Chapter I: Necessary Elements of Calculus

Usually a course in mechanics has some calculus as a prerequisite. Nonetheless, I will
assume that you know nothing about derivatives or integrals and will try to supply you
with these necessary tools of calculus in this chapter. While it may be true that this, as
well as the other sections on mathematics, will be repulsive to a real mathematician it
should be sufficient for our purpose. You will have plenty of practice with these abstract
ideas in the chapter immediately following, but make sure you can work the problems at
the end of this chapter before going on.

Introduction to Perivatives

Suppose you have a function of z which we will denote by f(z). For example, you
could have f(z) = kz? where k is some constant. For any given function you could evaluate
the function at any values of z. In particular you could find, for two points z; and 24, the
numbers f(z1 ) and f(x2). You could then calculate

flea) = fle1)

Ly — Ty

Suppose we let z; be any arbitrary value, z, and we take x5 to be just a bit larger
than this, 9 = 2 + Ax. Then the above ratio becomes

flo + &)~ f(z) _ flo+0)— f(a)
(z+ Az)—=z Az '

We call this % and, as you see, it measures the change in the value of the function
when the variable is changed by an amount Az. For most functions -ﬁ—% will be different for
different values of Axz. It turns out to be very convenient to have something like —%ﬁ:— which
does not depend on the size of Az. For the kind of functions one runs into in this course
if you make Az smaller and smaller the value of % ultimately stops changing. Making
Az smaller and smaller is mathematically called “taking the limit as Az approaches zero.”
The value of %E is, in this case, called the “derivative of f with respect to z” and is given

the symbol %. To summarize

@ fetAn) - f@)
= hmitag—o .

dx Az

Before concluding that this messy looking thing is very complicated, let’s consider a few
exarnples.

Consider the simplest of all functions f{(z) = k where k is a constant. If we draw a
graph of this function it looks like



>

No matter what value # has, the function is always equal to k. Then

Af _flztda)—f(e) Rk
Az Az T Az

no matter how small we make Az. Therefore, if
fle) =k

then
df
de
In this example we never needed to “take the limit as Az approached zero” because

%% didn’t depend on the size of Az.
Consider now the next most simple function, f(z) = =. Such a function is shown

0.

below
A
f(x)
~
-
X
Now if we calculate %ﬁ-, starting at any x, we find

Af _ flz+Az)— f(z) (z+Az)—z Az

As Az An T As !

and again i’g—g is independent of the size of Az. Thus if we let Az get very small we still
have the same value. Therefore, if

fle) =z
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then
df
- =
and again all the bother with the limit business was irrelevant.
Exercise. Show that if f(z) = kz, then a‘% = K.
We do one last example, the function f(z) = kz? where k is a constant. This is, in
fact, the most complicated function we will have to deal with for most of the course. Again

we start by calculating %i— for any value of Az starting at any z:

1

Af _ fle + Az} — fl=) _ k(z + Az)? — ka?

Az A Az
_ kz? + 2kzAz + k(;ﬁ&x)z — kxz?
- Azr
= 2kz + kAz.

Now it is clear that the value of %% depends on how small we make Az. If we let Az
go zero then the term kAz also goes to zero. We have, then, if

f(z) = ka?®
then of

One can use the procedure above to find the derivative of any function. If we tabulate
the results we have just obtained, including those from the exercise,

fle) | £

k
kx k
kx? 2k

we might see a pattern. In fact you should convince yourself that the general formula

dikz™)
de

gives back the results we have obtained for n = 0, 1 and 2 and we will assume (its even
correct) that it works for any number. The process of obtaining a derivative is called
differentiating a funciion with respect to its variable and we can now differentiate any
poiynomial of # with respect to . We will also need to know how to differentiate a function
which is the sum of two simple functions of the form kz™. It is easy to see that the derivative
of a sum of functions is the sum of derivatives. To prove this we go back to the definition.
Suppose we want the derivative of f{#} + g(z) where f and g are any functions.

W+g) . fla+Ae)+ gl Ae) - f(z) glz)
dx i Az

nkz™ ™1 (n any integer)




f(z + Az) — f(z) + g(z + Az) — g(z)
Az Az

_df | dg
= + Te
This 1s all we will need to know about derivatives for some time.

= limaz 0

Introduction to Integrals

The integral of a function is related to the area under a curve. Because of this,
integrals are really easier to understand than derivatives. Suppose we have a function f(z)
as shown below:

A

) /

= V

A B

We want to know the area under the curve f(z) between the points z = A and z = B.
(This may seem to be an absurd thing to be interested in, but it is very usefull) We could
get an approximate answer by dividing the interval between 4 and B into segments which
have a length Az

"Then the area under the curve is roughly the sum of the areas of a bunch of rectangles
where each rectangle has a base of length Az and a height given by the value of f(z) at
the left hand edge of the rectangle. Calling the sum of these areas I we have

I=fA)Az + f(A+ Az)Az + f(A+2Az)Az + - + f(B — Az)Az.

Now I will depend on the size of Az because we are making an error in calculating
the area under f(x) - specifically we are leaving out the little pieces not contained in our
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rectangles. For example the errors being made for three different values of Az are shown
in the shaded areas below:

AN
fx)

; P .
A B~ A B 4
Ax= B-A Ax= L (B-A)

H you think about it for a moment you will see that the smaller we make Az, the
smaller will be the error in our approximation to the area. Of course, we pay a price for
getting a mmore accurate answer in that the smaller we make Az the larger the number of
terms we have to calculate for I. We can now define an integral. It is the value of I when
we let Az go to zero. We write it as

B
| [ f(z)de

A

and you can think of f(z)dz as the area of a rectangle whose base is d, infinitesimally
small. The integral sign, [, can be thought of as 2 summation sign,y , where you have to-
sum an infinite number of terms. It should be stressed that the integral is just exactly the

area under the curve.
To clarify things we’ll again consider the simple functions. If f (z) = k, a constant,

A
F(x)

k

b o

T~
-

p - AU |
w
>

then

B
ff(:c)dm = f(A)Az + f(4+ Az)Az +---f(B - Az)Az
A

with Az “going to zero.” But here
f(A) = f(A+ Az) = flanything) = k
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so that

flz)de = k{Az + Az + Az + -

b\m

el

- ( the distance between A and B)
= k(B — 4),

just the base times the height.
For the second example we consider the function f(z) = kz :

£(x)
KB f==========

KAf----

s e o —

>

A X

It is pretty clear that the area we are interested in can be broken up into the area of
a rectangle whose height is k4 and a triangle whose height is (kB — k A}, as shown below.

o

f{x)
kBT~~~ """""" :
N - ; <---- triangle area %(kB—kA)(B-A)
; E <‘“"; rectangle area kA(B-A)
A B X

Then 5
/f(m)dm = kAL — A} + %{kB - EA)E ~ A)
A

1 1
= (kd + 3hB — 5kA)(B - 4)

1 1 1
= (kA + =k Ay = -k(B*— 4%
(GhA = SkB)(B - 4) = sh(B* ~ 4)

(This is just the difference in area between the triangle with base B and the one with
base A.) In this case it is not so simple to arrive at this answer by breaking the desired
area into rectangles but we have the answer anyway.
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Now its pretty dangerous to try to get a general formula for the integral of a function
from these two simple results. Dangerous or not we will do it. We have

B
f(z) [ fe)de
A
k k(B — A)
kz | 1k(B? - 4%)

and if vou test it (and you should) you will see that

B
1 1
/(k:n”)dm = — 1kB""H - —mjl_wikAnH { for n any positive integer)
n 4 n
A

again gives back the resuits we had forn =0 and n = 1 and, in fact, it is correct for any
number except n = —1.

Such integrals are called definite integrals because we are calculating the area between
two definite points, called the limits of integration. A more useful quantity is the indefinite
integral which we now define. Suppose we do not specify the value of B but rather let B
be any value of z. Furthermore, suppose we assume that we start from A = 0. Then, for
the simplest function we would have

r
/ kdz = kx.
0

or, omitting the upper limit of integration,

fkdm = k.

Y

Now if we want to start this integral at any other value of A we will have to subiract
the area from zero to the desired value of A. If we leave the limits undefined then the
“correction” for where the integral starts is called the constant of integration. The integral
is then called an indefinite integral, with no upper or lower limits. We indicate all of this
by writing

[kdm = kx + constant of integration

1 . .
fkmda: = §kz2 + constant of integration

and, in general,

1 !
f(kwn)dm = — k2™ + constant of integration.

n 4+ 1
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If this is the first time vou have seen an integral, I would be surprised if you felt
comfortable with this constant of integration business. Just relax. This is something
which will become crystal clear when we use it in the next chapter.

Relation Between Integration and Differentiation

We end this chapter by demonstrating a very important relation between integrals
and derivatives. Suppose we have the function

f(e) = ke
and we differentiate with respect to x:
df
o=
dz

Suppose we now integrate the result

/kd:c = fka:odaz (since z° = 1)

1 ‘ .
=03 1kw6‘"1 + constant of integration
=kz +¢ (Here we call the constant c.)

Thus if we start with this simple function, differentiate with respect to x and then integrate
we come back to the same function - except for the pesky constant of integration.
Exercise: Prove that the same thing happens if you start with f(z) = kx?.
We now prove that the same thing happens for the general function flz) = ka™.
According to our rule

d
gg = nkz™ 1.

To use our handy integral formula we note that this new function is a constant, {nk), times
z raised to the n—1 power. Our formula then says the answer is

H

times (the constant) times zP°“*" "1,
the power -+ 1

The power was n ~ 1 so that the result is

/nkwnwldw = (W%TT (nk) - AGRE
n—1)+

21-(nk)-mn-i—c:km“~%~c
n



so that again- except for the constant of integration ¢ - we get back to where we started
by differentiating and then integrating. We can write this as

/ %d& = f(z) + ¢
Exercise: Just to prove to yourself that you can manipulate these new quantities,
integrals and derivatives, show that starting with f(z) = kz™ and integrating, and then
differentiating the result with respect to z, you get back the original function.
We have seen that integration is the “inverse” procedure of differentiation. The reason
this inverse operation contains the “constant of integration” can be seen from the fact that

fi(z) = ka™
fg(.’L‘) = kx™ + )
and
falz) = kz® 4+ ¢ (with ¢ any constant)

all have the same derivatives:

dfi _dfs _ dfs _
e R S S e k‘ n 1,
dz dz de 00

Since integrating is supposed to bring us back to the original function we must have the
freedom to choose an additive constant to make up for the constant that gets lost in the

differentiation.
Summary

We defined the derivative of a function f(«z) by the equation

a . . flz + Az) — f(z)
T limitap— :
dz fimitaz—o Ax
We “derived” the formula for the derivative of a polynomial
d(ka?) _ pom-1
dz

A definite integral was defined as the area under a curve between prescribed points
called the limits of integration. If the function is a polynomial, then
B

ng. _ 1 ntl _ gntl .
/k:c dz = n+1k(B AT (for n # 1)
A

If the limits of integration are not specified, the integral is called an indefinite integral
and, for polynomials,

fka:nd:c = nilkwwﬂl +¢

Integration and differentiation were shown to be inverse operations. In other words, up to
a constant, the integral of the derivative of a function is the function itself. Thus

d
c—;—;—dm = f(z) +c.



PROBLEMS - CHAPTER I

. Show that the general formula for the derivative of a polynomial agrees with the
definition in terms of limits for the specific function f(z) = kz®.

. Use the general integration formula to find the area under f(z) = 3z between ¢ = 2
and & = 3.

. Show that starting with f(z) = 32® you get back the same function by integrating
and then differentiating.

. Find the constant of integration if you are told that the value of the integral at z = 2
is 10 for the function f(z) = 3z
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SOLUTIONS - CHAPTER 1

1. The general formula gives

3
d(ke’) = 3kx?.
dz
From the definition
b4 _ . flz + Az) — f(=)
dz As—0 Az ‘
— km k(z + Az)® — k2’
= WA 20 A:E
, k(z® + 322 Az + 3z(Az)? + (Ac)®) — ke
= lzmﬁ}.z—vﬁ Az

= limaz—ok (32° + 3zAz + (Az)?).

The last two terms go o zero as Az — 0 while the first is independent of Az. Thus

gi = 3ka?.

T

3
2. 5,f(:s,x?’)d:c =573 [3* -2 = 81 - 16] = 482

3. f(z) = 32° ]
f3m3dm = zi—:c‘l + ¢

d3z? -+ c] _ d{2z?] | de
de de  dz
= 3z° + 0.

We have used the fact that the derivative of & sum of functions is the sum of their
individual derivatives.

4. For f(z) = 32?
Ii= /3:c2d:c = 2* + const

Atz =12,T=(2)®+c=8+c Weare given that I at @ = 2 is 10. Therefore ¢ = 2.
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EXERCISES -CHAPTER 1
Find the derivative of

.5 1
a. 4u? b, 5z° c. 12z

Use the definition of the derivative in terms of Az to show that

dlaz? + bz

- = 2ax -+ b

This shows that “the derivative of the sum of two functions is the sum of the deriva-

tives”.

Start with the answers to exercise 1 and show that integrating these functions gives
back the original functions, except for the constant of integration.

Find the derivatives of
a. 4z? + bz + 11

b+ 1
i3

Evaluate the following definite integrals
3

a. [2z%de
0

1

b. f[[2® + zide

o

3
c.f:z:“zdx
1

3
d[2z*
d. -d
f dr ¢
2
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o

a. Be-+5

a. 18

ANSWERS - CHAPTER 1
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