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The usual building blocks of molecular orbital theory are one-center atomic orbitals. If we instead
use two-center orbitals derived from the exact solution for H+

2 , a simple calculation of the H2

binding energy yields 4.5 eV, with a Hylleraas correlation factor having no adjustable parameters.
Variational minimization with respect to a couple of parameters in our trial function then shifts
the binding energy to 4.7 eV, very near the experimental value. The approach is also applicable
to heteronuclear molecules; e.g. HeH+, whose ground state energy we calculate to be -2.96 hartree
with no adjustable parameters. This is to be compared with -2.98 hartree previously calculated
using a wavefunction with 83 terms.

INTRODUCTION

The description of the covalent bond is one of the
crowning achievements of quantum mechanics, and un-
dergirds all of quantum chemistry [1]. In the words of a
recent insightful article [2]

“It can be said without fear of contradiction
that the two-electron bond is the single most
important stereoelectronic feature of chem-
istry.”

The venerable molecular orbital (MO) theory of Hund
and Mulliken [3] provides a particularly useful tool and
is the basis for much of molecular science. The physics
underlying the two-electron covalent bond of diatomic
molecules is most easily understood by building the two-
electron two-center wavefunctions, e.g. for H2 and LiH,
from the associated one-electron two-center MO’s of, e.g.,
H+

2 and LiH+.
The two-center one-electron molecular ion problem is,

of course, exactly solvable [4–7], and is a logical starting
point for the calculation of diatomic wavefunctions. How-
ever, to quote a good standard text on quantum chem-
istry [8]:

“The difficulty with this calculation lies in
the fact that the exact (two center) MO’s of
H+

2 which we should use . . . are rather an in-
tractable mathematical form. As a crude ap-
proximation we shall replace these exact H+

2

MO’s with their zeroth-order (one center) ap-
proximations. The approximate zeroth-order
functions for the hydrogen molecule now be-
come”

ΨH+

2
,1σ(i) =

[

(2π/α3
S)(1 + S)

]− 1
2
(

e−αSrai + e−αSrbi

)

= 2
[

(2π/α3
S)(1 + S)

]− 1
2

× exp (−αSRλi/2) cosh (αSRµi/2),
(1)

where rai and rbi are the distances of the ith electron from
nuclei a and b, as shown in Fig. 1, λi and µi are the el-
lipsoidal coordinates of the i th electron (i = 1, 2), as
described in Fig. 2, αS is the scaling (screening) param-
eter, and S is the overlap integral. The expectation value
of the binding energy, obtained using the wavefunction
represented by Eq. (1), is in good qualitative, but not
quantitative agreement with the experimental value [9].

The zeroth-order MO function (1) is nothing more than
the sum of 1s ground state hydrogenic wavefunctions in
which the αS variational parameter accounts for screen-
ing effects due to the other bonding electrons. In order to
obtain better MO’s, higher lying atomic configurations,
e.g. 2s and 2p states, are added. Motivated by such con-
siderations, James and Coolidge [10] were led to a trial
wavefunction for H2 of the form

Ψ(J.C.) =
1

2π

∑

Cmnjkle
−α(λ1+λ2)

× (λm
1 λn

2 µj
1µ

k
2rl

12 + λn
1 λm

2 µk
1µj

2r
l
12) (2)

where the notation is explained in Figs. 1 and 2, and the
coefficients Cmnjkl are variational parameters. Following
such an approach, they and others who improved on this
approach, for example, Kolos, Szalewicz and Monkhorst
[11], got a binding energy 4.74 eV for H2 by taking 10
to 249 terms in the series. This is an important result
because it shows that quantum mechanics can describe
the chemical bond quantitatively. However the physically
appealing picture of the bond has been lost. To quote
Mulliken [12]:

“[T]he more accurate the calculations become
the more the concepts tend to vanish into thin
air”.
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FIG. 1: Electronic distances in diatomic molecule. A and B
are the positions of the nuclei with nuclear charges Za and Zb

respectively. The nuclei are fixed and the distance between
them is taken to be the equilibrium bond length for the given
molecule, R = R0. The positions of the electrons are denoted
by 1 and 2.

We are thus motivated to search for a middle ground
between wavefunctions of the types represented by
Eqs. (1) and (2). In particular we note that H2 in the
united atom limit, i.e. He, is modeled quite well by the
Hylleraas wavefunction

ΨHe(1, 2) = ΨH,1s(1)ΨH,1s(2) χ00 (1 + κr12), (3)

where ΨH,1s(1) is the H atom 1s orbital, and the effective
nuclear charge and κ are variational parameters. The
singlet spin function χ00 is given by χ00 = [|↑1↓2〉 - |↓1↑2

〉]/
√

2 and the Hylleraas correlation factor, (1 + κr12),
accounts for the electron-electron repulsion. This yields
a ground state energy which is accurate to better than
1% [14].

We are therefore motivated to consider a separated
atom wavefunction for H2 of the form

ΨH2
(1, 2) = ΨH+

2
,1σ(1)ΨH+

2
,1σ(2) χ00 (1 + κr12), (4)

as indicated in Fig. 3, where now ΨH+

2
,1σ is the exact

two-center orbital obtained from solving the Schrödinger
equation for the ground state of H+

2 in prolate-spheroidal
(ellipsoidal) coordinates. As is explained in the discus-
sion, κ = 1

2 in the Hylleraas correlation factor is obtained
by solving for the wavefunction of the two electron prob-
lem and going to the small r12 limit. (Another choice
for the correlation factor is a Jastrow factor like that
employed by Chin [13].) With this choice

(

κ = 1
2

)

and
no variational or adjustable parameters whatsover (e.g.,
effective charge of nucleus = 1), the molecular binding
energy is already remarkably close to the experimental
value, as shown in Table I. The calculated results can be
improved significantly by allowing one parameter (the α
parameter in Eq. (10)) to be adjusted to minimize the
energy, as also shown in Table I.

To summarize: In the present paper we use only one
ground state molecular orbital, modified by a simple
electronic correlation factor and without any free (varia-
tional) fitting and find a binding energy of 4.5 eV. With

Orbital Binding Energy (eV)
no free 1 free

parameter (screening)
parameter

Bates: Eq. (13) 4.50 4.60
Laguerre: Eq. (15) 4.51 4.62

TABLE I: The binding energy of the H2 molecule for the Bates
and Laguerre forms of the H+

2 orbitals given by Eqs. (13) and
(15) representively. When we allow the α and A parameters
of Eq. (15) to vary, we obtain a binding energy of 4.7 eV.
The binding energy is comparable to the experimental value
of 4.74 eV.

the same form (the exact solution for H+
2 ), but with a

couple of the constants interpreted as variational param-
eters, the binding energy is found to be 4.7 eV. The
present results are obtained (and strengthened) by in-
dependent numerical and analytical calculations, with
different choices for the representation of the exact H+

2

solutions.

METHODOLOGY AND RESULTS

In this section, we review the HM theory of H2 in a
way which makes natural contact with and assists in the
implementation and interpretation of the present calcu-
lations. We then proceed to sketch the analysis using the
H+

2 orbitals. In the concluding paragraphs we summarize
the results and mention straightforward extensions.

Consider a molecule with two nuclei and two valence
electrons, having the Hamiltonian

H = H0(1) + H0(2) +
e2

r12
− ZaZbe

2

R
, (5)

in the Born-Oppenheimer approximation, where

H0(i) = − ~
2

2m
∇2

i −
Zae2

rai
−Zbe

2

rbi
+

ZaZbe
2

R
, i = 1, 2 (6)

is the one-electron Hamiltonian. The notation is illus-
trated in Fig. 1.

The one-electron Hamiltonian operating on the two
electron wavefunction without correlation factor yields
2 EH+

2

, the exact electronic energy in the absence of

electron-electron repulsion. That is,

[H0(1) + H0(2)] Ψ(~r1, ~r2) = 2EH+

2

Ψ(~r1, ~r2). (7)

The binding energy ∆EH2
is then found to be

∆EH2
= 2EH+

2

− ZaZbe
2

R
+

〈

e2

r12

〉

H+

2

+ 2|EH|. (8)
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FIG. 2: (a) Elliptical coordinates (λ, µ). (b) Prolate Spheroidal coordinates (λ, µ, φ) with λ = (ra + rb)/R and µ = (ra − rb)/R.
The range of coordinates is 1 ≤ λ ≤ ∞, −1 ≤ µ ≤ 1 and 0 ≤ φ ≤ 2π.

The final term, 2|EH|, accounts for the fact that the elec-
trons are bound to their individual atomic sites when the
molecule dissociates.

The wavefunction for the H+
2 molecule, in ellipsoidal

coordinates, is given by [4–6]

ϕ(λ, µ, φ) = Λ(λ)M(µ)eimφ, m = 0,±1,±2, . . . ,
(9)

where

Λ(λ) = e−αλL(λ) , (10)

L(λ) = (λ2 − 1)|m|/2(λ + 1)σ
∑

n

an

(

λ − 1

λ + 1

)n

, (11)

M(µ) =

∞
∑

s=0

b2sP
m
m+2s(µ), (12)

α is a function of R, and σ is related to the effective
charge Z∗ by σ = RZ∗

α . (Z∗ is a variational parameter
in the trial wavefunction for H2, whereas Z∗ = 1 in the
exact wavefunction for H+

2 .) For the case m = 0, we have
the ground state solution [4–6]:

ϕI(λ, µ) = N e−αλ(λ + 1)σ

×
[

1 + a1

(

λ − 1

λ + 1

)

+ a2

(

λ − 1

λ + 1

)2

+ . . .

]

× [1 + b2P2(µ) + b4P4(µ) + . . . ] , (13)

where Pl(µ) is a Legendre polynomial and the coefficients
a1, a2, b2, b4, · · · are determined by simple recursion
relations.

We then proceed to solve for 〈H〉 and thus determine
the binding energy in several ways. First we evaluate the
energy integrals numerically in ellipsoidal coordinates.

United-atom state Separated-atom state

He H2

1sσg

2pσu
*

2sσg

2pπu

3pσu
*

1s

2s

2p

. . .

3s
3sσg

3pσu
*

3p

FIG. 3: Schematic correlation diagram for He, the united-
atom limit, and H2, the separated-atom case.

The ground state wavefunction (13) was truncated af-
ter the first few terms. The various convergence checks
and other details will be presented elsewhere. To in-
corporate the electron-electron correlation we introduce
a simple correlation factor f(r12) = 1 + 1

2r12 into the
wavefunction. The binding energy with this correlation
factor is found to be ∆ENumerical

H2
= −4.50 eV. All the pa-

rameters (α, a1, a2, b2, b4, etc.) are determined by solving
the Schrödinger equation for the one-electron two-center
problem of H+

2 . There are no free (“fitting”) parameters;
e.g. the nuclear charge is not screened.
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Parameter ΨI(1, 2) ΨI(1, 2) f(r12) Parameter ΨII(1, 2) ΨII(1, 2) f(r12)

Z∗ 0.7786 0.9370 Z∗ 0.7806 0.9407
N 0.8606 0.8088 N 1.0305 1.0148
α 0.9152 1.0647 α 0.9171 1.0680
a1 0.0072 0.0096 A1 -0.0376 -0.0412
a2 0.0004 0.0004 A2 -0.0045 -0.0043
b2 0.0955 0.1303 B2 0.0959 0.1312
b4 0.0014 0.0026 B4 0.0014 0.0026

2〈H(1)〉 -2.5126 -2.4757 2〈H(1)〉 -2.5125 -2.4757
〈1/r12〉 0.6718 0.5923 〈1/r12〉 0.6710 0.5917
〈H〉 -1.1265 -1.1691 〈H〉 -1.1272 -1.1697

BE (eV) 3.44 4.60 BE (eV) 3.46 4.62

TABLE II: Numerical and analytical results for H2 wavefunctions constructed out of the exact solution for the H+

2 problem. The
only variational parameter here is the nuclear charge Z∗, and all other parameters are calculated by solving the H+

2 eigenvalue
problem for a variationally best effective charge. Here ΨI(1, 2) = ϕI(λ1, µ1)ϕ

I (λ2, µ2), ΨII(1, 2) = ϕII (λ1, µ1)ϕ
II(λ2, µ2), and

f(r12) = 1 + 1

2
r12. The energy unit is the Hartree unless indicated.

We next perform a variational calculation by minimiz-
ing with respect to the effective nuclear charge for both
the uncorrelated and correlated wavefunctions. We find
∆ENumerical

H2
= −3.44 eV for the uncorrelated case and -

4.60 eV for the correlated wavefunction (i.e. without and
with the Hylleraas factor). When a couple of variational
parameters are included, the calculated binding energy
is still closer to the experimental value. Some of the nu-
merical results and corresponding parameter values are
summarized in ΨI(1, 2) and ΨI(1, 2) f(r12) columns of
Tables II.

We next outline an alternative approach, in which the
integrals (e.g. the two-center Coulomb integrals) are
evaluated analytically. To facilitate this analytical for-
mulation, it is helpful to replace (11) by an alternative
representation involving Laguerre functions. We recall
that the single-electron two-center wavefunction is given
by Eq. (9), but the factor Λ(λ) is now expanded as a
series in Laguerre polynomials, following Hylleraas [14]
and Baber and Hasse [7]. For the ground state (m = 0),
it takes the form

Λ(λ) = e−αλ
∞
∑

n=0

An

n!
Ln(x) (14)

where x = 2α(λ − 1). The M(µ) part is again given by
an even series of Legendre polynomials as in Eq. (12).
The details of the analytical calculations will also be
given elsewhere. We truncate the series for both Λ(λ)
and M(µ) after the leading terms, and write the single-
electron two-center wavefunction as

ϕII(λ, µ) = N e−αλ

[

1 + A1L1(x) +
A2

2
L2(x)

]

× [1 + B2P2(µ)] (15)

where the parameters A1, A2, B2 and α are again de-
termined by solving the Schrödinger equation for H+

2 .

To incorporate electron-electron correlations into the
wavefunction we again introduce the correlation factor
f (r12)

(

1 + 1
2r12

)

and repeat the calculation. The results
are summarized in the ΨII(1, 2), and ΨII(1, 2) f(r12)
columns of Tables II.

DISCUSSION

1. The choice of the correlation factor f is best un-
derstood as follows. Write the trial ground state wave-
function as Ψ(r1, r2) = Ψ(r1)Ψ(r2)f(r1, r2), where Ψ(r1)
and Ψ(r2) are exact one electron solutions in the ab-
sence of interaction between electrons. For Ψ(r1, r2) the
Schrödinger equation is (in atomic units)

Ψ(r2)f

(

−∇2
1

2
− Za

ra1
− Zb

rb1

)

Ψ(r1)

+Ψ(r1)f

(

−∇2
2

2
− Za

ra2
− Zb

rb2

)

Ψ(r2)

+Ψ(r1)Ψ(r2)

(

−∇2
1

2
− ∇2

2

2
+

1

r12

)

f

− [Ψ(r2)∇1Ψ(r1)∇1f + Ψ(r1)∇2Ψ(r2)∇2f ]

=

(

E − ZaZb

R

)

Ψ(r1)Ψ(r2)f. (16)

The solution with only the first two terms is just that for
H+

2 as given by Eqs. (13) or (15). The functions Ψ(r1)
and Ψ(r2) exponentially decay at large distances from
the nuclei. The third term corresponds to essentially the
Schrödinger equation for two electrons. The solution is
well known [15] and is given in term of confluent haper-
geometric function.

Due to the fact Ψ(r1) and Ψ(r2) sharply confine the
electrons, only the behavior of f at small distances is im-
portant in determining the molecular energy as an inte-

4
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gral involving the trial function. We thus take the aymp-
totic expression for f , and choose the correlation factor
f by using the condition that the trial function Ψ(r1, r2)
reproduces the correct asymptotic behavior of the exact
two particle wave function at small distances. We then
obtain f = 1 + r12/2. This gives a “natural” factor in
the H2 trial wave function that takes into account corre-
lation between electrons in the ground state. The term
r12/2 appears in order to compensate for the divergent
potential energy of the two electron interaction 1/r12 in
the Schrödinger equation. Thus the usual Hylleraas form
(1 +κr12) is motivated by solving the two (free) electron
problem. However, the idea of matching asymptotic ex-
pansion allows us to construct trial wave functions with
no variational parameters and still obtain the energy with
good accuracy.

The helium atom is the simplest system with which
we can make this point. According to our construction
scheme, the trial wave function for the helium ground
state should be

Ψ(r1, r2) = Ce−2(r1+r2)
(

1 +
r12

2

)

, (17)

where C is the normalization constant. This wave func-
tion has no variational parameters and reproduces the
correct asymptotic form of the exact two electron wave
function at small r1, r2, r12: Ψ ∝ 1 − 2r1 − 2r2 + r12/2.
With the trial function (17), we obtain a ground state
energy of helium EHe = −78.28 eV, which agrees with
the exact value −79.01 eV with an accuracy of better
then 1%. It is worthwhile to note that the Hylleraas trial
wavefunction for helium

Ψ(r1, r2) = Ce−α(r1+r2) (1 + κr12) , (18)

which contains two variational parameters α and κ, only
cuts the error in half, yielding EHe = −78.67 eV (ob-
tained for α = 1.85 and κ = 0.366). I.e., one already
gets close to chemical accuracy with (17), and it is not a
trivial matter to obtain a solution which is substantially
more accurate.

2. The atomic orbital of Eq. (1) inserted into Eq. (4)
with R = 1.4 a0 and αS = 1, yields a binding energy
∆ELCAO ≈ −2.47 eV. However, when we include the
correlation factor

(

1 + 1
2r12

)

the molecule is no longer
bound. When we treat αS as a variational parameter,
we find ∆ELCAO = −3.4 eV when αS = 1.25 without
the f (r12) factor. Upon adding the correlation factor
(1+ 1

2r12), we find ∆ELCAO = −4.2 eV in this case [16].

It is interesting to note that the LCAO binding en-
ergy without the correlation factor is in quite reasonable
agreement with that obtained using the exact H+

2 two
center orbitals of Eqs. (13) and (15). But when the cor-
relation factor is included, one finds ∆ELCAO = −4.2 eV
compared to the 4.6 eV binding energy obtained using
the two-center orbitals.

When performing variational minimization with re-
spect to two or three parameters, we find the binding
energy to be 4.7 eV, very near the experimental value.
This will be presented in detail elsewhere.

The reason that the correlation energy calculated using
the LCAO trial wave function (1) differs from that given
by the exact two-center H+

2 orbitals of Eqs. (13) and
(15) is clear from Eq. (16). The extra terms of the form
∇Ψi ·∇f(r12) have a stronger dependence on the precise
form of Ψ than does the binding energy in the absence of
configuration mixing or correlation effects. That is, the
latter depends on integrals over Ψ, whereas the effect of
electron correlation is governed by derivatives of f (r12),
see Eq. (16).

3. The numerical calculations of the electron integrals
use the Neumann expansion of the interelectronic dis-
tance r

−1
ij . The detailed description of the numerical

method will be published in a future paper and here we
only give a brief introduction to the algorithm.

Let Ψσi = ΨH+

2
,1σ(i). Then the two-center two-

electron integrals with the correlation factor incorporated
can be written as:

Ki
2 = 〈Ψσ1Ψσ2|rl

12h(i)rl′

12|Ψσ′1Ψσ′2〉, i = 1, 2, (19)

where h(i) is

h(i) = − ~
2

2m
∇2

i −
Zae

2

rai
− Zbe

2

rbi
= − ~

2

2m
∇2

i −d(ri). (20)

Using the relation

rl
12(∇2

i r
l′

12Ψσ′i) =
l′

l + l′
∇2

i r
l′

12Ψσ′i − ll′rl+l′−2
12 Ψσ′i

+
l

l + l′
rl+l′

12 ∇2
i Ψσ′i, (21)

it is easy to obtain [17]

Ki
2 = 〈Ψσ1Ψσ2|rl+l′

12 d(ri)|Ψσ′1Ψσ′2〉

−1

2

l′

l + l′
〈∇2

i Ψσ1Ψσ2|rl+l′

12 |Ψσ′1Ψσ′2〉

+
1

2
ll′〈Ψσ1Ψσ2|rl+l′−2

12 |Ψσ′1Ψσ′2〉

−1

2

l

l + l′
〈Ψσ1Ψσ2|rl+l′

12 |∇2
i Ψσ′1Ψσ′2〉. (22)

The resulting integrals are a linear combination of
the products of one-dimensional integrals for µ and two-
dimensional integrals for λ. The one-dimensional inte-
gration is performed using the TD01AHF routine of the
NAG library, and the two-dimensional integration is per-
formed with the TD01DAF routine of the same library.
The numerical results for the wavefunction given by Eq.
(15) is confirmed to be accurate to at least 10 significant
digits when compared with the analytical calculation is
described in the next section.

5
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4. For the trial function using the Laguerre expansion
for Λ(λ), there is an analytical technique to integrate
each component of the Hamiltonian, because we know the
functional form of the trial wavefunction. After writing
the expressions for the expectation value of the Hamil-
tonian in spheroidal coordinates (including 1/r12 using
the Neumann expansion), each integration can be done
by several methods. In 1931, Rosen [18] derived all the
necessary integration formulas with recurrence relations
that are very useful for two-center molecular calculations.

For example, including the Jacobian which is propor-
tional to (λ2 −µ2), we can decompose the whole integra-
tion over λ and µ. In particular, one of the λ-integrations
for the repulsive Coulomb interaction between two elec-
trons is

S(m, n; α) ≡
∫ ∞

1

dλ1

∫ λ1

1

dλ2e
−α(λ1+λ2)λm

1 λn
2 . (23)

The recurrence relation to get arbitrary S(m, n) is

S(m, n; α) =
1

α
[mS(m − 1, n; α) + A(m + n; α)] ,(24)

S(0, n; α) =
1

α
A(n; 2α) (25)

where

A(m; α) =

∫ ∞

1

e−αλλm dλ

=
1

α

[

e−α + mA(m − 1; α)
]

, (26)

A(0; α) =
e−α

α
. (27)

Using the proper recurrence relations, we can calcu-
late the expectation value of the Hamiltonian using an
analytic method.

5. The trial wavefunction given by Eq. (16), in terms
of Laguerre functions, sheds some light on the James-
Coolidge wave function. To show this, consider our trial
wavefunction

Ψ(1, 2) = Ψ(1)Ψ(2)

(

1 +
1

2
r12

)

, (28)

where

Ψ(1) = Ñe−αλ1

(

∑

p

Ap

p!
Lp(2α(λ1 − 1))

)

×
(

∑

q

B2qP2q(µ1)

)

. (29)

We may compare this to the James-Coolidge trial wave-
function (2) by writing Lp and P2q explicitly. For exam-
ple, if we truncate the sum on p and q to get ΨII(1, 2)
as given in Table II, we find a wavefunction of the form
(2), a typical term of which is

1

2π
C21200(λ

2
1λ2µ

2
1 + λ1λ

2
2µ

2
2), (30)

where

C21200 = −6πÑ2α3A2(A1 + A2 + αA2)B2

(

1 − B2

2

)

.

(31)
The other coefficients are easily calculated.

Thus we see that the various terms in the series of Eq.
(2) are closely related to the two-center orbital result
(18).

6. After completing this research we became aware
of an important paper by Stern and Lefebvre (SL) [19].
They used exact two-center H+

2 orbitals with an approach
that is complementary to that of the present paper. In
particular, they obtained a binding energy of 4.74 eV for
H2 using 10 diatomic orbitals, with the effective nuclear
charge as a variable parameter. This is to be compared
with the earlier work of Kolos and Wolniewicz [20], who
get the same result using 80 single-center atomic orbitals,
and the pioneering calculation of James and Coolidge [21]
who obtained 4.7 eV using a 13 term wavefunction which
includes the interelectronic distance explicitly. Thus the
SL results demonstrate nicely the advantage of using
two-center, diatomic orbitals. Other workers have used
diatomic orbitals but with less success. For example,
Condon [22] used the H+

2 wavefunction to calculate the
binding energy of H2, but completely neglected the key
electron-electron interaction term, so the results are not
very meaningful. Wallis and Hulburt [23] used H+

2 di-
atomic orbitals with effective nuclear charges, and by
careful calculation found a binding energy of 3.41 eV.

We have very recently become aware of two additional
papers which treat the H2 molecule in a kindred spirit [24,
25], making use of the exact H+

2 solution and a quite
similar correlation factor. These papers deal, in part,
with a controversy concerning numerical results. We will
publish our calculations relevant to this issue elsewhere.

7. Accurate wavefunctions for the excited states of H2

have been given by e.g. Kolos and Roothan [26] and
Kolos and Rychlewsk [27] by extensions of wavefunctions
of the kind given by Eq. (3). However, the ground state
(4) suggests an immediate form for the excited states.
For example, the attractive 1Σ+

u state is given by

ΨH2,1Σu+(1, 2) = [ΨH+

2
,1σ(1)ΨH+

2
,1u(2)

+ΨH+

2
,1σ(2)ΨH+

2
,1u(1)]

×χ00

(

1 +
1

2
r12

)

, (32)

where ΨH+

2
,1u is the first excited (ungerade) state of H2.

Clearly similar expressions can be written down for other
excited states such as the 3Σ+

u state etc.
8. The same ideas can be carried over to other di-

atomics, since an exact solution also exists for the
heteronuclear case [28], with different effective nuclear
charges in (13) and (15). A detailed treatment of
this problem will be given elsewhere [29], and here we

6
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TABLE III: Ground state energy of HeH+ molecular ion ob-
tained with different forms for the wavefunction and different
approximations.

Wave Energy (hartree)
function no variational 2 adjustable

parameters parameters

ΨI

HeH+ -2.9531 -2.9664

ΨII

HeH+ -2.9596 -2.9738

present only some central results: Let ΨHeH++,1sσ be
the ground state wavefunction for the HeH++ molecular
ion, obtained by solving the Schrödinger equation for this
heteronuclear problem in prolate-spheroidal coordinates.
We then adopt the same approach that was used above
for H+

2 , employing a simple form for the two-electron
ground-state wavefunction of HeH+:

ΨI
HeH+(1, 2) = ΨHeH++,1sσ(1)ΨHeH++,1sσ(2)

×χ00

(

1 +
1

2
r12

)

. (33)

The electronic energy of the ground state is found to
be -2.9531 hartree without any variational parameters.
On the other hand, if the effective charges are treated as
variational parameters, we find that the energy is lowered
to -2.9596 hartree. We then repeat the above calculations
using a state with two configurations, having the form

ΨII
HeH+(1, 2) =

[

c1Ψ(HeH++,1sσ)2 + c2Ψ(HeH++,2pσ)2
]

×χ00

(

1 +
1

2
r12

)

,(34)

where

Ψ(HeH++,1sσ)2 = ΨHeH++,1sσ(1)ΨHeH++,1sσ(2) (35)

Ψ(HeH++,2pσ)2 = ΨHeH++,2pσ(1)ΨHeH++,2pσ(2) (36)

In Eq. (36), ΨHeH++,2pσ is the wavefunction for the first
electronically excited state of HeH++. The electronic en-
ergy of the ground state is then further lowered to -2.9664
hartree when there are no variational parameters, and
- 2.9738 hartree when the effective charges are used as
parameters in a variational calculation. The results of
all four calculations are given in Table III.

The electronic energy calculated above with a simple
two-center wavefunction is to be compared with the -
2.9787 hartree obtained using a Hylleraas type wavefunc-
tion with 83 terms [30], or -2.9736 hartree obtained in an
ab initio calculation at the MP4/6-311++G(3df, 3dp)
level [31].

CONCLUSION

In traditional quantum chemistry calculations, the
pursuit of accuracy has typically led to more and more
complicated representations, which obscure the funda-
mental chemistry and physics. (See the quotations from
Mulliken given above.) The present approach, on the
other hand, focuses on a two-center picture that directly
incorporates the chemical bond from the outset. In ad-
dition, it incorporates the effects of electron correlation
in a physically appealing way, through a correlation fac-
tor that expresses the tendency of two electrons to avoid
each other because of their Coulomb repulsion. Config-
uration interaction is viewed as a separate effect, which
has a direct physical and chemical interpretation of its
own, and which can be included after the basic effect
of electron correlation has already been accounted for in
each configuration.

In conclusion, the two-center correlated basis functions
of the present paper are a promising route to more ef-
ficient and more physically meaningful calculations in
quantum chemistry.
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