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Spin 1/2 bosons etc. in atheory with Lorentz violation

Roland E. Allen
Center for Theoretical Physics, Texas A&M University

Abstract. An action with unconventional supersymmetry was introdlioean earlier paper.
Here it is shown that this action leads to standard physicgefonions and gauge bosons at
low energy, but to testable extensions of standard physidgfmions at high energy and for
fundamental bosons which have not yet been observed. Farg&athe Lorentz-violating
equation of motion for these bosons implies that they hairelsg.

1. Introduction

The following Euclidean action was postulated in an eagdegper [IL]:

! !
S=[d% MWy — 0T+ S (\Iff\p)z} (1.1)
with
21
Z
v=| , z:<j;> (1.2)
ZN

This action has “natural supersymmetry”, in the sense thatritial bosonic fields;, and
fermionic fieldsz, are treated in exactly the same way. The only differenceasttiez, are
ordinary complex numbers whereas theare anticommuting Grassmann numbers. (Here,
as in Ref. 1, “supersymmetry” is taken to have its generahdifn [g, [3]: An action is
supersymmetric if it is invariant under a transformationahrconverts fermions to bosons and
vice-versa.) It was found in Ref. 1 that standard physiceraerge from (1.1) at energies that
are far below the Planck scale, provided that specific kifidispmlogical defects are included
in the theory. For example, one can obtain®&n(10) grand-unified theory, containing both
the Standard Model and a natural mechanism for small neutnasses [4-15].

In the present paper, it will be shown that the theory prediestable extensions of
standard physics, both for fermions at high energy and fodémental bosons which have
not yet been observed.

2. Canonical Quantization in Lorentzian Spacetime

Path-integral quantization can ordinarily be replaced bgonical quantization, or vice-
versa [1p], through a procedure that is similar to that foingle particle. In the present
theory, whether this can be done consistently is a nontisgae, because the resulting field
theory has some very unconventional features. These willigmissed in Section 4, but in
the present section it will simply be assumed that one canelgfiantized field§ etc. in the
usual way [16-24].
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After a change from path-integral to canonical quantizgtand an inverse Wick rotation
from Euclidean to Lorentzian time (witki, = i5), the action (1.1) becomes

/dD [ PN o, — b, 4+ 26(@* W) } 2.1)

where MY = diag(—1,1,...,1). This notation is rather awkward, however, so for the
remainder of the paper we will let
Sp— 8 U, — 0 (2.2)

with the understanding that these are now quantized opsratd.orentzian spacetime. It is
also understood that raising and lowering of indices is nonedwith the Minkowski metric
tensor:

A"B, =n"A,B, orinD dimensions AY By = n™~ Ay By. (2.3)

Later in this paper we will introduce the metric tensor assted with gravity and general

coordinate transformations. To avoid confusion, this rog¢énsorg,, will always be shown

explicitly, and simple raising and lowering of indices véllvays have the interpretation (2.3).
With the above change of notation, and after an integratyopaots, (2.1) becomes

S = /dD

The resulting equation of motion is

\Iﬂa o0V — Ut b(w” (2.4)

[—%&Vl@M = p+ Viae + DA (\yw)] V=0 , Vie=0b(0'0) (2.5)

vac

where(- - -) represents a vacuum expectation value, and
v = (U)o A (wh). (2.6)

For the remainder of this section, we will consider eithertacuum or a noninteracting free
field in the vacuum. We then have

1 1
(~520" 00 =+ Veae ) W =0, (=500 = 4 Vi) 0y = 0. @2.7)
2m 2m

>UGC

It will be assumed that the physical vacuum contains a cosaterwhose order parameter

Voona = <\Ilb>vac (28)
has the form

\I]cond =U n}:éidn() (29)

U'U = nlne = 1. (2.10)

(As discussed in the next sectiof,,,,, is dominantly due to a GUT field that condenses in
the very early universe. In the present theory, it is noitatt instead exhibits rotations in
space and time that are described by It will also be assumed that the order parameter can
be written in the form

\I]cond - \Ile:ct (xﬂ) \Ijint (xm’ xﬂ) (211)

Uour (1) = Usgr (2) 0222 () e (2.12)
Vint = Uin n;,lr{tz MNint (2.13)
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wherern.,; andn,,; are constant vectors, and the quantities in the lower emuain depend
onz* as well ast™. Let us define external and internal “superfluid velocitieg”

muy = —iU 10y U (2.14)
or

mu, = —iU10,Uest — iU;1 0 Uint (2.15)

My = — iU OmUsns. (2.16)
The fact that/ is unitary implies thad,,UTU = —UT9,,U with UT = U1, or

muy = 10y UTU (2.17)
so that

vl = v (2.18)

In this section we will assume that

0uUint = 0 (2.19)
in which case there are separate equations of motion forrettand internal spacetime:

(=000 — bt ) Wt =0 (2.20)

(=500~ i+ Viae) Wi = 0 @2y)

With (15, = 11— ptess. The quantitied/, ..., pine, andv,,,, are allowed to have a slow parametric
dependence on', as long ag)*0,¥;,, is negligible.
When (2.12), (2.15), and (2.19) are used in (2.20), we obtain

(/1 1 1 1

e (G en = 5000 = pewe) =i (5000 + 00, ) | nllinen =0 222)

and its Hermitian conjugate
(/1 1 1 1

nimtnig <§mv”vu — %8”@ — ,uext) +1 (50“1)” + v”8u> nignm =0. (2.23)

Subtraction gives the equation of continuity

aujgxt =0 ) jg:vt = nlxt nextvunex’t (224)
and addition gives the Bernoulli equation

1

§m17§m + Pex’t = ,uext (225)
where

@ext = let UM,UM Next (226)

1 _
Pemt = _—nexlt/zauﬁﬂniﬂ/c?' (227)
2m

In the present theory, the order parameter in external §paeel ..., has the symmetry
groupU (1) x SU(2). The “superfluid velocity” in external spacetime, can then be written
in terms of the identity matrix® and Pauli matrices® :

v =vto® | p,a=0,1,2,3. (2.28)
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It is assumed that the basic texture of the order paramesectsthat
vp=vi=0, ka=1,2,3 (2.29)
to a good approximation, yielding the simplification

1
§mva“vﬁ + Pyt = Hext- (2.30)

Let
A‘;[Ib =V, — Veong (231)

and let¥, represent either the bosonic fieldl, or the fermionic field¥ ;. If we start with
the case of a free field, which interacts only with the condenand other vacuum fields, (2.4)
gives

1
Sa = - /de \Ill <_%8M8]\/[ - + ‘/vac) \Ila- (232)

SinceV, satisfies a linear equation involving a Hermitian operatozan be written in the
form

W, (@, a™) = o () gy (@) (2.33)
with a summation implied over repeated indices, as usuak J}ghare field operators and

the " are a complete set of basis functions in the internal spabizhware required to be
orthonormal,

[aP it (@) i (@) = 6 (2.34)
and to satisfy the internal equation of motion
1 . ,
(_%amﬁm — Mint + wa) M"t (xm) = 57"¢Z»m (xm> : (2-35)

(The " are allowed to have a slow parametric dependence“oms long ag)d, " is
negligible.) As usual, only the zero modes with= 0 will be kept, since the higher energies
involve nodes in the internal space and are comparablesoWhen (2.33)-(2.35) are used
in (2.32), the result is

S = / d'z (—ﬁ&“&u _ Mm) B (2.36)

wherey, is the vector with components.
Let ), be rewritten in the form

12(1 (l"u) = Uemt (lﬂu) ¢a (xﬂ> . (237)

(The2 x 2 matrixU.,; multiplies each of the 2-component operatp}9 Herey, has a simple
interpretation: It is the field seen by an observer in the &aireference that is moving with
the condensate. In the present theory, the GUT condersgte forms in the very early
universe, and the other bosonic and fermionic fieldsare subsequently born into it. It is
therefore natural to view them from the perspective of thedemsate.

Equation (2.37) is, in fact, exactly analogous to rewritimg wavefunction of a particle in
an ordinary superfluid moving with velocity: v, (x) = exp (iv,x) 1, (x) . Herewy, andy,
are the wavefunctions before and after a Galilean boosgtsubperfluid’s frame of reference.

When (2.37) is substituted into (2.36), the result is

o= [t (bt -0, ) - (G ) v 20
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If n, andv, are slowly varying, so thaF,,; and 9"v, can be neglected, (2.30) yields the
simplification

S, = / de (ﬁaﬂaﬂb + wgaaau> Y. (2.39)
In the present theory, the gravitational vierbein is intetpd as the “superfluid velocity”
associated with the GUT condensatg,,,:

el = vk, (2.40)

Bosonic fields are conventionally represented as dimensifmather than dimensiof/2)
operators, so let us define

oy = ) (2m)"2. (2.41)
Then the action for a free bosonic field is

S, = / d*z ¢} (99, + 2mie"a®d,) by (2.42)
with

S, — / d*z $}0"0,0, asp, — 0o (2.43)

for a plane-wave statg, o« exp (ip,z*). The usual form of the action for a massless and
noninteracting bosonic field is thus regained at high energy
For a free fermionic field, on the other hand, the action is

1
Sy = [d'wy) (%aﬂau + iegaaﬁu) W (2.44)
with
Sy — /d4x w} ieho® 0,y asp, — 0 (2.45)

so the usual form of the action for a massless and nonintegdetrmionic field is regained at
low energy. To be more specific, the standard fermionic adi@egained when
P << mok (2.46)

with m ~ mp.

3. Origin of Gauge Fields

Let us now relax assumption (2.19) and allbyy; to vary with the external coordinates. It

iS convenient to write
Wint (xm) = ﬁint (xu, xm) ‘I’mt (xm) = ﬁint (xu7 xm) Uint (xm) n1/2 (xm) Nint (3-1)

int

wheren,,; (z™) = Ul (z™) U,,, (™) and¥,,, still satisfies the internal equation of motion

int

1 _
(__am&m — Wint + ‘/Uac) \I]int («Tm> = 0. (32)
2m

This is a nonlinear equation becausg. is largely determined by,,,;.
The internal basis functions satisfy (2.35) with= 0:

(_Lamam - ,uint + V;)ac) w;nt (xm) = 0 (33)
2m

This is a linear equation becaugg,. (™) is now regarded as a known function.
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If the vacuum of the internal space had a trivial topologg, dblutions to (3.2) and (3.3)
would be trivial, and the resulting universe would presulypabt support nontrivial structures
such as intelligent life. The full path integral involving.{) contains all configurations of
the fields, however, including those with nontrivial topgies. In the present theory, the
“geography” of the universe inhabited by human beings weslan internal instanton in

d=D -4 (3.4)
dimensions which is analogous td/g1) vortex in2 dimensions or ayU (2) instanton ird
Euclidean dimensions. The standard features of four-dsioeal physics — including gauge
symmetries and chiral fermions — arise from the presendei®fristanton.

In the following, it is not necessary to have a detailed kremlgle of the internal instanton.
The only property required is&dimensional spherical symmetry for the internal condensa
and, as a result, for the function$* defined by

Ot = Uty (3.5)
To be specific, it is required that

K i =0 (3.6)
where

K = K0y (3.7)

is a Killing vector associated with the spherical symmetiryhe internal metric tensay,,..,
defined below. At a given point, the derivatives of (3.7) imeoonly the(d — 1) angular
coordinates, and not the radial coordinatso (3.6) states that;,; and they’"* are functions
only of r.

Although a detailed description is not necessary, it is lwshtle to consider a concrete
example, in whichV,,. = bn..n:.: + Vo andVj is a constant. For clarity, we can start
with a picture in which the instanton occupies an unbound#dme, and then move to a
physically more acceptable description in which it is coadirto a finite regiom < ro. The
finite instanton has finite action, and can be viewed as a fapgi ball of condensate. The
corresponding order parameter has a node at r,, from which the condensate rises to
become fully formed at large. The region- < r, corresponds to our physical universe, and
the region- > ry is unobservable.

The same arguments that led to the external Bernoulli equgfl.25) also yield an
internal Bernoulli equation

1 _ 1
- %nznlt/zamamnzln/f + imnjntvmvmnint — Wit + V;)ac =0. (38)
In our example, it is assumed that the instanton has the symofea (d — 1)-sphere, with
NpU" s = (a/mr)? (3.9)
ma 12 L od [ g d 1p
Then (3.8) can be rewritten as
1 d ( ydf a’ 3
_ -z hal = —f=0 3.11
pd,dp(p dp)+p2f+f f (3.12)

whered' = d—1, p = r/&me, andf = nl/? /nil2 with &y = (2myd, )2, 1 = ptine — Vo,

int int

andn;,; = pl,,/bne.:. The asymptotic solutions to (3.11) are
focp® asp—0 (3.12)
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f=1-a*/2p* asp— o (3.13)
where

n— % [ (d—2)* + 4a? — (d—2)] (3.14)
so that

n=1 ifa*>=d-1. (3.15)

It is easy to show that (3.15) holds for a minimal vortex in tdimensions or a minimal
SU(2) instanton in four dimensions.

Since the volume element is proportionalto 'dp and1 — f? is proportional tgp=2 as
p — oo, the above solution has infinite action. However, we caninlaaolution with finite
action by requiring that

Ui = R(r) 02 Ui ine+ < po (3.16)
Ui =0, p=po (3.17)
Vit = R(7) it 5 p > po (3.18)

so that the instanton is confined to the region inside a ragjwghich is determined by the
boundary conditions below. Then (3.11) is replaced by

1 d [ ,dR\ a

—pd,—dp<,0ddp>+ —R+R*—R =0 , p<p (3.19)
1 1d( 4dR

_%ﬁ$<ddr>+[mm}z TS0 ez (820

Ris required to satisfy (3.19) with the boundary condit®n- 0+ asp — 0. Ris required to
satisfy (3.20) with the boundary conditidh— — (1/bnes:)"? asr — oo (and withd W, /Or
continuous ap = py). In the following, we will be concerned only with the phyaicegion
p < po, and the integrals are over only this region; e.g.,

Vint = / d'z = / d’z. (3.21)
P<po

The above treatment assumes that the second-order equ@idf) and (3.20) are exact.
However, in a picture that will be presented elsewhgrg [@f,continuum approximation is
not perfect, and as a result higher derivatives can be ssgnifinear the Planck scale. For an
nth order differential equation, we have the freedom to ingpoboundary conditions. This
fact makes it possible to satisfy (3.16)-(3.17) for varigakies ofp,, so that the volumé;,,;
of the internal space is largely arbitrary. As in other Kahkdein theories);,; determines
the strength of gravitational and gauge interactions, saatbitrariness ol/,,;, has obvious
anthropic implications.

The vierbeine” of external spacetime was defined in (2.40). It is convertientefine
the remaining components of the vielbein in a slightly défg way, by representinguv,, in
terms of a set of matrices?,

U = Va0 = U1a0® + Va0, (3.22)
and letting
erMe = —Une » M=0/1,....D—1 , c¢>4. (3.23)

(Theo® are associated with.,;, and thes¢ with U;,,;. Since (2.16) implies that,,, = 0, all
the nonzere,, 4, have now been specified.) When (2.19) holds, the only norcarponents
of the metric tensor are

g =n*Febel. (3.24)
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and

Imn = €mcCnc (325)

which are respectively associated with external spacetine the internal space. More
generally, howevernv, contains a contribution

MUo° = —i[j;j (x#, ™) 8“(7int (x#,2™) (3.26)
so thate,,. is nonzero and the metric tensor has off-diagonal compsnent

Gum = €ucCme- (3.27)
In the present theory, just as in classic Kaluza-Klein thespit is appropriate to write

Cuc = ALKZ-”UM s Gum = ALKZ-"gmn (3.28)
or, for later convenience,

MU0° = —ALai (3.29)

0; = mK"v,.0°. (3.30)

For simplicity of notation, let

rlQls) = [ dlvuiriQuin with  (r]s) = 5, (3.31)
for any operator), so that (3.5)-(3.7) and (2.16) give

(r| (=iK) |s) = (r| (=iK}") (imwy) [s) = (rlog]s) . (3.32)
With the definition

15 = (r] (=i |s) (3.33)
we then have

(r|oi|s)y = t°. (3.34)
The Killing vectors have an algebra

KiK; — K;K; = =K (3.35)
or

(—iky) (—iK;) — (—iK;) (—ikG) = icfy (—iKy) (3.36)
so the same is true of the matriags

tit; — tit; = iclte. (3.37)

With the more general version of (2.33) and (2.37),

U, (2, 2™) = Uegr (1) Upe (2, 2™) 00 () 57 (™), (3.38)
we have

0 Vq = Ueyy (2) Usni (at,2™) (Op + imvuao® + imu,.o°) Yl (3.39)
and

/ dlz w909, 0,
= /ddx YT (9, + iMU 0 + iMU,.0°) (8,, + imu,p0” + imvudod) PSapint
= ] B+ i1000°  i0e0%) ) E] (8, + it 50° + imviao) Is) 0%
t
= T {5” (0 + im0 ®) — iALt;t} [5ts (81, + imv,,gaﬁ) - iA,{t;fq] (0
= ol g [(% — iALti) + imvmao‘} [(8,, — iA{;tj) + imvl,gaﬁ] Vg (3.40)
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where (2.34), (3.29), and (3.34) have been used. The a&i88)(then becomes

! ! ! !
S, — / A 1y <%D”DH + 00" Dy + S Dyivkio™ — Smuus + ,,Lezt) b (3.41)

after (2.35) is used, where

D, =0, —iAjt;. (3.42)
With the approximations above (2.39), (2.30) and (2.40)lyntipat
1
S, = / A 1, (%D“DM + iegaaDM) Y. (3.43)

This is in fact the generalization of (2.39) when the “intdrarder parameter” is permitted to
vary as a function of the external coordinat¢s
As in Ref. 1, let us postulate a cosmological model in which

€ = g = €. (3.44)
In this case (3.43) can be rewritten as

S, = / d'z g, (m7§" DD, +icko® D,.) v, (3.45)
where

g =neke; . m=2\m (3.46)

G = (—detgu)? =211 | =2\, (3.47)

(The tilde is a reminder that the above form is not general, thatg*” is not a dynamical
quantity.) In a locally inertial coordinate system with = §* , this becomes

S, — / d'x . (M DD, + io"D,,) v, (3.48)

where the bar has been removed frggifor simplicity, so the fermionic and bosonic actions
are respectively

S; = / d'z ¢yt (m ' DD, +i0"D,,) by (3.49)
and

Sy = / d*z ¢ (97 D,D, + imo"D,) ¢, (3.50)
where now

oy = /2. (3.51)
Again, one regains the usual bosonic action at high energy,

Sy — / d'z ¢} D, Dygy for p* > m, (3.52)

and the usual fermionic action at low energy,
S; — / dz Ylio Dby for p < m, (3.53)

where the expressions now include gauge couplings and aterwm a locally inertial
coordinate system.
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Recall that the initial gauge group is the same as the grouptafions in the internal
space —e.gSO0(10) for d = 10. The generators correspond to a reducible representation of
this group, composed of some set of irreducible repredentathat are left unspecified in the
present paper, although it is clear that one can place tke tignerations of Standard Model
fermions in three spinoridl6 representations. Each field will necessarily have a supegra
with the same quantum numbers, just as in standard supersyyn[Bg,[2y]. We leave the
phenomenology of these fields for future work.

Notice that the deviations from standard physics in (3.4@) @.50) are predicted only
for (i) fermions at very high energy and (ii) fundamental tos which have not yet been
observed. Notice also that the present theory preservésdantge invariance and many
features of Lorentz invariance, including rotational ingace and the requirement that all
massless particles travel with the same speed 1 in a locally inertial coordinate system.
(This last feature follows from (4.18)-(4.21).) It appetrat the present theory is in agreement
with even the most sensitive tests of Lorentz invariance #éna currently available[T28].
Furthermore, issues like causality and logical consistezan ultimately be resolved by
returning to the original action (1.1).

4. Consistency of Canonical Quantization

Let us now consider whether the present theory permits aistens extension of standard
field theory [16-24]. This is not a trivial issue because, antioned above, the fermionic
action (3.49) is Lorentz invariant only at low energy (< m), and the bosonic action (3.50)
has its usual form only at high energy‘(> m).

We will, in fact, encounter a difficulty which is essentialhe same as that encountered in
covariant quantization of the electromagnetic fi¢ld [183t ., be the norm of a one-particle
state|1,,) :

<1p)\|1p>\> = Cp)\ ) |1p)\> = a;)\|0> (41)
wherep is the momentum and is the index defined below in (4.24). As in the case of the
electromagnetic field, the quantization condition (4.30Y448) will imply that there are
intermediate states with negative norm. Even though swthstan be consistently treated
with the formalism of Gupta and Bleuldr J18,] 9] 30], they acé physical, so it is necessary
to require that

apx |phys) =0 if wyy >0 and (,\ <0 (4.2)

box Iphys) =0 if wyy <0 and (p\ <0 (4.3)
wherea,, andb,, are the particle and antiparticle destruction operatar®duced below,
and |phys) represents any physical state. (For the electromagnetit; bee can choose a
gauge such that this condition is satisfied separately famnghysical photons, although in a
general Lorentz gauge it can be relaxeddg; — a,0) [phys) = 0, because the contributions
of longitudinal and scalar photons then cancel.) For femmimm the present context, the
condition for a single-particle state with positive normiwirn out to be

1+ 2w, /m > 0. (4.4)
(See (4.33).) According to (4.18)-(4.21), there is always function of the formu, exp ip’- &
satisfying this requirement, with

A= 1 (4.5)
whereu, is the right-handed 2-component spinor defined below in2.Zhere is also one
positive-norm function of the form, exp ip’- 2, with

A=3 for [pl<m/2 , A=4 for |p| >m/2 (4.6)
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wherew, is the left-handed 2-component spinor defined below in (4.E8r bosons, on the
other hand, the states with positive norm must satisfy

1+ m/2w, > 0. (4.7)

(See (4.50).) There are always two functions of the fograxp ip- # satisfying this condition,
with

A=1lor2. (4.8)
There is also at least one positive-norm function of the fogrexp ip’- &, with
A=4for |p] <m/2, A=3 form/2<|p]<m, A=3ordfor |p]>m. (4.9)

In summary,(,, is > 0 for one-particle states satisfying (4.4)-(4.6) for fermscand (4.7)-
(4.9) for bosons, witlg,, < 0 otherwise.

Let ¢ and¢ represent 2-component, complex fermionic and bosonicsfidil the case
of fermions, and with gauge fields omitted (3.49) gives

Ly, = — m o004 + = (wﬂaﬂauw + h.c.) (4.10)
m! (Yh - 8%*8;@) (ww + il o D) + hec.) (4.11)

wherey) = 9y and “h.c.” means “Hermitian conjugate”. The canonical momenta are(i
convenient but slightly unconventional notation)

oL o1
T Y = —10f e
T, = —— = m + =1 4.12
b= i (412)
(%w — 1.
Ty = 3o Y — §Z¢ (4.13)
and the Hamiltonian density is
Hy = WZW +tmy — Ly (4.14)
m (V) + o i) - (w*a’fakw +he.). (4.15)
From (4.10) we obtain the equation of motion
m 0,0, + io* 0, = 0. (4.16)
Leta, v, be a solution to this equation. Then we can write
V= aptn. (4.17)
For each 3-momentum there are four solutions to (4.16):
¢p1 = Apl up (?iﬁ'f y CLpl = e_iwplxoa pl (0) y wpl = |]7| (418)
Upr = App up €77 4y = ety p2(0) w2 = —m — [p] (4.19)
Vp3 = Apz vp err ap3 = ety p3(0) 5 wpz = —[p] (4.20)
Q/)104 = Ap4 Up eiﬁf y Qpg = € ~iwpa) QAp4 (0) y Wpa = —m + |ﬂ (421)
where
7-pu, = +|plu, (4.22)
G-pvp = — |plup (4.23)
nep A withh=1234 (4.24)
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and theA,, are normalization constants specified below. We can choose

u;up = v;vp =1, u;vp = v;up =0 (4.25)
upul, + vpv; =1 (4.26)
wherel is the2 x 2 identity matrix. Since
ay = —iwpdy C'LIL = iwnaIL (4.27)
(4.12) and (4.13) give
1
= iiz (14 2w, /m) af ! (4.28)
1
Ty = — 5@2 (14 2w, /M) anthy. (4.29)
We quantize by interpreting and=' as operators, and requiring that
= .0 T (=7 ,.0 iS22
[d)(x,x ),ﬂﬂ,(x T )}+.—-25(17 7)1 (4.30)
or more explicitly
= .0 T =1 .0 - -7
[?/)a (x,x ) s T3 (x , X )L =10 (F — Z") 0p (4.31)

wherea and  label the two components af and w:'p, with [X, Y], = XY £ Y X. This
requirement will be satisfied if

T — f
(ansaby] = Gum € (4.32)
¢l = sgn (1 + 2w, /m) (4.33)
S _
[, am], = [an, aer =0 (4.34)
Af A, = V71 4 2w, /| (4.35)

whereV is the normalization volume, since

1 = = 1 = * ip-(F—%'
5 2 1+ 2w /ml g (D) (F) = 5 30 |14 2 /0] A Apyuufe® )

PA=1,2
* % qZ |1+ 2wpp /1| APAA;)\UPU;eiﬁ(f—f')
P A=3,4
=V (up + vy (4.36)
za(f—pi”)l. (4.37)

The equation of motion (4.16) implies th&y, has the formd, M*, so the Hamiltonian density
of (4.14) is

Hy = 7l + diry, — oMM (4.38)

Suppose for the moment that we are interested in the timexged valueHd of the
Hamiltonian. In this context the last term can be ignoredg¢siit does not contribute to
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the four-dimensional integral when boundary terms arernggholn any state, we then have

) = / 'z () (4.39)
= Z wn (1+ an/m alay, /dgx iy, (4.40)
= 3 (afan ) lwal = 3 (babl,¢L) il (4.41)
n,wn >0 n,wn <0

= > (N wnl = 3wl (4.42)

n n,wyn <0

where

N/ =ala, ¢l w, >0 (4.43)
NI =bib, ¢!, w, <0 (4.44)
bh=an by =af, (4.45)

T — T — f
(o bl] | = Jansal] | = bum - (4.46)

The above treatment can be repeated for the fundamentahdasscribed by (3.50),
with

VY — ¢, an — ¢n, Ay — By, by — dy (4.47)
(6 (7,2°) 7} (7,2°)] =id(F— &)1 (4.48)
[ensch] = Oum G waf |wnl (4.49)
CZ = sgn (1 +m/2w,) (4.50)
[Cnsem] = [ch,ch] =0 (4.51)
O, () b (F) = BBy = (2|wn| V)7 [T 4+ m /2w, (4.52)
N =cle, b, w,>0 (4.53)
N =did, ¢, w, <0 (4.54)
d =c, ,d,=cl (4.55)
(dnydl] == [ench] =0l wn<0. (4.56)
(Hy) = Y {chead)lwnl+ Y (dudf, (L) |l (4.57)

n,wn >0 n,wn <0
=S (N wal + > Jwal- (4.58)
n n,wn <0
Returning to (4.15), one can use (4.18)-(4.23) to obtairofieratorH itself:

H =H,+H, (4.59)
Hy = ZNJ jwnl = > |wal (4.60)

n,wn <0

Hy = ZNb jwn| + D fwal (4.61)

n,wn <0
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The total energy in any state is then
(H) =3 (NI) lwnl + 3 (N Jwal (4.62)

In particular, there is a cancellation of the bosonic anthfenic contributions to the vacuum
energy (before the initial supersymmetry of the presenarthes broken) just as in standard
supersymmetry{[27]:

(0|H|0) = 0. (4.63)

These results are not as trivial as they may seem, becauksaghangians of (3.49) and (3.50)
violate Lorentz invariance, and thg, are given by (4.18)-(4.21).

Other conserved quantities will also have their usual forbgexause they also involve
products IikewL(?Vw or wLA@b: According to Noether’s theorem for a single field a
conserved current has the form][17] 18]

oL oL
= —— Ay +a” | =————0,x — LI, 4.64
7= 50 la B0 X ] (4.69
so that
g0 = W;L(AX +a” (71‘;[(81,)( — E&O,,) (4.65)

where each” represents an independent shift of coordinates/apdepresents the effect of
a rotation or gauge transformation. Using the correspandésult for the two fieldg) and
YT, or ¢ and¢’, one obtains the usual expressions for the momenta, anglarenta, and
charges.

The most dramatic prediction of this paper is that the bostaseribed byy have an
equation of motion which requires them to transform as sfirparticles. Furthermore, there
is a clear breaking of particle-antiparticle symmetry ie tepresentation aob even at low
energy. Both of these features are associated with theHatthe present theory violates
Lorentz invariance. The inapplicability of the usual spiatistics and CPT theorems [16,31-
33] will be discussed elsewhere.

5. Conclusion

Let us now summarize some of the results of the precedingpssct

The action (1.1) implies that a GUT-scale condensate (28ng in the very early
universe. It is assumed that two topological defects arez&n into” this condensate as it
forms: a cosmological instanton, which resultsliiil) x SU(2) rotations of the external
order paramete? .., and an internal instanton, which results in rotations efithlernal order
parametery,,;. Since the other fermionic and bosonic fields are born ini® phimordial
condensate, it is natural to transform them to the frame fefeace that rotates with it. In
external spacetime, this leads to an action for fermionlvis Lorentz-invariant at low
energy (compared to an energy scalavhich is presumably well aboveTeV). The action
for the initial fundamental bosons has exactly the same fasnthat for fermions, and is
therefore quite unconventional.

Both fermions and bosons are found to have standard cowglinipe gauge fields of an
SO(d) theory, wherel is the dimension of the space containing the internal instanwith
d = 10, we obtain an50(10) grand-unified theory, which naturally leads to neutrino seas
coupling-constant unification, etc. It was also shown thatfermionic and bosonic fields can
be quantized with either a path-integral or canonical dpson, even though their equations
of motion are unconventional.



Spin 1/2 bosons etc. in atheory with Lorentz violation 15

In this paper we did not attempt to develop a detailed phenofogical picture.
However, the forms (3.49) and (3.50) imply that there ar¢éatde extensions of standard
physics for fermions at high energy and for fundamental hesshich have not yet been
observed. In particular, fermions have an equation of mdtiat violates Lorentz invariance
at high energy, while the bosons discussed in the previaimgeviolate particle-antiparticle
symmetry, and other features associated with Lorentz ienvee, even at low energy. For
example, these bosons have spin 1/2.
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