Z(@/) + {bcos&),

oY
My, = (Isin?6 + I cos? 0)¢ + L) cos 6.
81
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The energy is also conserved

L . . I .. .
E = (¢ + ¢c0s0)’ + (6% + ¢ sin® 0) + mgl cos 6.

The values of Mz, M3, and E are given by the initial conditions.

So we have three unknown functions 6(t), ¢(t), and 1 (t) and three conserved quantities.
The conservation lows then completely determine the whole motion.

From equations for M, and M3 we have

é— Mgz — Mscosf
B Isin%6
3 Mz — M;scosf
= — — 0
v I o8 Isin? 0

We then substitute the values of the ¢ and ¢ into the expression for the energy and find

1 .
E = 5[92 + Ueps(0),

where
M3 (Mz — Mscos6)?
/ o 3 — _ _
EF' =F oL mgl, Uesr(0) 5T e d mgl(1 — cosf).

This is an equation of motion for a 1D motion, so we get

L \ﬁ / do
2 B = Ueys(8)
This is an elliptic integral.

The effective potential energy goes to infinity when 6§ — 0, 7. The function € oscillates
between 6,,;, and 6,,,,, which are the solutions of the equation £’ = U.s¢(#). These oscilla-
tions are called nutations. As ¢ = W the motion depends on weather My — M3 cos 6
changes sign in between 0,,;, and 6,,,4..

We can find a condition for the stable rotation about the Z axes. For such rotation

M;s = My, so the effective potential energy is
%32 sin?(6/2)
21 cos?(0/2)

where the last is correct for small §. We see, that the rotation is stable if MZ > 4Imgl, or

2 4Imgl
Q> =5~

Nowzassuming that MZ ~ 4Imgl we can find the effective energy close to the instability
by going to the fourth order in . We get

1 MS? 2 1 4
Ueps = imgl [(éﬂmgl — 1) 0° + EQ .

24.1. Euler equations.

M2 1
— 2mglsin®(6/2) ~ <3 — mgl) 0%,

Uess = 8T 2

Let’s write the vector M in the following form

—

M = L,Q,& + I,Q,) + L2,
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I want to use the fact that the angular momentum is conserved M = 0. In order to
differentiate the above equation I need to use 7 = Qx4 etc, then

0= M = L,0ud + L,Oy7 + LS+ L0 x &+ 1,0,0 x § + LG x 2.
Multiplying the above equation by z, will find
0= 10 +1,0,0[§ x 2] + LA [2 x 2],
or
O, = (1, — 1,)Q,8,.
Analogously for ¢ and 2, and we get the Euler equations:

L, = (I, — L)Q,0,
1,9y, = (I, — I,)2.Q,
LO. = (I, — 1,)2.9,

One can immediately see, that the energy is conserved.
For a symmetric top I, = I, we find that {2, = const., then denoting w = €2, Iz we get

The solution is

), = Acosuwt, Q, = Asinwt.

So the vector () rotates around the z axis with the frequency w. So does the vector M — this
is the picture in the moving frame of reference. It is the same as the one before.
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24.2. Stability of the free rotation of a asymmetric top.

Conservation of energy and the magnitude of the total angular momentum read
1,932 IyQZ LO?
+ + =
2 2 2
22 + 202 + 12002 = M?
In terms of the components of the angular momentum these equations read
M? M} M?
T Ty z
21, * 21, + 21,
M2+ M} + M2 = M?

The first equation describes an ellipsoid with the semiaxes 21, E, |/2[,F, and /21 E.
The second equation describes a sphere of a radius M. The initial conditions give us £ and
M, the true solution must satisfy the conservation lows at all times. So the vector M will lie
on the lines of intersection of the ellipsoid, and sphere. Notice, how different these lines

E




LECTURE 25
Statics. Strain and Stress.

Static conditions:
e Sum of all forces is zero. 3 F. = 0.
e Sum of all torques is zero: > 7; x F; = 0.

If the sum of all forces is zero, then the torque condition is independent of where the
coordinate origin is.

S (F+a) x F=Y " xF+dxy F
Examples

e A bar on two supports.
e A block with two legs moving on the floor with p; and ps coefficients of friction.
e A ladder in a corner.

A problem for students in class:
e A bar on three supports.
Elastic deformations:

e Continuous media. Scales.
e Small, only linear terms.
e No nonelastic effects.

e Static.

e [sothermal.

25.1. Strain

Let the unstrained lattice be given positions x; and the strained lattice be given positions

x; = x; + u;. The distance dl between two points in the unstrained lattice is given by

dI?* = dz?. The distance dI"* between two points in the strained lattice is given by

dli” = da? = (dz; + du;)® = da} + 2dz;du; + du?

ou; ou; Ouy;
=dI* +2=—dux;d — —dxd
+ oxy, Ty + Oz Oxy, A
(25.1) = dI* 4 2updx;dzy,
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where
1 ou; Ou;  Ou O
- 5(8% + ox; &Elé?ixk)
Normally we will take only the case of small strains, for which

1 0u;  Ouy
25. o .
( 5 3) Wik (a’l?k + 81’1)

Can diagonalize the real symmetric u;;, and get orthogonal basis set. In that local frame
(1,2,3) have dx] = dz1(1 + uy1), etc. Hence the new volume is given by

(25.2) Ui

dV' = dx|dzydaly = drydradrs(1 + ugg + ugg + uss)
(25.4) = dV (1 + uy),

where the trace u;; is invariant to the coordinate system used. Hence the fractional change
in the volume is given by
d(dV)

25.2. Stress

The forces are considered to be short range.
Consider a volume V that is acted on by internal stresses. The force on it due to the
internal stresses is given by

(25.6) E:/

However, because the forces are short-range it should also be possible to write them as an
integral over the surface element dS; = n;dS, where 7 is the outward normal (L&L use df;
for the surface element). Thus we expect that

A,
iq :/E-d.
a v v

for some o;;. Thinking of it as a set of three vectors (labeled by ¢) with vector index j, we
can apply Gauss’s Theorem to rewrite this as

00;;
(25.8) F = / 9% gy,
al’j
so comparison of the two volume integrals gives
25.9 p = —,
(25.9) e

Because there are no self-forces (by Newton’s Third Law), these forces must come from
material that is outside V.
99ii — (). Tf there is a

In equilibrium when only the internal stresses act we have F; = 5%
J

long-range force, such as gravity acting, with force FY = pg;, where p is the mass density and
g; is the gravitational field, then in equilibrium F; + FY = 0. This latter case is important for
objects with relatively small elastic constant per unit mass, because then they must distort
significantly in order to support their weight.
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When no surface force is applied, the stress at the surface is zero. When there is a surface
force P; per unit area, this determines the stress force o;;7;, so

(25.10) Py = oy
If the surface force is a pressure, then P, = —Pn; = 0;;7;. The only way this can be true for
any n is if

Just as the force due to the internal stresses should be written as a surface integral, so
should the torque. Each of the three torques is an antisymmetric tensor, so we consider

My = [ (Fia — Feg)av = [(

_ / (8(Uijxk) RCED)
Oz, Oz,
(25.12) = /(O’ijll,'k — 0y x;)dS; — /(aik — opi)dV.
To eliminate the volume term we require that
(25.13) Tik = Opi-

80’@' (‘3akj
- AV
8:1,']- Tk ax]’ . )

— (o — aki)>dV







LECTURE 26
Work, Stress, and Strain.

26.1. Work by Internal Stresses

If there is a displacement du;, the work per unit volume done on V' by the internal stress
force F; (due to material outside V') is given by 6 R = F;éu;. Hence the total work done by
the internal stresses is given by

SW — / SRAV — / Fosu,dV = / a""? SudV
0 5u (5u
(26.1) i) / ;)
8%

If we transform the first integral to a surface integral, by Gauss s Theorem, and take du; = 0
on the surface — we fix the boundary, then we eliminate the first term. If we use the symmetry
of 0, and the small-amplitude form of the strain, then the last term can be rewritten so that
we deduce that

(262) OR = —aik(5uki.

26.1.1. Thermodynamics

We now assume the system to be in thermodynamic equilibrium. Using the energy density
de and the entropy density s, the first law of thermodynamics gives

(26.3) de = Tds — dR = Tds + o;.dug,;.
Defining the free energy density F' = ¢ — T's we have
(26.4) dF = —sdT + odug;.

In the next section we consider the form of the free energy density as a function of 7" and
Uik -

26.2. Elastic Energy

The elastic equations must be linear, as this is the accuracy which we work with. The energy
density then must be quadratic in the strain tensor. We thus need to construct a scalar out

89



90 SPRING 2016, ARTEM G. ABANOV, ANALYTICAL MECHANICS. PHYS 601

of the strain tensor in the second order. If we assume that the body is isotropic, then the
only way to do that is:

1

Here A\ and p are the only parameters (in the isotropic case). They are called Lamé coeffi-
cients, and in particular p is called the shear modulus or modulus of rigidity. Note that wu;
is associated with a volume change, by (25.5). The quantity

. 1
(26.6) Uik = Uik — §5ikujj

satisfies u;; = 0, and is said to describe a pure shear.
With this definition we have

N 1
(26.7) Uik =ik T+ 3 0ikjj
_ 2 1 . 1
(26.8) ul, =iz, + 3 Uitk + §u3] = U2, + gu?j
Hence ([26.5)) becomes
1 1 1 2
(26.9) F=F,+ 5/\u?i + p(@3, + §u§j) =+ iKufi + pi2,. (K=X\+ gﬂ)

In this form the two elastic terms are independent of one another. For the elastic energy to
correspond to a stable system, each of them must be positive, so K > 0 and p > 0.

26.2.1. Stress
On varying u;, at fixed T the free energy of (26.9) changes by

1

1
so comparison with (26.4)) gives
1

Note that 0;; = 3Ku,;;, so that
O', .
We now solve (26.11f) for u;:

oir — Kujjo
Uik =§5z’kujj +

24
Ok 1 K o
= - 5T
21 3 213
1
Ojj . Oik — 50450k
26.1 =82 4 M 37II TR

In the above the first term has a finite trace and the second term has zero trace.



LECTURE 27
Elastic Modulus’.

27.1. Bulk Modulus and Young’s Modulus

For hydrostatic compression o;, = — P, so (26.12)) gives

P
(27.1) Ujj =~ 75 (hydrostatic compression)

We can think of this as being a du;; that gives a §V/V, by (25.5)), due to P = P, so

1 O ; 10V

27.2 — =% = .

( ) K oP VoP|,

Now let there be a compressive for per unit area P along z for a system with normal

along z, so that 0,, = —P, but 0,, = 0y = 0, 05 = —P. By (26.13) we have u;; = 0 for
1 # k, and

P11
2 . EI: = — R — 3
(27.3) u Uy = 3 (2'“ 3K>
Pl1 1 P 0K 1
27.4 ==t -)=-=, E= .
(27.4) B 3 (3}( * u) E 3K + 11

Notice, that for positive pressure (compression) u,, is always negative, as both K > 0 and
u >0, and hence £ > 0.

The coefficient of P is called the coefficient of extension. Its inverse E is called Young’s
modulus, or the modulus of extension.

In particular a spring constant can be found by

PL L AFE
Ar=unl=—"p=—gph k=7

We now define Poisson’s ratio o via
(27.5) Upy = —OUyy.
Then we find that

(276) g = — — 2“ — —
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Since K and p are positive, the maximum value for o is % and the minimum value is —1. All
materials in Nature (except some) have o > 0.
It is instructive to see, how the volume changes in this experiment

In particular if o = 1/2, then 0V = 0. This is a liquid. One can also see, that 0 = 1/2 means

w=0.
Often one uses F and o instead of K and p. We leave it to the reader to show that

FEo
(27.7) A T (1-20)1+0)
FE
(278) H=30 1)
FE
(27.9) K =302

27.2. Twisted rod.

Let’s take a circular rod of radius a and length L and twist its end by a small angle 6. We
want to calculate the torque required for that.

e We first guess the right solution.

Two cross-section a distance dz from each other are twisted by the angle %dz with respect to
each other. So a point at distance r from the center on the cross-section at z + dz is shifted
by the vector du = r%dze} in comparison to that point in the cross-section at z. We thus
see that the strain tensor is
1dU¢ 10
Heo =M= =57, 2L
and all other elements are zero.
The relation between u;; and o;; is local, so we can write them in any local system of
coordinates. So as the strain tensor is trace-less

0
Orp = Ogy = JUT—.
¢ ® /LL

and all other elements are zeros.

e Notice, that for that stress tensor ag—jﬁ = %z 0, so the condition of equilibrium is

09
satisfied and our guess was right.

Now we calculate the torque on we need to apply to the end. To a small area ds at a
point at distance r from the end we need to apply a force dFe, = 04.dSe,. The torque of
this force with respect to the center is along z direction and is given by dr = rFy = ro,.dS.
So the total torque is

_ _ 4 _ 0 3 _TTH 4
T = /r0¢zd5 = /r,urfrdrow = uz/r drd¢ = 5% 6.
So we can measure g in this experiment by the following way

(a) Prepare rods of different radii and lengths.
(b) For each rod measure torque 7 as a function of angle 6.
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(c) For each rod plot 7 as a function of #. Verify, that for small enough angle 7/6 does
not depend on # and is just a constant. This constant is a slope of each graph at
small 6.

(d) Plot this constant as a function of g—‘f Verify, that the points are on a straight line

for small % The slope of this line at small 7;—“; is the sheer modulus p.






LECTURE 28
Small deformation of a beam.

Let’s consider a small deformation of
a (narrow) beam with rectangular cross-
section under gravity.

e 1 coordinate is along undeformed
beam, y is perpendicular to it.
e Nothing depends on z.
e Part of the beam is compressed, part
is stretched.
e Neutral surface. The coordinates of
the neutral surface is Y (z).
e Deformation is small, |Y'(z)| < 1.
Y’ix) ) dx ~ édx. Un-
der these conditions the angle f(x) ~ Y’(x). So the change of the angle #(x) between two
near points is df =Y (z)dz.
The neutral surface is neither stretched, nor compressed. The line which is a distance y
from this surface is stretched (compressed) in z direction by du, = ydf = yY"dz, so we have

Ouy 0?Y ()

or 7V os2

e The stretching (compression) proportional to the second derivative, as the first de-
rivative describes the uniform rotation of the beam.

The vector dl = (

Uge =

There is no confining in the y or z directions, so we find that
%Y (z)
or?

Consider a cross-section of the beam at point x. The force in the x direction of the dydz
element of the beam is 0,,dzdy. The torque which acts from the left part on the right is
0?Y (z) %Y (z) I [ y2dyd=

Ox? ox? ' - [dydz

The beam is at equilibrium. So if we take a small portion of it, between x and = + dx,

the total force and torque on it must be zero. If the total y component of the force in a

95

Ogx = _Eu:c:(; = _Ey
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cross-section is F', then we have

F
F(z +dx) — F(x) = pgAdz, g:c = pgA.
The total torque acting on this portion is
1
T(x 4+ dz) — 7(x) — F(z)dx + §mpgA(d:c)2 =0, ZT = F(x).
x
From these equations we find
0*r  OF 'Y (x)
— = — = pgA IAE = —pgA.
ozz oz T ot P
The general solution of this equation is simply
C C
Y(z) = —%x‘l + gx?’ + 72x2 + Ciz + Cyp.
%Y (x)
T(z) = —1AFE 92
Y (z)
(28.1) F(x)=—-IAFE 9

The constants must be found from the boundary conditions.

28.1. A beam with free end. Diving board.

We need to determine four unknown constants. Cy, C1, Cs, and Cj.
We take y = 0 at x = 0 — fixing the position of one end — which gives Cy = 0. Another
condition is that at x = 0 the board is horizontal — the end is clamped |,

Y'(z=0)=0

This determines C; = 0.
At the other end (distance L) both the force and the momentum are zero — it is a free
end, so we get the conditions

Y (z) 0*Y (z)
F pu— L = - pu— pu— L = P .
(z=1) oz |, 0, 7(z=1I) o |, 0
These two conditions will define C3 = #4L and Cp = —#4 L2
_ P9 o 2 2
Y(x) = S E” (x 4xL + 6L )

In particular,
P9 4
Y(r=L)=——=—=L"
(v=0)=—31E
Notice the proportionality to the fourth power.
Different modes for the boundary conditions.

e Clamped.
e Supported.
e Eree.
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28.2. A rigid beam on three supports.

Consider an absolutely rigid £ = oo horizontal beam with its ends fixed. Let’s see how the
force on the central support changes as a function of height A of this support. For h < 0 the
force is zero. For h > 0 the force is infinite and A — 0_ and h — 0, are very different. So
the situation is unphysical. It means that the order of limits first £ — oo and then h — 0 is
wrong. We need to take the limits in the opposite order: first take h = 0 and then £ — oo.
In this order the limits are well defined. So we need to solve the static horizontal beam on
three supports for large, but finite £ and then take the limit £ — oo at the very end, when
we already know the solution. Luckily we know how to solve this problem for large E!

The beam is of length L. The central support has a coordinate x = 0 and is at the
distance [y from the left end and at the distance [; from the right end (I; + 1y = L).

The central support exerts a force F5 on the beam. It means that there is a jump in the
internal elastic forces at © = 0. We then need to consider the shape of the beam to be given
by two functions: Y7 (x) and Yg(x). As all supports are at the same height we must have
Yi(x=0)=Y(x =—ly) =Ygr(zx =0)=Yr(zx =1;) =0, so

Y = —52za(x + 1) (22 + Ca + CF) for —lp <z <0
Vi = —5tx(x — 1)) (a:2 + ClRz + Cé%) for 0 <z <y

First let’s calculate the force F5. It is given by

d3YR dSYL pgA R L

Fy = —[AE(

Check the units.
The boundary conditions are

e The beam is smooth at z = 0: %L = M| |
T lz=0 9z [z—0
2 2
e The torques on both ends are zero, %% = 2¥r =0.
’ Oz r=—Io Oz =
. . 2 2
e The torque at x = 0 is continuous: ‘98? = .
7 lz=0 9z |g=0

We thus have four conditions and four unknowns.
We now see what the boundary conditions give one by one:

L,CY = —1,CF.
32+ 208, +clt=0,  32-20CF,+Cl=0.

Cly,ol =t —1,Cf.
These are four linear equation for four unknowns. We only need a combination Cf¥ — CE
from them. Solving the equations we find

1 3+ lyly + 12
Cff = Cf = —5 (L + b)#.

and hence the force is

_pgA (h+1)*\ Mg L2
Fy = - (11+12)<1+ i = 1+Z(L_l) .
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where [ is the distance between the left end and the central support.
After this we find that

Mg I L Mg L-1 L
F==7 - = FL = - .
7 <3+L z)’ T <3+ L L—l)

In particular

e The answer does not depend on E! So the limit £ — oo is well defined!

o If [ = L/2, we have F, = gMg, Fr, = Fr = 13—6Mg. The guy at the center carries
more than half of the total weight!

e If I -0 (Il — L), then F, and Fj, (Fg) diverges. Why?
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