Gravitational Physics 647

ABSTRACT

In this course, we develop the subject of General Relativity, and its applications to the

study of gravitational physics.
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1 Introduction to General Relativity: The Equivalence Prin-

ciple

Men occasionally stumble over the truth, but most of them pick themselves up and hurry off

as if nothing ever happened. — Sir Winston Churchill

The experimental underpinning of Special Relativity is the observation that the speed of
light is the same in all inertial frames, and that the fundamental laws of physics are the same
in all inertial frames. Because the speed of light is so large in comparison to the velocities
that we experience in “everyday life,” this means that we have very little direct experience
of special-relativistics effects, and in consequence special relativity can often seem rather
counter-intuitive.

By contrast, and perhaps rather surprisingly, the essential principles on which Einstein’s
theory of General Relativity are based are not in fact a yet-further abstraction of the
already counter-intuitive theory of Special Relativity. In fact, perhaps remarkably, General
Relativity has as its cornerstone an observation that is absolutely familiar and intuitively
understandable in everyday life. So familiar, in fact, that it took someone with the genius
of Einstein to see it for what it really was, and to extract from it a profoundly new way of
understanding the world. (Sadly, even though this happened over a hundred years ago, not
everyone has yet caught up with the revolution in understanding that Einstein achieved.
Nowhere is this more apparent than in the teaching of mechanics in a typical undergraduate
physics course!)

The cornerstone of Special Relativity is the observation that the speed of light is the same
in all inertial frames. From this the consequences of Lorentz contraction, time dilation, and
the covariant behaviour of the fundamental physical laws under Lorentz transformations all
logically follow. The intuition for understanding Special Relativity is not profound, but it
has to be acquired, since it is not the intuition of our everyday experience. In our everyday
lives velocities are so small in comparison to the speed of light that we don’t notice even a
hint of special-relativistic effects, and so we have to train ourselves to imagine how things will
behave when the velocities are large. Of course in the laboratory it is now a commonplace
to encounter situations where special-relativisitic effects are crucially important.

The cornerstone of General Relativity is the Principle of Fquivalence. There are many
ways of stating this, but perhaps the simplest is the assertion that gravitational mass and
inertial mass are the same.

In the framework of Newtonian gravity, the gravitational mass of an object is the con-



stant of proportionality Mg,y in the equation describing the force on an object in the
Earth’s gravitational field g:

= GMe Mgray 7

F=Mgag= ) (1.1)

r3
where 7 is the position vector of a point on the surface of the Earth, M, is the mass of the
earth, and GG is Newton’s constant.

More generally, if ® is the Newtonian gravitational potential then an object with grav-

itational mass Mg,y experiences a gravitational force given by
F = Mg V. (1.2)

The inertial mass Minertial Of an object is the constant of proportionality in Newton’s
second law, describing the force it experiences if it has an acceleration @ relative to an
inertial frame:

ﬁ = Minertial a. (13)

It is a matter of everyday observation, and is confirmed to high precision in the laboratory

in experiments such as the E6tvos experiment, that!

Mgrav = {Minertial - (1 4)

It is an immediate consequence of (1.1) and (1.3) that an object placed in the Earth’s
gravitational field, with no other forces acting, will have an acceleration (relative to the

surface of the Earth) given by

— Mgrav —
— L 1.5
Minertial ( )
From (1.4), we therefore have the famous result
a=g, (1.6)

which says that all objects fall at the same rate. This was allegedly demonstrated by Galileo
in Pisa, by dropping objects of different compositions off the leaning tower.
More generally, if the object is placed in a Newtonian gravitational potential ® then
from (1.2) and (1.3) it will suffer an acceleration given by
Mgray

Vh = -V, 1.7
Minertial ( )

i=—

To be more precise, since in Newtonian physics there is no a priori reason to expect the equality
of the two concepts of mass, one might in principle be using two entirely different systems of units for
measuring gravitational mass and inertial mass. The E6tvos type experiments then establish that the ratio
Mgrav /Minertial is the same for all materials, and so one can then adopt the same unit of mass for measuring

each, leading to eqn (1.4).



with the second equality holding if the inertial and gravitational masses of the object are
equal.

In Newtonian mechanics, this equality of gravitational and inertial mass is noted, the
two quantities are set equal and called simply M, and then one moves on to other things.
There is nothing in Newtonian mechanics that requires one to equate Mgray and Minertial-
If experiments had shown that the ratio Mgray/Minertial Were different for different objects,
that would be fine too; one would simply make sure to use the right type of mass in the
right place. For a Newtonian physicist the equality of gravitational and inertial mass is
little more than an amusing coincidence, which allows one to use one symbol instead of two,
and which therefore makes some equations a little simpler.

The big failing of the Newtonian approach is that it fails to ask why s the gravitational
mass equal to the inertial mass? Or, perhaps a better and more scientific way to express
the question is what symmetry in the laws of nature forces the gravitational and inertial
masses to be equal? The more we probe the fundamental laws of nature, the more we find
that fundamental “coincidences” just don’t happen; if two concepts that a priori look to
be totally different turn out to be the same, nature is trying to tell us something. This, in
turn, should be reflected in the fundamental laws of nature.

Einstein’s genius was to recognise that the equality of gravitational and inertial mass is
much more than just an amusing coincidence; nature is telling us something very profound
about gravity. In particular, it is telling us that we cannot distinguish, at least by a local
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experiment, between the “force of gravity,” and the force that an object experiences when
it accelerates relative to an inertial frame. For example, an observer in a small closed box
cannot tell whether he is sitting on the surface of the Earth, or instead is in outer space in
a rocket accelerating at 32 ft. per second per second.

The Newtonian physicist responds to this by going through all manner of circumlocu-
tions, and talks about “fictitious forces” acting on the rocket traveller, etc. Einstein, by
contrast, recognises a fundamental truth of nature, and declares that, by definition, the
force of gravity is the force experienced by an object that is accelerated relative to an iner-
tial frame. Winston Churchill’s observation, reproduced under the heading of this chapter,
rather accurately describes the reaction of the average teacher of Newtonian physics.

In the Einsteinian way of thinking, once it is recognised that the force experienced by
an accelerating object is locally indistinguishable from the force experienced by an object

in a gravitational field, the next logical step is to say that they in fact are the same thing.

Thus, we can say that the “force of gravity” is nothing but the force experienced by an



otherwise isolated object that is accelerating relative to an inertial frame.

Once the point is recognised, all kinds of muddles and confusions in Newtonian physics
disappear. The observer in the closed box does not have to sneak a look outside before he
is allowed to say whether he is experiencing a genuine force or not. An observer in free fall,
such as an astronaut orbiting the Earth, is genuinely weightless because, by definition, he is
in a free-fall frame and thus there is no gravity, locally at least, in his frame of reference. A
child sitting on a rotating roundabout (or merry-go-round) in a playground is experiencing
an outward gravitational force, which can unashamedly be called a centrifugal force (with
no need for the quotation marks and the F-word “fictitious” that is so beloved of 218
lecturers!). Swept away completely is the muddling notion of the fictitious “force that dare
not speak its name.”

Actually, having said this, it should be remarked that in fact the concept of a “grav-
itational force” does not really play a significant role in general relativity, except when
discussing the weak-field Newtonian limit. In this limit, the notion of a gravitational force
can be made precise, and it indeed has the feature that it is always a consequence of accel-
eration relative to an inertial frame.

The question of whether one wants to call a centrifugal force “fictitious” is in a sense
a rather empty one; it is just a name, a label. What is absolutely incontrovertible is that
in the framework of general relativity, centrifugal forces and “gravitational” forces are on
the same footing. If one wants to say that a centrifugal force is fictitious, then one would
equally have to say that the force that holds us to the surface of the earth is fictitious.

While one could not perhaps argue that such a viewpoint was incorrect, it would cer-
tainly be a little bizzare. Gravitational forces are the most familiar and universal of all the
fundamental “forces of nature”: They hold us to the surface of the earth; they keep the
planets in orbit around the sun; and they govern the motions of galaxies throughout the
universe. To call them fictitious would be a little strange, to say the least.

Notice that in the new order, there is a radical change of viewpoint about what consti-
tutes an inertial frame. If we neglect any effects due to the Earth’s rotation, a Newtonian
physicist would say that a person standing on the Earth in a laboratory is in an inertial
frame. By contrast, in general relativity we say that a person who has jumped out of the
laboratory window is (temporarily!) in an inertial frame. A person standing in the labora-
tory is accelerating relative to the inertial frame; indeed, that is why he is experiencing the
force of gravity.

To be more precise, the concept that one introduces in general relativity is that of the



local inertial frame. This is a free-fall frame, such as that of the person who jumped out of
the laboratory, or of the astronaut orbiting the Earth. We must, in general, insist on the
word “local,” because, as we shall see later, if there is curvature present then one can only
define a free-fall frame in a small local region. For example, an observer falling out of a
window in College Station is accelerating relative to an observer falling out of a window in
Cambridge, since they are moving, with increasing velocities, along lines that are converging
on the centre of the Earth. In a small enough region, however, the concept of the free-fall
inertial frame makes sense.

Having recognised the equivalence of gravity and acceleration relative to a local iner-
tial frame, it becomes evident that we can formulate the laws of gravity, and indeed all
the fundamental laws of physics, in a completely frame-independent manner. To be more
precise, we can formulate the fundamental laws of physics in such a way that they take the
same form in all frames, whether or not they are locally inertial. In fact, another way of
stating the equivalence principle is that the fundamental laws of physics take the same form
in all frames, i.e. in all coordinate systems. To make this manifest, we need to introduce
the formalism of general tensor calculus. Before doing this, it will be helpful first to review
some of the basic principles of Special Relativity, and in the process, we shall introduce

some notation and conventions that we shall need later.

2 Special Relativity

I sometimes ask myself how it came about that I was the one to develop the theory of
relativity. The reason, I think, is that a normal adult never stops to think about the problem
of space and time. These are things which he has thought of as a child. But my intellectual
development was retarded, as a result of which I began to wonder about space and time only

when I had already grown up. — Albert Einstein

2.1 Lorentz boosts

The principles of special relativity should be familiar to everyone. From the postulates that
the speed of light is the same in all inertial frames, and that the fundamental laws of physics
should be the same in all inertial frames, one can derive the Lorentz Transformations that
describe how the spacetime coordinates of an event seen in one inertial frame are related to
those of the event seen in a different inertial frame. If we consider what is called a pure boost

along the x direction, between a frame S and another frame S’ that is moving with constant



velocity v along the x direction, then we have the well-known Lorentz transformation

vx ’ ’

tIZV(t—Cj)7 v =5 (z—vt), y =y, Z =z, (2.1)

where v = (1 — v2/c?)"1/2. Let us straight away introduce the simplification of choosing
our units for distance and time in such a way that the speed of light ¢ is set equal to 1.
This can be done, for example, by measuring time in seconds and distance in light-seconds,
where a light-second is the distance travelled by light in an interval of 1 second. It is, of
course, straighforward to revert back to “normal” units whenever one wishes, by simply
applying the appropriate rescalings as dictated by dimensional analysis. Thus, the pure

Lorentz boost along the = direction is now given by
t=y(t—vz), d=qy@-vt), y=y, =z, y=01-2)"2 (22

It is straightforward to generalise the pure boost along x to the case where the velocity
¥ is in an arbitrary direction in the three-dimensional space. This can be done by exploiting
the rotational symmetry of the three-dimensional space, and using the three-dimensional

vector notation that makes this manifest. It is easy to check that the transformation rules

—1
V=qt=77), F=ftl—@F)i-yit, == (23

reduce to the previous result (2.2) in the special case that ¥/ lies along the z diection, i.e. if
U = (v,0,0). (Note that here 7 = (z,y, z) denotes the position-vector describing the spatial
location of the event under discussion.) Since (2.3) is written in 3-vector notation, these
are then the unique 3-covariant expressions that generalise (2.2).2 Notice that although the
magnitude v of the 3-velocity ¥ appears in the denominator in eqn (2.3) the expression for
7' is not singular when v goes to zero. Two explicit powers of the velocity appear also in
the numerator, and hence the limit when v goes to zero is a smooth one. (As is evident, for
example, in the special case in eqn (2.2).)

One can easily check that the primed and the unprimed coordinates appearing in (2.2)

or in (2.3) satisfy the relation
2yt =a R (2.4)

Furthermore, if we consider two infinitesimally separated spacetime events, at locations

(t,x,y,z) and (t + dt,z + dx,y + dy, z + dz), then it follows that we shall also have

da? + dy? + d22 — dt® = da'? + dy’* + d2"* — dt’? (2.5)

2To be more precise, they are the unique 3-dimensionally covariant expressions that can be written just
using the available 3-vector and scalar variables, and that specialise to (2.2) when the boost velocity is taken

to lie along the = direction.
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This quantity, which is thus invariant under Lorentz boosts, is the spacetime generalisation
of the infinitesimal spatial distance between two neighbouring points in Euclidean 3-space.

We may define the spacetime interval ds, given by
ds? = dz? 4 dy? + dz* — dt* . (2.6)

This quantity, which gives the rule for measuring the interval between neigbouring points
in spacetime, is known as the Minkowski spacetime metric. As seen above, it is invariant

under arbitrary Lorentz boosts.

2.2 Lorentz 4-vectors and 4-tensors

It is convenient now to introduce a 4-dimensional notation. The Lorentz boosts (2.3) can
be written more succinctly if we first define the set of four spacetime coordinates denoted
by z*, where p is an index, or label, that ranges over the values 0, 1, 2 and 3. The case
@ = 0 corresponds to the time coordinate ¢, while p = 1, 2 and 3 corresponds to the space

coordinates x, y and z respectively. Thus we have3
(x07x17x27x3) = (t’ x? y? Z) * (2'7)

Of course, once the abstract index label p is replaced, as here, by the specific index values
0, 1, 2 and 3, one has to be very careful when reading a formula to distinguish between, for
example, z2 meaning the symbol z carrying the spacetime index x4 = 2, and z? meaning
the square of x. It should generally be obvious from the context which is meant.

The invariant quadratic form appearing on the left-hand side of (2.5) can now be written

in a nice way, if we first introduce the 2-index quantity 7, defined to be given by
mo=-1, mu=mn2=n3=1, (2.8)
with 7, = 0 if 4 # v. Note that 7,, is symmetric:
Nuv = Moy - (2.9)

Using 7, the metric ds? defined in (2.6) can be rewritten as

3 3
ds’ = do® + dy* + dz* — dt* =) > ", datda (2.10)
pn=0v=0

3The choice to put the index label p as a superscript, rather than a subscript, is purely conventional. But,
unlike the situation with many arbitrary conventions, in this case the coordinate index is placed upstairs in

all modern literature.
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It is often convenient to represent 2-index tensors such as 7, in a matrix notation, by

defining
Moo 7Mo1 7o2 703 -1 0 0 0
0 1 00
n= nio0 M1 M2 113 _ (2.11)
720 721 722 723 0O 010
730 731 732 733 0O 0 0 1

The 4-dimensional notation in (2.10) is still somewhat clumsy, but it can be simpli-
fied considerably by adopting the Finstein Summation Convention, whereby the explicit

summation symbols are omitted, and we simply write (2.10) as
ds? = 1, dztdz” . (2.12)

We can do this because in any valid covariant expression, if an index occurs exactly twice in
a given term, then it will always be summed over. Conversely, there will never be any occa-
sion when an index that appears other than exactly twice in a given term is summed over,
in any valid covariant expression. Thus there is no ambiguity involved in omitting the ex-
plicit summation symbols, with the understanding that the Einstein summation convention
applies.

Notice, furthermore, that when a given index appears twice in a term, it will always
occur once upstairs and once downstairs. This must always be true in any Lorentz-covariant
expression.

So far, we have discussed Lorentz boosts, and we have observed that they have the
property that the Minkowski metric ds? is invariant. Note that the Lorentz boosts (2.3)
are linear transformations of the spacetime coordinates. We may define the general class
of Lorentz transformations as strictly linear transformations of the spacetime coordinates

that leave ds? invariant. The most general such linear transformation can be written as?

ot =AM, 2 (2.13)

where A*, form a set of 4 x 4 = 16 constants. Note that it is important here that the lower
index v on A¥,, sits to the right of the upper index u. Later, we shall be raising and lowering
indices freely, and it is important to keep track of the left-to-right index order. Since A*, is

constant, we also therefore have dz’" = A¥, dz”. Requiring that these transformations leave

4We are using the term “linear” here to mean a relation in which the z'* are expressed as linear com-
binations of the original coordinates x", with constant coefficients. We shall meet transformations later on

where there are further terms involving purely constant shifts of the coordinates.
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ds? invariant, i.e. that ds'® = Ny d2'" dz’” should equal ds® = 1, dz# dz”, we therefore

must have®

ds” = n,da"dz'”
= Nuw A, AN 5 dxf dx?

= ds® = ny, dat da” . (2.14)

Relabelling p,v as p,o in the last line, so that it is written as 7,, do” dz?, and equating

with the line above, we see that we must have
N A p A 5 = 1o - (2.15)

Note that we can write this equation in a matrix form, by introducing the 4 x 4 matrix A
given by

A% A% A% A%

Ao Mo Al A A (2.16)

A% A% A% A%

Ao A3 A3y A%
In other words, when writing the components A¥, in the form of a matrix, the first index
(the p sitting on the left) labels the rows of the matrix (numbered 0,. 1, 2 and 3), while the
second index (the v, sitting on the right) labels the columns. Equation (2.15) then becomes
(see (2.11))

ATpA=n. (2.17)

(If you don’t immediately see why eqn (2.15) translates into the matrix equation (2.17),
then write out (2.17) explicitly in terms of the 4 x 4 matrices, and verify that it gives the
same expressions, component by component, as eqn (2.15).)

We can easily count up the number of independent components in a general Lorentz
transformation by counting the number of independent conditions that (2.15) imposes on
the 16 components of A*,. Since pu and v in (2.15) each range over 4 values, there are 16
equations, but we must take note of the fact that the equations in (2.15) are automatically
symmetric in p and o. Thus there are only (4 x 5)/2 = 10 independent conditions in
(2.15), and so the number of independent components in the most general A¥, that satisfies

(2.15) is 16 — 10 = 6. Equivalently, in the matrix form of eqn (2.15) given in (2.17), the

®Note that 7, is assumed to be the same in the primed and unprimed Lorentz frames. We shall come
back to the justification of this assumption later. Technically, one says that n,, is an invariant Lorentz

tensor.
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equation is symmetric as a matrix equation: Obviously the right-hand side is symmetric,
since n7 = n; the left-hand side is symmetric too, since (AT nA)T = AT T (AT)T by the
rules of transposition of a matrix product, and hence (AT 7 A)T = AT nA.

We have already encountered the pure Lorentz boosts, described by the transformations
(2.3). By comparing (2.3) and (2.13), we see that for the pure boost, A¥, is given by the

components A¥, are given by

AOO = 7, Aoi = =i,

AZO = —YV;, Azj = 51’]’ + %Uﬂ)]’ , (218)
where ¢;; is the Kronecker delta symbol,
o j=1 1if i=j, 0ij =0 if i#7j. (2.19)

Note that here, and subsequently, we use Greek indices p, v, . . . for spacetime indices ranging
over 0,1,2 and 3, and Latin indices i, j,... for spatial indices ranging over 1,2 and 3.6
Clearly, the pure boosts are characterised by three independent parameters, namely the
three independent components of the boost velocity .

The remaining three parameters of a general Lorentz transformation are easily identi-
fied. Consider rotations entirely within the three spatial directions (z,y, z), leaving time

untransformed:
t=t, 7t = M;; zl where  Mj,; My; = 65 - (2.20)

(Note that in Minkowski spacetime we can freely put the spatial indices upstairs or down-
stairs as we wish.) The last equation in (2.20) is the orthogonality condition M7 M = 1 on
M, viewed as a 3 x 3 matrix with components M;;. It ensures that the transformation leaves
2* 2% invariant, as a rotation should. It is easy to see that a general 3-dimensional rotation
is described by three independent parameters. This may be done by the same method we
used above to count the parameters in a Lorentz transformation. Thus a general 3 x 3
matrix M has 3 x 3 = 9 components, but the equation M7 M = 1 imposes (3 x 4)/2 = 6
independent conditions (since it is a symmetric equation), leaving 9 — 6 = 3 independent

parameters in a general 3-dimensional rotation.

SIn special relativity using the coordinates z* = (¢, z,y, z), the entire purpose of distinguishing between
upstairs and downstairs indices is because of the 0 direction (time). We can be completely cavalier about
whether the spatial indices (the latin indices ranging over the values 1, 2 and 3) are written upstairs or
downstairs, but keeping track of the up or down location of the 0 index is crucial. The reason for this should

become clear shortly.
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A general Lorentz transformation may in fact be written as the product of a general

Lorentz boost A’(‘ BV and a general 3-dimensional rotation A’{ RV

Ay = Mgy My (2.21)
where AE‘ By is given by the expressions in (2.18) and A’{ R)Y is given by
Alro=1,  Agpy=My,  Algo=Ai=0. (2.22)

Note that if the two factors in (2.21) were written in the opposite order, then this would
be another equally good, although inequivalent, factorisation of a general Lorentz transfor-
mation.

It should be remarked here that we have actually been a little cavalier in our discussion
of the Lorentz group, and indeed the three-dimensional rotation group, as far as discrete
symmetries are concerned. The general 3x3 matrix M satisfying the orthogonality condition
MT M = 1is an element of the orthogonal group O(3). Taking the determinant of M” M =
1 and using that det M7 = det M, one deduces that (det M)? = 1 and hence det M = +1.
The set of O(3) matrices with det M = +1 themselves form a group, known as SO(3), and
it is these that describe a general pure rotation. These are continuously connected to the
identity. Matrices M with det M = —1 correspond to a composition of a spatial reflection
and a pure rotation. Because of the reflection, these transformations are not continuously
connected to the identity. Likewise, for the full Lorentz group, which is generated by
matrices A satisfying (2.17) (i.e. AT nA =), one has (det A) = £1. The description of A
in the form (2.21), where A(p) is a pure boost of the form (2.18) and A g) is a pure rotation,
comprises a subgroup of the full Lorentz group, where there are no spatial reflections and
there is no reversal of the time direction. These are sometimes known as the proper Lorentz
transformations. One can compose these transformations with a time reversal and/or a
space reflection, in order to obtain the full Lorentz group.

The group of transformations that preserves the Minkowski metric is actually larger
than just the Lorentz group. To find the full group, we can begin by considering what are

called General Coordinate Transformations, of the form
o't =22, (2.23)

that is, arbitrary redefinitions to give a new set of coordinates z'* that are arbitrary
functions of the original coordinates. By the chain rule for differentiation, we shall have
da'™ = 927 qzP etc., and so

 OxP
v ox't ax'
2= N dz'" dz’” = n T guP da” (2.24)

ds M 9ge Qo
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Since we want this to equal ds?, which we may write as ds?> = Npo dxP dz?, we therefore

have that
ox' oz
Npo = Nuv 8:75/7 0zo (2.25)
Differentiating with respect to 2* then gives
0%z ox’ ox't 9%z
0= . 2.26
e Hex oze 9z + OxP Oz Ox° (2.26)

If we add to this the equation with p and A\ exchanged, and subtract the equation with o

and A exchanged, then making use of the fact that second partial derivatives commute, we

find that four of the total of six terms cancel, and the remaining two are equal, leading to
0%z 0"

0= —2 T
v 5aX Owp Dxo

(2.27)

. . v . .

Now 7, is non-singular, and we may assume also that %”cg is a non-singular, and hence
xr

invertible, 4 x 4 matrix. (We wish to restrict our transformations to ones that are non-

singular and invertible.) Hence we conclude that

an/u
——F— =0. 2.28
Ox* OxP (2.28)
This implies that z'* must be of the form
' =C0r, 2" +at, (2.29)

where C*,, and a* are independent of the x” coordinates, i.e. they are constants. We have
already established, by considering transformations of the form dx'* = A*, dz” that A*,
must satisfy the condtions (2.15) in order for ds? to be invariant. Thus we conclude that

the most general transformations that preserve the Minkowski metric are given by
2t = A, 2”4 at (2.30)

where A#, are Lorentz transformations, obeying (2.15), and a* are constants. The trans-
formations (2.30) generate the Poincaré Group, which has 10 parameters, comprising 6 for
the Lorentz subgroup and 4 for translations generated by a”.

Now let us introduce the general notion of Lorentz vectors and tensors. The Lorentz

transformation rule of the coordinate differential dx*, i.e.
dz'" = A", dx” (2.31)

can be taken as the prototype for more general 4-vectors. Thus, we may define any set

of four quantities U*, for p = 0, 1, 2 and 3, to be the components of a Lorentz 4-vector
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(often, we shall just abbreviate this to simply a 4-vector) if they transform, under Lorentz

transformations, according to the rule
Ut =Ar,U". (2.32)

The Minkowski metric 7,,, may be thought of as a 4 x 4 matrix, whose rows are labelled
by p and columns labelled by v, as in (2.11). Clearly, the inverse of this matrix takes
the same form as the matrix itself. We denote the components of the inverse matrix by
n*. This is called, not surprisingly, the inverse Minkowksi metric. Clearly it satisfies the
relation

Nuw N°° = 0y, (2.33)

where the 4-dimensional Kronecker delta is defined to equal 1 if y = p, and to equal 0 if
p # p. Note that like 77, the inverse n* is symmetric also: n#*” = n"#.

The Minkowksi metric and its inverse may be used to lower or raise the indices on other
quantities. Thus, for example, if U* are the components of a Lorentz 4-vector, then we may
define

U,=n,U0". (2.34)

This is another type of Lorentz 4-vector. Two distinguish the two, we call a 4-vector with
an upstairs index a contravariant 4-vector, while one with a downstairs index is called a
covariant 4-vector. Note that if we raise the lowered index in (2.34) again using n*¥, then

we get back to the starting point:
" Uy, =n"'n,U" =06, U" =U". (2.35)

It is for this reason that we can use the same symbol U for the covariant 4-vector U, = 1, U"
as we used for the contravariant 4-vector U*.

In a similar fashion, we may define the quantities A,"” by
A =nu,m"7 APy (2.36)
It is then clear that (2.15) can be restated as
AP AP =00 (2.37)

/,U«:

We can also then invert the Lorentz transformation x A*, 2¥ to give

ot = A2 (2.38)
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It now follows from (2.32) that the components of the covariant 4-vector U,, defined by

(2.34) transform under Lorentz transformations according to the rule
U,=M"U,. (2.39)

Any set of 4 quantities U, which transform in this way under Lorentz transformations will
be called a covariant Lorentz 4-vector.”
Using (2.38), we can see, as follows, that the gradient operator d/Jx* transforms as a

covariant 4-vector: Using the chain rule for partial differentiation we have

0 oz 0
= . 2.4
ox'*  9z'* Oxv (2.40)
But from (2.38) we have (after a relabelling of indices) that
ox” y
B = AL (2.41)
and hence (2.40) gives
O a2 (2.42)
R '

As can be seen from (2.39), this is precisely the transformation rule for a covariant Lorentz
4-vector. The gradient operator arises sufficiently often that it is useful to use a special

symbol to denote it. We therefore define

0
Oy = ok (2.43)
Thus the Lorentz transformation rule (2.42) is now written as
6,2 =A0,. (2.44)

Having seen how contravariant and covariant 4-vectors transform under Lorentz trans-
formations (as given in (2.32) and (2.39) respectively), we can now define the transformation
rules for more general objects called Lorentz tensors. These objects carry multiple indices,
and each one transforms with a A factor, of either the (2.32) type if the index is upstairs,
or of the (2.39) type if the index is downstairs. Thus, for example, a tensor T}, transforms

under Lorentz transformations according to the rule
T/’W =AS N T (2.45)
More generally, a tensor T+ #r,, ., will transform according to the rule

THL — AML U AM o1 ... Oq TPL P
T g = N AP, A, Ay TITP PP, (2.46)

"The term “covariant” here being used in the sense of describing a vector with a downstairs index.
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We may refer to such a tensor as a (p,q) Lorentz tensor. Note that scalars are just special
cases of tensors of type (0,0) with no indices, while vectors are special cases with just one
index, (1,0) or (0,1).

It is easy to see that the outer product of two tensors gives rise to another tensor. For
example, if U* and V# are two contravariant vectors then T = U*V" is a tensor, since,

using the known transformation rules for U and V' we have
™" = UMV =N, U N, V7,
= A, AN,TPO. (2.47)

It is worth emphasising here that always, when we wish to establish if some object with
indices is a Lorentz tensor or not, the way to do this is to test how it transforms under
Lorentz transformations. If it transforms in the way given in eqn (2.46), appropriate to its
index structure, then it is a Lorentz tensor. If it doesn’t, then it isn’t.

Note that the gradient operator J, can also be used to map a tensor into another
tensor. For example, if U, is a vector field (i.e. a vector that changes from place to place in
spacetime) then S, = 0,U, is a Lorentz tensor field, as may be verified by looking at its
transformation rule under Lorentz transformations.

We make also define the operation of Contraction, which reduces a tensor to one with
a smaller number of indices. A contraction is performed by setting an upstairs index on a
tensor equal to a downstairs index. The Einstein summation convention then automatically
comes into play, and the result is that one has an object with one fewer upstairs indices and
one fewer downstairs indices. Furthermore, a simple calculation shows that the new object

is itself a tensor. Consider, for example, a tensor T#,. This, of course, transforms as
", = AF, A TP, (2.48)

under Lorentz transformations. If we form the contraction and define ¢ = T#,,, then we see

that under Lorentz transformations we shall have
¢ = T", =N, N T,
= 0T =¢. (2.49)
Since ¢’ = ¢, it follows, by definition, that ¢ is a scalar.
An essentially identical calculation shows that for a tensor with a arbitrary numbers of
upstairs and downstairs indices, if one makes an index contraction of one upstairs with one

downstairs index, the result is a tensor with the corresponding reduced numbers of indices.

Of course multiple contractions work in the same way.
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As was mentioned earlier the Minkowski metric 7, is itself a Lorentz tensor, but of a
rather special type, known as an invariant tensor. This is because, unlike a generic 2-index
tensor, the Minkowski metric is identical in all Lorentz frames. This can be seen by applying

the tensor transformation rule (2.46) to the case of 7,,, giving
WIW =N AN e (2.50)

However, it follows from the condition (2.15) that the right-hand side of (2.50) is actually
equal to 7,,, and hence we have 77:“/ = N, implying that 7,, is an invariant tensor.
That this is true is not a total triviality. It can be seen by first writing (2.15) in matrix

language, as in (2.17): AT nA = 5. Then right-multiply by A~! and left-multiply by n~!;

this gives n~1 AT n = A~!. Next left-multiply by A and right-multiply by n~*

, which gives
An~' AT = 5=l (This is the analogue for the Lorentz transformations of the proof, for
orthogonal rotation matrices, that M7 M = 1 implies M MT = 1.) Converting back to
index notation gives A¥, A, 77 = n#*”. After some index raising and lowering, this gives
AP Ay Mpo = Nuw, which is the required result. The inverse metric n*¥ is also an invariant
tensor.

We already saw that the gradient operator 0, = 9/0x* transforms as a covariant vector.

If we define, in the standard way, O* = n*” 9, then it is evident from what we have seen

above that the operator

O =0"0, =n"" 0,0, (2.51)

transforms as a scalar under Lorentz transformations. This is a very important operator,

which is otherwise known as the wave operator, or d’Alembertian:
0? 0? 0? 0?
O=-000)+00, =5+ + =5 +=—5. (2.52)
It is worth commenting further at this stage about a remark that was made earlier.
Notice that in (2.52) we have been cavalier about the location of the Latin indices, which
of course range only over the three spatial directions ¢ = 1, 2 and 3. We can get away with
this because the metric that is used to raise or lower the Latin indices is just the Minkowski

metric restricted to the index values 1, 2 and 3. But since we have
noo = —1, Nij = Oij s noi =nio =0, (2.53)

this means that Latin indices are lowered and raised using the Kronecker delta d;; and
its inverse 6. But these are just the components of the unit matrix, and so raising or

lowering Latin indices has no effect. It is because of the minus sign associated with the ngg
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component of the Minkowski metric that we have to pay careful attention to the process of
raising and lowering Greek indices. Thus, we can get away with writing 9;0;, but we cannot
write 0,0,. Note, however, that once we move on to discussing general relativity, we shall
need to be much more careful about always distinguishing between upstairs and downstairs
indices.

We defined the Lorentz-invariant interval ds between infinitesimally-separated spacetime

events by

ds? =y, dotde” = —dt? + dz* + dy* + dz* . (2.54)

This is the Minkowskian generalisation of the spatial interval in Euclidean space. Note that
ds? can be positive, negative or zero. These cases correspond to what are called spacelike,
timelike or null separations, respectively.

Note that neighbouring spacetime points on the worldline of a light ray are null sepa-
rated. Consider, for example, a light front propagating along the = direction, with = =t
(recall that the speed of light is 1). Thus neighbouring points on the light front have the
separations dx = dt, dy = 0 and dz = 0, and hence ds? = 0.

On occasion, it is useful to define the negative of ds?, and write
dr? = —ds® = —n, dr*ds” = dt* — da* — dy* — d2*. (2.55)

This is called the Proper Time interval, and 7 is the proper time. Since ds is a Lorentz
scalar, it is obvious that dr is a scalar too.

We know that dz* transforms as a contravariant 4-vector. Since dr is a scalar, it follows
that

dzt
Ut =_—"—
dr

is a contravariant 4-vector also. If we think of a particle following a path, or worldline in

(2.56)

spacetime parameterised by the proper time 7, i.e. it follows the path x* = z#(7), then U*
defined in (2.56) is called the 4-velocity of the particle.
Assuming that the particle is massive, and so it travels at less than the speed of light,

one can parameterise its path using the proper time. For such a particle, we then have

dx* dz¥ 1 ds®
UrU, =y — — = — N datdz” = — = —1, 2.57
w0 dr2 ' ATAT dr? ( )
so the 4-velocity of any massive particle satisfies U*U,, = —1.

If we divide (2.55) by dt? and rearrange the terms, we get

dt

dr dy dz
— = ) (2.58)

(1—u2)71/25 , where ﬁ:(a,%,a
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is the 3-velocity of the particle. Thus its 4-velocity can be written as

dzt dzt
K = — = —_— = 71 . 2
Ut =—— =y =079 (2.59)

2.3 Electrodynamics in special relativity

Maxwell’s equations, written in Gaussian units, and in addition with the speed of light set

to 1, take the form

.. . - OE -

V-E = A4mp, VXB*%:ZLTFJ,

S _ . OB

V-B = 0, VX FE 8——0 (2.60)

(See my PHYS 611 Electromagnetism lecture notes.) Introducing the 2-index antisymmetric

Lorentz tensor F),, = —F,,, with components given by
Foi = —E;, Fyp=FE; Fij = €1 By, (2.61)

it is then straightforward to see that the Maxwell equations (2.60) can be written in terms

of Fy, in the four-dimensional forms

O F" = —AnJ, (2.62)
Oulyp +0uFp, +0,F = 0, (2.63)

where J° = p is the charge density, and J* are just the components of the 3-current density
J. This can be seen by specialising the free index v in (2.62) to be either v = 0, which
then leads to the V - E equation, or to v = i, which leads to the V x B equation. In (2.63),
specialising to (uvp) = (0,4, ) gives the V x E equation, while taking (v, p) = (i,7,k)
leads to the V - B equation. (Look in my EM611 lecture notes if you need to see more
details of the calculations.)

It is useful to look at the form of the 4-current density for a moving point particle with

electric charge q. We have

p(7,t) = q0°(F — F(t)), J(7t) = q 83 (7 — F(t)) (2.64)

0

where the particle is moving along the path #(t). If we define z° = ¢ and write ¥ =

(z',22,23), we can therefore write the 4-current density as

7 1) = 8- 7)) 20

(2.65)
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and so, by adding in an additional delta function factor in the time direction, together

whether an integration over time, we can write®

dzH(t
JH(Ft) = ¢ /dt'(54(x” —z7(t)) xdt(’ ) (2.66)
Since dt’ = % dr, and % = % diw we can just as well write the 4-current as
dTH
JA(F ) = g / drit(a’ — (7)) ) _, / drot(z” — 3 (7)) U, (2.67)
T

where 7 is the proper time on the path of the particle, and U* = dz#(7)/dr is its 4-velocity.
For a set of N charges ¢,, following worldlines z# = Z,, we just take a sum of terms of the

form (2.67):

Th(T
T =) an / drsi(z” — (7)) 2 dT( ) (2.68)

_ o = dn(t)
= zn:qné?’(r—rn(t)) yral (2.69)

With the 4-current density J* written in the form (2.67), it is manifest that it is a Lorentz
4-vector. This follows since ¢ is a scalar, T is a scalar, U* is a 4-vector and §*(z” — 2%(7))
is a scalar. (Integrating the four-dimensional delta function, using the (Lorentz-invariant)
volume element d*x yields a scalar, so it itself must be a scalar.) Using this fact, it can be
seen from the Maxwell equations written in the form (2.62) and (2.63) that F},, is a Lorentz
4-tensor. (Note that here we are making use of the quotient theorem, which was introduced

in homework 1.)

2.4 Energy-momentum tensor

Suppose we consider a point particle of mass m, following the worldline x# = z#(7). Its

4-momentum p* is defined in terms of its 4-velocity by

A+
pt=mU! = mxdT(T) . (2.70)

Analogously to the current density discussed previously, we may define the momentum
density of the particle:
T = ph(t) (7 — 7(1)) . (2.71)

8Note that the notation 6*(z” — Z"(¢')) means the product of four delta functions, 6(z® — z°(¢')) §(z* —

() 6(x? — z2(t')) 6(2® — z3(¢')). The notation with the v index is not ideal here. A similar kind of

notational issue arises when we wish to indicate that a function, e.g. f, depends on the four spacetime

o ,.1 .2 3)

coordinates (z”,z",z% z°). For precision, one would write f(ato,xl,mQ,:v3), but sometimes one adopts a

rather sloppy notation and writes f(x").
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(We are temporarily using 3-dimensional notation.) Note that the momentum density is
not a 4-vector, but rather, the components T"° of a certain 2-index tensor, as we shall see
below.

We may also define the momentum current for the particle, as

. dTi(t)

THE = ph(t) &3(7 — 7(t)) i (2.72)
Putting the above definitions together, we have
N (7
TR = ph(t) 83(F — 7(t)) L2 dt( ). (2.73)

This is the energy-momentum tensor for the point particle. Two things are not manifestly
apparent here, but are in fact true: Firstly, T"” is symmetric in its indices, that is to say,
T =T"F*. Secondly, T*” is a Lorentz 4-tensor.

Taking the first point first, the 4-momentum may be written as

Pt =(&p), (2.74)
where £ = p is the energy, and and 7 is the relativistic 3-momentum. Thus we have

dt dx? dt dt dx® dxt
I — —_ _ = —_— - — 2'
p (mdr’md7-> <md7-’mdr dt) S (2.75)

and so we may rewrite (2.73) as

T = (0 (1) 8- (). (2.76)

This makes manifest that it is symmetric in g and v.
To show that TH is a Lorentz tensor, we use the same trick as for the case of the current
density, and add in an additional integration over time, together with a delta function in

the time direction. Thus we write

™ = / dt'pi(¢) 54z — 70 (1)) d"”;t(f/) = / dr p(7) 84 (2 — 7°(7)) dx;T(T) (2

Everything in the final expression is constructed from Lorentz scalars and 4-vectors, and
hence T must be a Lorentz 4-tensor.

Clearly, for a system of N non-interacting particles of masses m,, following worldlines
¥ = Zh, the total energy-momentum tensor will be just the sum of contributions of the

form discussed above:

Th(T
T :Z/dTpg(T) 5 (o — 2(r)) 2 dT( ). (2.78)

24



The energy-momentum tensor for a closed system is conserved, namely
0,T" =0. (2.79)

This is the analogue of the charge-conservation equation 9,J" = 0 in electrodynamics,
except that now the analogous conservation law is that the total 4-momentum is conserved.
The proof for an isolated particle, or non-interacting system of particles, goes in the same
way that one proves conservation of J# for a charged particle or system of particles. (See
my PHYS 611 E&M lectures for a proof that d,,J# = 0 for a point charged particle.) Thus

we have
o,T™ = §yTH + ;T ,
; dt 5 (T - Tn(t)) + ;pn(t) &5 ('f‘ - rn(t))

F 3 ph0) (o 8 - 7)) Pl (2.80)

The last term can be rewritten as

=S (g 0 ) T (2.81)

(this is just a 3-dimensional analogue of the fact that for any function f, the derivative

Orf(x — ) is the same as —0z f(x — Z)). By the chain rule for differentiation, eqn (2.81)

can be rewritten as

- an 753 :n(t)) ’ (2'82)

which therefore cancels the second term in (2.80), leaving the result

0,1 =" dpgf ) B —7(1). (2.83)

Thus, if no external forces act on the particles, so that dph(t)/dt = 0, then the energy
-momentum tensor will be conserved.

Suppose now that the particles are also electrically charged, and that they are in the
presence of an electromagnetic field F},,. The Lorentz force law for a particle of charge ¢

is?

@' _
dt
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and hence, multiplying by dr/dt,

dp* u dx”
— = dq v .
dt dt

(2.85)

For a system of N particles, with masses m,, and charges ¢, it follows from (2.83) that the

energy-momentum tensor for the particles will now satisfy

8,7, = anm Bull) o7 7, 1)),
_ (2.86)

where J¥ is the sum of the current-density contributions for the IV particles, and we used
eqn (2.69) in getting to the second line. We have added a subscript “part.” to the energy-
momentum tensor, to indicate that this is specifically the energy-momentum tensor of the
particles alone. Not surprisingly, it is not conserved, because the particles are being acted
on by the electromagnetic field.

In order to have a closed system in this example, we must include also the energy-
momentum tensor of the electromagnetic field. For now, we shall just present the answer,
since later in the course when we consider electromagnetism in general relativity, we shall
have a very simple method available to us for computing it. The answer, for the electro-

magnetic field, is that its energy-momentum tensor is given by!°

1
Tiw = — (FW FY,—lprp, nﬂ”) . (2.87)

Note that it is symmetric in p and v. If we take the divergence, we find

1
OThy = — (P 0F" )+ D F")F" ) = 3F 0, Fpo ™),
1
= = <F“p (—4mJ,) + (8, F*P)F¥ , + LFP7 (9, F," + aUFﬂp)) . (2.88)
7I8

In getting from the first line to the second line we have used (2.62) in the first term, and
(2.63) in the last term. It is now easy to see with some relabelling of dummy indices, and
making use of the antisymmetry of F),,, that the last three terms in the second line add to

zero, thus leaving us with the result
o,/ Ity = —F'J,. (2.89)

This implies that in the absence of sources 9, Tim = 0, as it should for an isolated system.

Going back to our discussion of a system of charged particles in an electromagnetic field,

108ee, for example, my E&M PHYS 611 lecture notes for a derivation of the energy-momentum tensor for

the electromagnetic field in Minkowski spacetime.
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we see from from (2.86) and (2.89) that the total energy-momentum tensor for this system,
ie.

TH =TI 4 T (2.90)

art.

is indeed conserved, 9,T*" = 0.

An important point to note is that the 7% component of the energy-momentum tensor
is the energy density. This can be seen for the point particle case from (2.71), which implies
T = £ §3(7F—7(t)), with £ being the energy of the particle. In the case of electromagnetism,
one can easily see from (2.87), using the definitions (2.61), that 79" = (E%+B?)/(8~), which
is indeed the well-known result for the energy density of the electromagnetic field.

As a final important example of an energy-momentum tensor, we may consider a perfect
fluid. When the fluid is at rest at a particular spacetime point, the energy-momentum tensor

at that point will be given by
T — . T = psi T =T% =9, (2.91)

where p is the energy density and p is the pressure. (This is the definition of a perfect fluid.)
From the viewpoint of an arbitrary Lorentz frame we just have to find a Lorentz 4-tensor

expression that reduces to 7" when the 3-velocity vanishes. The answer is
™ =pn*™ + (p+p) U*U", (2.92)

since in the rest frame the 4-velocity U* = % reduces to U? = 1 and U* = 0.

3 Gravitational Fields in Minkowski Spacetime

Now it came to me: ... the independence of the gravitational acceleration from the nature
of the falling substance, may be expressed as follows: In a gravitational field (of small
spatial extension) things behave as they do in a space free of gravitation. This happened in
1908. Why were another seven years required for the construction of the general theory of
relativity? The main reason lies in the fact that it is not so easy to free oneself from the

idea that coordinates must have an tmmediate metrical meaning. — Albert Einstein

As mentioned in the introduction, to the extent that one can still talk about a “grav-
itational force” in general relativity (essentially, in the weak-field Newtonian limit), it is
a phenomenon that is viewed as resulting from being in a frame that is accelerating with
respect to a local inertial frame. This might, for example, be because one is standing on

the surface of the earth. Or it might be because one is in a spacecraft with its rocket engine
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running, that is accelerating while out in free space far away from any stars or planets. We
can gain many insights into the principles of general relativity by thinking first about these
simple kinds of situation where the effects of “ponderable matter” can be neglected.

A key point here is that in a sufficiently small region any spacetime, even a spacetime
with curvature, looks more or less indistinguishable from Minkowski spacetime, and if de-
sired one may choose to use a Minkowski-type coordinate system Z* in which the metric
has the approximate form ds?> = N dZ dz¥. Essentially, the approximation is a good one
provided the scale size is of the region is small in comparison to the scale size of the cur-
vature. (A good analogy is to think of the surface of the earth. The surface is curved, and
this would be revealed by performing experiments involving measuring distances around
closed paths. But if the scale-size of the paths is very small in comparison to the radius
of the earth, the effects of the earth’s spatial curvature would be very small. The smaller
the scale size of the paths, the less noticable will be the effects of the curvature. Thus, for
example, maps of small-scale regions, like a city street plan, can be drawn by just treating
the surface as being flat, and using a Euclidean (x,y) coordinate system.)

In general relativity, the fundamental laws of physics are formulated in such a way that
they take the same form in any coordinate system. Thus, in particular, in any small enough
region one could always choose to use a Minkowski-type coordinate system, and so the
fundamental equations will look just like they do in special relativity. (As usual, one must
pay attention to the qualification “in a small enough region.”) A very important aspect of
general relativity is that the spacetime geometry determines how matter will move. At its
most fundamental level, this is a question of how a massive free particle moves in spacetime;
what path does it follow? In view of the discussion above, we can see that this question can
already be addressed by looking at the way a free particle moves in an exactly Minkowski
spacetime. We know that in a Minkowski coordinate system it just moves along a straight-
line path. By looking at the path it follows when seen from some arbitrary coordinate
system, we shall be able to derive an equation for its motion that will then be equally as
applicable in some completely general spacetime.

Suppose that there is a particle moving in Minkowski spacetime, with no external forces
acting on it. Viewed from a frame S in which the spacetime metric is literally the Minkowski
metric

ds® = n, di'dz” = —df* + di* + dj® + dz* (3.1)

the particle will be moving along a worldline ## = z#(7) that is just a straight line, which
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may be characterised by the equation

A2z

Now suppose that we make a completely general coordinate transformation to a frame S
whose coordinates are related to the ## coordinates by z# = z#(z"). We shall assume that

the Jacobian of the transformation is non-zero, so that we can invert the relation, and write
ah =zH(x"). (3.3)

Using the chain rule for differentiation, we shall therefore have

d¥t Ot da

- = 3.4
dr  Ozv dr’ (3-4)
and, differentiating again,
>zt dPar Ozt O?F  dxP dz¥
5 = 3 + _—— (3.5)
dr dr? Ox¥  OxPOx¥ dr dt

Thus the equation (3.2) for straight-line geodesic motion in the original Minkowski coordi-

nates T# becomes
A2z’ OFH n 02t @dw"
dr? Oxv = OxPOxV dr dr

in the z* coordinates system. Using the assumed invertibility of the transformation, and

=0 (3.6)

the result from the chain rule that

oTH 0x°
ox, O

— 57, (3.7)

we can therefore multiply eqn (3.6) by 0x7/0%* and obtain

d?x° n ox®  O*FH ﬂ ﬁ
dr? ozt OxP OxY dr dr

= 0. (3.8)

We may write this equation, after a relabelling of indices to neaten it up a bit, in the form

A2zt dz¥ dx”
e &)
where ,
ozt 0°z°
T, = % 1
P 9% Oxv OxP (3.10)

Note that I'*,, is symmetric in v and p. Equation (3.9) is known as the Geodesic Equation,
and I'*,, is called the Christoffel Connection. It should be emphasised that even though

the affine connection is an object with spacetime indices on it, it is not a tensor.
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Equation (3.9) describes the worldline of the particle, as seen from the frame S. Observe
that it is not, in general, moving along a straight line,!! because of the second term involving
the quantity I'#,, defined in (3.10). What we are seeing is that the particle is moving in
general along a curved path, on account of the “gravitational force” that it experiences
due to the fact that the frame S is not an inertial frame. Of course, if we hade made a
restricted coordinate transformation that caused I'*,, to be zero, then the motion of the
particle would still be in a straight line. The condition for I'*,, to vanish would be that

foptid
dxV dap

This is exactly the condition that we derived in (2.28) when looking for the most gen-

= 0. (3.11)

eral possible coordinate transformations that left the Minkowski metric ds? = Ny dxtdz”
invariant. The solution to those equations gave us the Poincaré transformations (2.30).

To summarise, we have seen above that if we make an arbitrary Poincaré transformation
of the original Minkowski frame S , we end up in a new frame where the metric is still the
Minkowski metric, and the free particle continues to move in a straight line. This is the arena
of Special Relativity. If, on the other hand, we make a general coordinate transformation
that leads to a non-vanishing I'#,,, the particle will no longer move in a straight line, and
we may attribute this to the “force of gravity” in that frame. Furthermore, the metric will
no longer be the Minkowski metric. We are heading towards the arena of general relativity,
although we are still, for now, discussing the subclass of metrics that are merely coordinate
transformations of the flat Minkowksi metric.

It is instructive now to calculate the metric that we obtain when we make the general
coordinate transformation of the original Minkowski metric. Using the chain rule we have
dzt = (02 /0x") dz¥, and so the Minkowski metric becomes

ds* = n,di"dz”,
ozt oz

v Sze Bz
= gpodxf dx’, (3.12)

dx? dz? |

with
oxY -
Gpo = Nuw 9ae dz? dz° . (3.13)

Choosing a more conventional labelling of indices for convenience, we therefore have

ds? = g, datdz” (3.14)

HStated more precisely, it is not following a path of the form z* = k* 74 ¢# with constant vectors k* and
£-.
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where
ozl 0x°

Guv = Mpo W @ . (315)

We can in fact express the quantities I'*,,, given in (3.10) in terms of the metric tensor g, .
To do this, we begin by multiplying (3.10) by (02*/0z*), making use of the relation, which

follows from the chain rule, that

9z Ozt
St 5 = 5. (3.16)

[hus we get
oLt 07
- Iz
OxvOzP Oz Hop.- (8.17)

Now differentiate (3.15) with respect to a*:

O 9*zr  0z° L, 0% d*z°
N P WY iy, My M Y e
o, o 03 05
= oo g U G T g g
Jav Fa)\,u + Gop 'y, (318)

where we have used (3.17) in getting to the second line, and then (3.15) in getting to the
third line. We now take this equation, add the equation with u and A interchanged, and

subtract the equation with v and A exchanged. This gives

aguu + 09w . ag,u)\

G Dkt OV = Yav Fa)\u + Gap 'y, + Gav Fa,u)\ + gax Fauu — Ja Fau,u — Gau I,

= 29 T%u, (3.19)

after making use of the fact, which is evident from (3.10), that I'“,, = I'*,,. Defining the

inverse metric g"¥ by the requirement that

9" gup = 0l (3.20)
we finally arrive at the result that
99rp | Ogur  Ogu
Iy, = 39 (S0 4 S22 Sy 21
p =29 oxr¥ + dxP Oz (3.21)

As we shall see shortly, this equation expressing the Christoffel connection in terms of partial
derivatives of the metric is valid also in general relativity in curved spacetimes.
4 General-Coordinate Tensor Analysis in General Relativity

In the previous section we examined some aspects of special relativity when viewed within

the enlarged framework of coordinate systems that are related to an original intertial system
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by means of completely arbitrary transformations of the coordinates. Of course, these
transformations lie outside the restricted set of transformations normally considered in
special relativity, since they did not preserve the form of the Minkowski metric 7,,. Only
the very restricted subset of Poincaré transformations (2.30) would leave 7, invariant.
Instead, the general coordinate transformations we considered mapped the system to a
non-intertial frame, and we could see the way in which “gravitational forces” appeared in
these frames, as reflected in the fact that the geodesic equation (3.9) demonstrated that a
particle with no external forces acting would no longer move in linear motion, on account
of the non-vanishing affine connection I'#,,,.

The non-Minkowskian metric g, in the spacetime viewed from the frame S in the
previous discussion was nothing but a coordinate transformation of the Minkowski metric.
Now, we shall “kick away the ladder” of the construction in the previous section, and begin
afresh with the proposal that a spacetime in general can have have a metric g,,, that is not
necessarily related to the Minkowski metric by a coordinate transformation. In general, g,
may be a metric on a curved spacetime, as opposed to Minkowski spacetime, which is flat.
The precise way in which the curvature of a spacetime is characterised will emerge as we
go along. In the spirit of the earlier discussion, the idea will be that we allow completely
arbitrary transformations from one coordinate system to another. The goal will be to
develop an appropriate tensor calculus that will allow us to formulate the fundamental laws
of physics in such a way that they take the same form in all coordinate frames. This extends
the notion in special relativity that the fundamental laws of physics should take the same
form in all inertial frames.

The framework that we shall be developing here falls under the general rubric of Rie-
mannian Geometry. In fact, since we shall be concerned with spacetimes where the metric
tensor, like the Minkowski metric, has one negative eigenvalue and three positive, the more
precise terminolgy is pseudo-Riemannian Geometry. (The term Riemannian Geometry is
used when the metric is of positive-definite signature; i.e. when all its eigenvalues are
positive.)

The starting point for our discussion will be to introduce the notion of quantities that

are vectors or tensors under general coordinate transformations.

4.1 Vector and co-vector fields

When discussing vector fields in curved spaces, or indeed whenever we use a non-Minkowskian

or non-Cartesian system of coordinates, we have to be rather more careful about how we
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think of a vector. In Cartesian or Minkowski space, we can think of a vector as correspond-
ing to an arrow joining one point to another point, which could be nearby or it could be
far away. In a curved space or even in a flat space written in a non-Cartesian cordinate
system, it makes no sense to think of a line joining two non-infinitesimally separated points
as representing a vector. For example, on the surface of the earth we can think of a very
short arrow on the surface as representing a vector, but not a long arrow such as one joining
London to New York. The precise notion of a vector requires that we should consider just
arrows joining infinitesimally-separated points.

To implement this idea, we may consider a curve in spacetime, that is to say, a worldline.
We may suppose that points along the worldline are parameterised by a parameter A\ that
increases monotonically along the worldline. If we consider neighbouring points on the
curve, parameterised by A and A 4 d), then the infinitesimal interval on the curve between
the two points will be like a little straight-line segment, which defines the tangent to the

curve at the point A. By Taylor’s theorem, the derivative operator

d

V:a

(4.1)

is the generator of the translation along the tangent to the curve: for a function f(\) we
have

f()\+d/\):f()\)+dfd(;\)d)\+-~. (4.2)

Thus we may think of V' = d/d\ as defining the tangent vector to the curve. Notice that
this has been defined without reference to any particular coordinate system.

Suppose now that we choose some coordinate system x* that is defined in a region that
includes the neighbourhood of the point A on the curve. The curve may now be specified

by giving the coordinates of each point, as functions of A:
at =zt (N). (4.3)

Using the chain rule, can now write the vector V as

_ 4 _dry) 9
Td T dN 0w

(4.4)

In fact, we can view the quantities da*/d\ as the components of V' with respect to the

coordinate system x*:

vy 2 with v# = )

4.
oxH’ d\ (4.5)



In order to abbreviate the writing a bit, we shall henceforth use the same shorthand for
partial coordinate derivatives that we introduced earlier when discussing special relativity,
and write

Oy

0
_ 4.6
T (4.6)
Thus the vector V' can be written in terms of its components V# in the z* coordinate frame

as

V=V"o,. (4.7)

If we now consider another coordinate system z'* that is defined in a region that also
includes the neighbourhood of the point A on the curve, then we may also write the vector
V as

v=v"a,, (4.8)

where, of course, OL means 9/0z'"". Notice that the vector V itself is exactly the same in the
two cases, since as emphasised above, it is itself defined without reference to any coordinate
system at all. However, when we write V in terms of its components in a coordinate basis,
then those components will differ as between one coordinate basis and another. Using the

chain rule, we clearly have

0 ox'" 0 . oz’ _,
oxV - oxv Ox'*’ R oxV a‘t“ (4'9)
and so from
7
V=V, =V, =V 0L o (4.10)

ox? M
we can read off that the components of V' with respect to the primed and the unprimed

coordinate systems are related by

oz’
VH = 74 4.11
B (4.11)

In fact we don’t really need to introduce the notion of the curve parameterised by
A in order to discuss the vector field. Such a curve, or indeed a whole family of curves
filling the whole spacetime, could always be set up if desired. But we can carry away from
this construction the essential underlying idea, that a vector field can always be viewed
as a derivative operator, which can then be expanded in terms of its components in a
coordinate basis, as in eqn (4.6). Under a change of coordinate basis induced by the general
coordinate transformation 2" = z/*(z¥), the components will transform according to the
transformation rule (4.11). Thus, by definition, we shall say that a vector is a geometrical

object whose components transform as in (4.11).
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In practice, there is often a tendency to abbreviate the statement slightly, and to speak
of the components V# themselves as being the vector. One would then say that V* is a
vector under general coordinate transformations if it transforms in the manner given in eqn
(4.11). Note that this extends the notion of the Lorentz Vector that we discussed in special
relativity, where it was only required to transform in the given manner (eqn (2.32)) under the
highly restricted subset of coordinate transformations that were Lorentz transformations.

As we saw above, a vector field can be thought of as a differential operator that generates
a translation along a tangent to a curve. For this reason, vector fields are said to live in
the tangent space of the manifold or spacetime. One can then define the dual space of
the tangent space, which is known as the co-tangent space. This is done by establishing a
pairing between a tangent vector and a co-tangent vector, resulting in a scalar field which,
by definition, does not transform under general coordinate transformations. If V' is a vector

and w is a co-tangent vector, the pairing is denoted by
(w|V). (4.12)

This pairing is also known as the inner product of w and V. The co-tangent vector w is

defined in terms of its components w, in a coordinate frame by
w=w,dx". (4.13)

The pairing is defined in the coordinate basis by

(| 2y = o, (4.14)
and so we shall have
BV 9 Vol 9 vosp 3
(@IV) = (wuda" V" 55) = w, VY (dat| 55) = wu V2 8 = w, VP (4.15)

Just as the vector V itself is independent of the choice of coordinate system, so too is the
co-vector w, and so by using the chain rule we can calculate how its components change

under a general coordinate transformation. Thus we shall have

oxY

w = w, dz'" = wy, da” = w, 9 dz'" (4.16)
from which we can read off that
,  oz¥

We can now verify that indeed the inner product (w|V) is a general coordinate scalar,

since we know how the components V# of V transform (4.11) and how the components w,,
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of w transform (4.17). Thus in the primed coordinate system we have

oz” oz’
Wy ——
ox'* OxP

(W|V) =w, Vit = VP=w, VP =w, V¥, (4.18)

thus showing that it equals (w|V) in the unprimed coordinate system, and hence it is a
general coordinate scalar. Not that in deriving this we used the result, which follows from
the chain rule and the definition of partial differentiation, that

oz” o',

4.2 General-coordinate tensors

Having obtained the transformation rule of the components V# of a vector field in (4.11),
and the components w, of a co-vector field in (4.17), we can now immediately give the
extension to transformation of an arbitrary tensor field. Such a field will have components
with some number p of vector indices, and some number g of co-vector indices (otherwise

known as upstairs and downstairs indices resepectively), and will transform as

/101 /Hp o1 o
b _ Q'™ 9a’ dxT Dz o1 ‘ (4.20)
YItta T e OxPr Ox'"* Qx4 719

Thus there are p factors of (0z')/0x) and ¢ factors of (0z)/(02') in the transformation. The
actual “geometrical object” T' of which T#'"#», ., are the components in a coordinate

frame would be written as
T=TM"Fy 0, ®  ®0, dx" ®- - ®dr". (4.21)

T then lives in the p-fold tensor product of the tangent space times the ¢-fold tensor product
of the co-tangent space. T itself is coordinate-independent, but its components T+, .,
transform under general coordinate transgformations according to (4.20). We may refer to
T as being a (p, q) general-coordinate tensor. A vector is the special case of a (1,0) tensor,
and a co-vector is the special case of a (0, 1) tensor. Of course a scalar field is a (0, 0) tensor.
As in the case of vectors, which we remarked upon earlier, it is common to adopt a slightly
sloppy terminology and and to refer to T#1"*#»,, .., as a (p, q) tensor, rather than giving it
the rather more proper but cumbersome description of being “the components of the (p, q)
tensor T" with respect to a coordinate frame.” Of course, if there is no ambiguity as to which
tensor one is talking about, one might very well omit the (p, ¢) part of the description.
General-coordinate vectors, co-vectors and tensors satisfy all the obvious properties that

follow from their defined transformation rules. For example, if 7" and S are any two (p, q)
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tensors, then T+ S is also a (p, q) tensor. If T is a (p,q) tensor, then ¢T is also a (p,q)
tensor, where ¢ is any scalar field. This is really a special case of a more general result, that
if T is a (p1,q1) tensor and S is a (p2, g2) tensor, then the tensor product (in the sense of
the tensor products in (4.21)) T® S is a (p1 + p2, q1 + ¢2) tensor. Restated in more human
language, and as an example, if U and V are vectors then W = U ® V' is a (2,0) tensor,
with components

WH = Uk VY. (4.22)

As one can immediately see from the transformation rule (4.11) applied to U and to V', one

indeed has

wee (4.23)
which is in accordance with the general transformation rule (4.20) for the special case of a
(2,0) tensor.

Another very important property of general-coordinate tensors is that if an upstairs
and a downstairs index on a (p,q) tensor are contracted, then the result is a (p — 1, — 1)
tensor. Here, the operation of contraction means setting the upstairs index equal to the
downstairs index, which then means, by virtue of the Einstein summation convention, that
this repeated index is now understood to be summed over. For example, if we start from
the (p, q) tensor T we considered above, and if we set the upper index u; equal to the lower

index v, then we obtain the quantity

P g
SH .UpVQ.__Vq:T H2:fp

(4.24)

viva-Ug

We check its transformation properties by using the known transformations (4.20) to cal-

culate it in the primed frame:

1H2 p _ sy
gt L= T v

ox'"t Ox'™? ox''? 9x°1 Qo2 0z TP1p2pp

- OxPr Ozr2 OxPr Oz’ Ox'"* O’V o020
ox'"? ox'r 92 0z

— Nl L{Y
Oxr2 OxPr Ox'"? ox'va 7P
ox'"? oz’ 9xo2 0z

— ... . ToWP2 Py
OxP2 OxPr Oz'"? Ox'Ve I19279g
oz'"?  ox'Hr 9xo2 folnd .

= PP (4.25)
OxP2 OxPr Ox'"? ox'va a

thus showing that S transforms in the way that a (p — 1,¢ — 1) tensor should. The crucial
step in the above calculation was the one between lines two and three, where the contracted

pair of transformation matrices gave rise to the Kronecker delta:

oz’ 9zt o
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We already saw a simple example of this property above, when we showed that w, V#* was
a scalar field. This was just the special case of starting from a (1, 1) tensor formed as the
outer product of w and V, with components w,, V¥, and then making the index contraction

@ = v to obtain the (0,0) tensor (i.e. scalar field) w, V*.

4.3 Covariant differentiation

In special relativity, we saw that if T#1"#r, ., are the components of a Lorentz (p,q)

tensor, then

9, T, (4.27)

are the components of a (p,q + 1) Lorentz tensor. However, the situation is very different
in the case of general-coordinate tensors. To see this, it suffices for a preliminary discussion

to consider the case of a vector field V' = V*#0,, i.e. a (1,0) tensor. Let us define
Z) =0, V", (4.28)

We now test whether Z,” are the components of a (1,1) general-coordinate tensor, which
can be done by calculating it in the primed frame, making use of the known transformation

rules for 9, and V":

oz’ ox'"
Iy /v o
Zut = 0V 781"”‘8‘)(8%’0‘/)7
oz oz’ oxP 0%z

ox'* oz P ox'* dxP Ox° ’
oxP 9" . Oz %
) 2"+ oz Oxr Ox° Ve (4.29)

If the result had produced only the first term on the last line we would be happy, since
that would then be the correct transformation rule for a (1,1) general-coordinate tensor.
However, the occurrence of the second term spoils the transformation behaviour. Notice
that this problem would not have occurred in the case of Lorentz tensors, since for Lorentz
transformations the second derivatives aﬁ% of the coordinates 2’ would be zero (see
(2.28)). The problem, in the case of general-coordinate tensors, is that the transformation

matrix
oz’

o0x°

(4.30)

is not constant.
In order to overcome this problem, we need to introduce a new kind of derivative V,,

known as a covariant derivative, to replace the partial derivative d,,. We achieve this by
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defining
v, V'=90,V"+1",,V?, (4.31)

where the object I'#,, is defined to transform under general coordinate transformations in
precisely the right way to ensure that

W, =V, V" (4.32)

is a (1,1) general-coordinate tensor. That is to say, by definition we will have

OxP Ox'"
ox'" Oz°

V, Vo=V, V¥ =0, V" 41", V". (4.33)

Writing out the two sides here, we therefore have

dzP Oz’ o o Oz o' y 0z’
or'* Oxo (8pv + 170 V)\) = o't P (8$°’ 14 ) +1 1P 5N V)\’ (4-34)
dzP oz’ oxP 0%\ oz'?
- = = o e I‘\/V YA )
ox'" Ox° OV + ox'* dxP Ox VEr T OxA v

The 9, V7 terms cancel on the two sides. The remaining terms all involved the undifferen-
tiated V* (we relabelled dummy indices on the right-hand side so that in each remaining
term we have V). Since the equation is required to hold for all possible V*, we can deduce
that
daP 0z’ .,  Oxf 0%’ w0z’
ox'" 0z P* T 9" P Oz T e Ox*’
and this allows us to read off the required transformation rule for I'*,,. Multiplying by

0x* /0z'”, we find

(4.35)

o ox'" O0xP O™ _, ox* 9zf 0%z
e P92 da'™ dap Oa

—_— 4.
ox® Ox'* O0x'“ (4.36)

The first term on the right-hand side of (4.36) is exactly the transformation we would
expect for a (1,2) general-coordinate tensor. The second term on the right-hand side is a
mess, and the fact that it is there means that I'*,, is not a general-coordinate tensor. This
should be no surprise, since it was introduced with the express purpose of cleaning up the
mess that arose when we looked at the transformation properties of 9, V".

It is actually quite easy to construct an object I'¥;,, that has exactly the right properties
under general-coordinate transformations, and in fact the expression for I'#,, will be quite
simple. In order to do this we will now need to introduce, for the first time in our discussion
of general-coordinate tensors, the metric tensor g,,. This will be an arbitrary 2-index
symmetric tensor, whose components are allowed to depend on the spacetime coordinates

in an arbitrary way. In order to pin down an explicit expression for I'*,, in terms of the
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metric, it will be necessary first to extend the definition of the covariant derivative, which
so far we defined only when acting on vectors V¥, to arbitrary (p,q) tensors.

To extend the definition of the covariant derivative we shall impose two requirements.
Firstly, that the covariant derivative of a scalar field will just be the ordinary partial deriva-
tive d,,. This is reasonable, since 0, ¢ already transforms like the components of a co-vector,
for any scalar field ¢, and so no covariant correction term is needed in this case. The second
requirement of the covariant derivative will be that it should obey the Leibnitz rule for the

differentiation of products. Thus, for example, it should be such that
vV,.(V*U,) = (V, V") U, +V"V,U,. (4.37)

With these two assumptions, we can next calculate the covariant derivative of a co-
vector, by writing

V. (VYU,) = (V, V) U, + VYV, U, . (4.38)

Now the left-hand side can be written as 0,(V" U,) since V¥ U, is a general-coordinate
scalar. On the right-hand side we already know how to write V,, V¥, using (4.31). Thus we
have

@, V) U, + V¥ 0,U, = (0, V¥ +T7,, VAU, + VYV, U,. (4.39)

The (0, V") U, terms cancel on the two sides, and the remaining terms can be written as
vro,u, =1",V"'U,+V"V,U,. (4.40)

(We have relabelled dummy indices in the first term on the right, so that the index on V on
all three terms is a v.) The equation should hold for any vector V¥, and so we can deduce
that

v.Uu,=0,U,-1",,0U0,. (4.41)

This gives us the expression for the covariant derivative of a co-vector.

By repeating this process, of using Leibnitz rule together with the use of the known
covariant derivatives, one can iteratively calculate the action of the covariant derivative on
a general-coordinate tensor with any number of upstairs and downstairs indices. The answer
is simple: for each upstairs index there is a ' term as in (4.31), and for each downstairs
index there is a I' term as in (4.41). The example of the covariant derivative of a (2,2)

general-coordinate tensor should be sufficient to make the pattern clear. We shall have

VuTPox =0, T o) + TV pa Tor + TPy T ox =T TP o =T 0T 50 . (4.42)
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It now remains to find a nice expression for I'#,,. We do this by introducing the metric
tensor g,, in the spacetime. All we shall require for now is that is a 2-index symmetric
tensor, whose components could be arbitrary functions of the spacetime coordinates. We
shall also require that it be invertible, i.e. that, viewed as a matrix, its determinant should
be non-zero. The inverse metric tensor will be represented by ¢g*”. By definition, it must
satisfy

9" gup = 05 (4.43)

Just as we saw with the Minkowski metric in special relativity, here in general relativity we

can use the metric and its inverse to lower and raise indices. Thus
Vi=9uw V", VH=g¢g"V,, (4.44)

etc. Raising a lowered index gets us back to where we started, because of (4.43), which is
why we can use the same symbol for the vector or tensor with raised or lowered indices.
Of course, since g, is itself a tensor, it follows also that if we lower or raise indices with
guv or gM”, we map a tensor into another tensor.
We are now ready to obtain an expression for I'*,,. We do this by making two further

assumptions:

1. The metric tensor is covariantly constant, i.e. V, g,, = 0.
2. TH,,=T#,,.

It turns out that we can always find a solution for a I'*, , with these properties, and in
fact the solution is unique. Clearly the covariant constancy of the metric is a nice property
to have, since it then means that the process of raising and lowering indices commutes with

covariant differentiation. For example, we have
Vy, VV = vy(gyp VP) = gyp Vﬂ V’D . (445)

The symmetry of I'¥,, in its lower indices is an additional bonus, and leads to further
simplifications, as we shall see.

The covariant constancy of the metric means that

0=V =0u9vp —T%w goap — T up Gva , (4.46)

where we have used the expression for the covariant derivative of a (0, 2) tensor, which can

be seen from (4.42). We now add the same equation with p and v exchanged, and subtract

41



the equation with p and p exchanged. Using the symmetry of the metric tensor, and the
symmetry of I' in its lower two indices, we then find that of the six I' terms 4 cancel in

pairs, and the remaining 2 add up, giving
2%y Gap = 0u Gup + Ou Gup — Op G - (4.47)
Multiplying by the inverse metric g?* then gives, after relabelling indices for convenience,
T*y, = 29" (00 gop + Op Gov — 0o Gup) - (4.48)

The I'*,, so defined is known as the Christoffel Connection. Notice that it coincides with
the equation (3.21) that we found when we studied the motion of a particle in Minkowski
spacetime, seen from the viewpoint of a non-inertial frame of reference. That was in fact
a special case of what we are studying now, in which the metric had the special feature of
being merely a coordinate transformation of the Minkowski metric. Our present derivation

of I'*,, is much more general, since g,,,, is now an arbitrary metric, which may be curved.

4.4 Some properties of the covariant derivative

As we have seen, the covariant derivative V,, has the key property that when acting on a
general-coordinate tensor of type (p,q) it gives another general-coordinate tensor, of type
(p,q + 1). It therefore plays the same role for general-coordinate tensors as the partial
derivative 0, plays for Lorentz tensors. And in fact, as can easily be seen from (4.48), if
the metric g, is just equal to the Minkowski metric 7,,, then I'*,, will vanish and the
covariant derivative reduces to the partial derivative. We shall now examine a few more

properties of the covariant derivative:
Curl:

A common occurrence is that one needs to evaluate the anti-symmetrised covariant

derivative of a co-vector. Using (4.41), we have
V.V, -V, V=0, V, -TI*,V, -0, V, + T, V,. (4.49)

Recalling that I'?,,,, is symmetric in p and v (as can be seen from (4.48), it therefore follows
that
V.V, -V, V,=090,V, =9, V,. (4.50)

This antisymmetrised derivative of a co-vector is a generalisation of the curl operation in

three-dimensional Cartesian vector analysis, where one has
(Cuer)i = (6 X ‘7)1 = €ijk 0iVi . (4.51)
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(In this three-dimensional case, the fact that the epsilon tensor has three indices is utilised

in order to map the 2-index antisymmetric tensor 9;V; — 0;V; into a vector.)
Divergence:

Another useful operation is to take the divergence of a vector. This is given by
V,VF=0,VF4+TF, V. (4.52)
From (4.48) we have
T = 26" (0 You + v Gop — 0o Guv) = 39" Oy Gpuor - (4.53)

Note that the first and the third terms cancelled because of the symmetry of g#° and g,

If we define g to be the matrix whose components are g,,,, with its inverse g~ ! whose
components are g"”, then we see that
', = %tr(g_l 0, g). (4.54)

To see this, suppose that M is any non-degenerate matrix. One can straightforwardly
show that
logdet M = trlog M . (4.55)

This is most clear for a symmetric matrix, since one can always diagonalise the matrix, and

then the identity is obvious. If we now make an infinitesimal variation of (4.55) we find
(det M)~'6(det M) = trlog(M + 6M) —trlog M = trlog[M~* (M + §M))]
= trlog(14+ M~t6M)
= tr[M'6M — (MM + -]
= tr(M M), (4.56)
since the terms at order (§M)? and above can be neglected in the infinitesimal limit. Thus we
have (det M)~19,(det M) = tr(M~19,M). Applying this result to (4.54), we can therefore

write I'M ), as

F#;w = %g_l oy, (4.57)
where we have defined g to be the determinant of the metric,
g=detg. (4.58)

We are considering spacetimes with one time direction and three space directions. Al-

though the metric g, is not in general the Minkowski metric 7,,, it will have in common
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with the Minkowski metric the feature that it has one negative eigenvalue (associated with
the time direction) and three positive eigenvalues (asociated with the spatial directions).

Therefore the determinant g will be negative. We can write (4.57) as

1
T, = —— 0, v/—7, 4.59
w= = (4.59)
and so from (4.52) we shall have
1
V V= —0u(v—gV"). (4.60)

V=9
This is a useful expression, since it allows one to calculate the divergence of a vector without
first having to calculate and tabulate all the components of the Christoffel connection.'?

A further result along the same lines is as follows. If FF1 " Fr ig a totally-antisymmetric

(p,0) tensor, then
1
v, FHve vy = ﬁ au(\/ngMVQ"'Vp) . (4:62)

The proof, which we leave as an exercise to the reader, makes use of the symmetry of I'*,,
in its two lower indices. It is important to note that (4.62) is valid only when the indices on

F' are all upstairs, and only when in addition F'is totally antisymmetric in all its indices.

4.5 Riemann curvature tensor

We are now ready to introduce a key feature of (pseudo)-Riemannian geometry, namely the
concept of curvature. To begin, we make the simple observation that the commutator of

covariant derivatives acting on a scalar field gives zero:
Vi, V)¢ =V,0,0 —V,0,¢ = 0,0, — 0,0, =0. (4.63)

Note that the second equality, where the covariant derivatives are replaced by partial deriva-
tives, follows from the result (4.50) for the antisymmetrised covariant derivative of a co-
vector, applied to the special case of the co-vector V,, = 0,,¢.

The situation is more interesting if we look instead at the commutator of covariant

121f we were considering a space with a metric of positive-definite signature, and so g > 0, we would omit

the minus signs under the square roots in eqn (4.60), and write
1
V. V¥ =—0,(VgV"). 4.61
v 75 Ve V) (4.61)

in this case.
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derivatives of a vector field:

Vu, VI VP =V, V, VP -V, V, V7,
= 0,(V,VP) =T, Vo VP + 17, V, V7 — (3 v),
= 0u(BVP + TP, V) =T, (0 VP + TPy V) + 17,5 (9,V7 + T, V)
(B VP + TP V) 4T, (0, VP + TP V) = TP, (9,V7 + 17,0 V). (4.64)

It is evident from this that all of the terms where either one or two partial derivatives land
on V cancel out completely. Of the remaining terms, a pair of I'T" terms cancel because of
the symmetry of I'?,,, in its lower indices, and the remaining terms can then be written,

after an index relabelling, as
[Vpa vo’] Vi = RHZ/pO' Vv 5 (465)

where,
RFype = 0T gy — 95T,y +TH Z T, —TH, T, (4.66)
The left-hand side of (4.65) is clearly a (1,2) general-coordinate tensor, since, by con-
struction, we know that the covariant derivative of a tensor is another tensor. On the
right-hand side we know that V7 is a general-coordinate vector. By an application of the
quotient theorem (an example of which was established for Lorentz tensors in homework
1; the proof for general-coordinate tensors is very similar), it follows that R*,,, must be a
(1,3) general-coordinate tensor. This very important object is called the Riemann Tensor,

and it characterises the curvature of the spacetime.
Symmetries of the Riemann tensor:

The Riemann tensor has some important symmetry properties. First of all, as can be
seen from (4.66), R*, s is antisymmetric in p and o. It also has further symmetries that
are not immediately apparent by inspecting (4.66). They become more apparent if one first
obtains an expression for

Raa;w = Gap Rpa;u/ . (467)

To do this, it is convenient also to define

Lypo = Gux F/\po = %(ap Guo + Os Gup — O Gpor) - (4.68)

(Note that the first index on I',, is the one that has been lowered!) Thus, from (4.66), we

have
Roaa,ul/ = Gap 8u (gp)\ FAVU) — YGop Oy (gp)\ F)\,ucr) + Fa;M F)\1/0' —Tavx FA;,LO’ . (469)
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Since gap gp>‘ = 52, which is constant, it follows that
9op O g’ A= g o 4.70
ap Ou g g ' Yap - ( . )

Using this, together with the expression that we can read off from (4.46) for the partial

derivative of the metric in terms of the Christoffel connection, we find from (4.69) that

Raouu = auraua - auraua - gp/\ (F’Yua Gvp + P'Yup g’yoz) F)\uo + gp/\ (P’Yuoz + F’yup) F)\,uo
+Fo¢u)\ FAI/U —Tawa FA,ucr . (4.71)

Most of the I'T" terms cancel, and after plugging in the expression (4.68) in the OI" terms,

one finds the remarkably simple result, after a convenient relabelling of indices,
Ruupa = %(@J%gw - 8uapgua + al/apguo - &/afgup) + 9ap (Fauarﬁl/p - FaupFBVU) . (472)

From this, the following symmetries are immediately apparent:

Ruvpe = —Ruvop; antisymmetry on second index pair (4.73)

Ruvpe = —Ruppo s antisymmetry on first index pair (4.74)

Ruvpe = Rpop - exchange of first and second index pair (4.75)

Rivpo + Ryupov + Ruovp = 0; cyclic identity (4.76)

The antisymmetry in (4.73) was obvious from the original construction of the Riemann
tensor in (4.65). However, the antisymmetry in (4.74), the symmetry under the exchange
of the first and second index pair in (4.75), and the cyclic symmetry in (4.76) only became
manifest after obtaining the expression (4.72) for R0

It is interesting to compare the derivation of these symmetries in different textbooks.
The most common approach involves establishing that one can choose a special coordinate
frame, at an arbitrarily selected point in spacetime, where g, = 7, and I'*,,, = 0 (only at
the single point). A rather simpler calculation then shows that at the selected point, in the
special coordinate frame, the Riemann tensor R, s is given by just the 00g terms in (4.72).
The symmetries discussed above are then manifest at that point, and so when combined
with the argument that any arbitrary point could have been chosen for the calculation, the
general results then follow. Weinberg, in his textbook, has taken the rather more brutal
approach of a head-on sledge-hammer attack, obtaining the formula (4.72) that is valid in
any coordinate frame. In fact the formula can be found also in the textbook of Landau and

Lifshitz. I can recommend checking all the details of the calculation, as outlined above,
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because it is one of those rather satisfying calculations where the end result is remarkably
simpler than one might expect during the intermediate stages.

It is worth remarking that although the conventional way to calculate the components
of the Riemann tensor is by using eqn (4.66) to calculate R*,,,, in some cases it can be
considerably easier to calculate Ry, » using eqn (4.72). This may not be such a big difference
if one is using an algebraic computing program to do the calculation, since computers don’t
mind grinding through a lot of tedious and rather repetitive steps for lots of cases. But
for a human, the expression (4.72) has the advantage that one does not have to evaluate
derivatives of the Christoffel connection (which in many cases may be a lot more complicated
than the individual metric components). Also, precisely because the various symmetries
detailed above are already present in (4.72), one can straightforwardly exploit these in
order to minimise the number of distinct calculations one has to perform.

It is useful at this point to introduce a convenient piece of notation, to denote antisym-
metrisations or symmetrisations over sets of indices on a tensor. For antisymmetrisation,

we write

1

Ty o) = o Ty, + (even permutations) — (odd permutations)| , (4.77)

where we include terms with all the possible permutations of the p indices, with a plus sign
or a minus sign according to whether the permutation is an even or an odd permuation of

the original ordering of indices fi1 - - - p1p,. There will be p! terms in total. Thus, for example,

Ty = %(T/W —Tou)
1
6

Tywg = 5§ Tuvp + Topu + Topw — Towp — Tupw = Tpvu) (4.78)

and so on. For symmetrisation we use round brackets instead of square brackets, and define

1

=T

(p1otip) = 77| Thaop + (even permutations) + (odd permutations)| . (4.79)
p!

Thus we have

T =

nv) (T/W + TV;L) )

1
2
T(IWP) = % (TMVP + TVPN + TPMV + Tl/up + Tupv + Tpl/,u) ) (4-80)

and so on. Note that the normalisations in (4.77) and (4.79) are such that

Do)l = Lol TGuaop)) = L) - (4.81)

Of course we also have T( =0 and T[( ) = 0.

(1 pp]) fi1-
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Using the notation for antisymmetrisation, and in view of the fact that the antisymmetry

(4.73) holds, it is easy to check that the cyclic identity (4.76) can be written as
Ru[upa} =0. (482)

In fact, after a little work one can show, by making use of the three symmetry properties

(4.73), (4.74) and (4.75) (but not yet assuming the cyclic identity (4.76)), that

Riywpo) = Byjpo] - (4.83)

(We leave it as an exercise for the reader to prove this.) Consequently, the cyclic identity

is implied by (as well as, trivially, implying) that

Ripoyu) = 0. (4.84)

popv]

In other words, the total set of algebraic symmetries of the Riemann tensor are characterised
by the three symmetries (4.73), (4.74) and (4.75), together with eqn (4.84).

We are now in a position to count how many algebraicially-independent components are
contained in the Riemann tensor. The antisymmetry (4.74) on the first index-pair and the
antisymmetry (4.73) on the second index-pair, together with the symmetry (4.75) on the
exchange of the first index-pair with the second index-pair, mean that we could think of
the Riemann tensor as a symmetric matrix of dimension (4 x 3)/2 by (4 x 3)/2.13 This will
have

3[4 x3)/2][d x 3)/2+1] =21 (4.85)

independent components. But we must still impose the remaining conditions from the
cyclic identity, which are described by (4.84). This gives (4 x 3 x 2 x 1)/4! = 1 further
condition. Thus in four dimensions the Riemann tensor has 21 — 1 = 20 algebraically-
independent components. It is straightforward to repeat this calculation in an arbitrary

spacetime dimension n, and one finds the Riemann tensor then has
L n?(n* —1) (4.86)

algebraically-independent components.

!3That is to say, with R,.,, being the same as R{,0) [po], We can think of the antisymmetric index-pair
[nv] as being equivalent to a single “composite” index A ranging over the (4 x 3)/2 = 6 inequivalent index
assignments {[01],[02], [03],[12],[13], [23]}, and likewise for [po]. So we can think of the Riemann tensor

as a 6 x 6 matrix Rap. This matrix is symmetric, since R,.p0 = Rpopr-
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In addition to the four algebraic symmetries (4.73), (4.74), (4.75) and (4.76), there is

also a differential symmetry known as the Bianchi Identity, which takes the form
v)\RuupU + va'LLl/O')\ + VUf{'uzl/\p =0. (487)

This could in principle be derived from the expression (4.66) for the Riemann tensor by
simply writing out all the terms in (4.87), with the covariant derivatives expressed in terms
of partial derivatives and Christoffel connections, but the calculation would be even more
brutal than the one given above for the derivation of the algebraic symmetries. On this
occasion, it is probably better to make use of special choice of coordinate frame alluded to
above, in which one can set g, = 7, at an arbitrarily selected point, and in addition one
can set I'*,, = 0 at that point. (Of course, one cannot also set derivatives of I'*,, = 0 to
zero at that point! If that were possible, it would mean that the curvature vanished at the
point, which is not in general true. See section 5.1 below for a detailed discussion of this
issue.)

Using the expression (4.72) for R,y it is easy to see that at the selected point at which

we have chosen the coordinates so that g, = 71, and I'*,, = 0 there, we shall simply have
Va Ruupa = %8)\(auaagup - 8uapgua + auapgua - auaagup) . (488)

This is because all undifferentiated I' terms will be zero at that point. It is now immediately
clear from (4.88) that the Bianchi identity (4.87) is satisfied at the selected point.!* Since
that point could have been chosen to be anywhere, and since a tensor that vanishes in one
frame vanishes in all frames, it follows that (4.87) is satisfied everywhere.

As a side remark here, we note that one sometimes encounters a different notation for
partial derivatives and for covariant derivatives. In this notation, a partial derivative 0, is

denoted by a comma, and so, for example, one would write

oV, =V, (4.89)
A covariant derivative is denoted by a semi-colon, and so one writes

VVe=Vopu. (4.90)
In this notation, the Bianchi identity (4.87) is written as

R'uupa;)\ + Ruua)\;p + RMV)\p;a =0. (491)

1 0Of course we can freely lower the p index in (4.87), since as emphasised earlier, the covariant constancy

of the metric means that raising and lowering indices commutes with covariant differentiation.
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Using the notation for antisymmetrisation given by (4.77), and recalling the antisymme-
try of the Riemann tensor on its second index-pair (4.73), we see that (4.91) can be written
as

RFyjposn) = 0. (4.92)
Ricci tensor and Ricci scalar:

There are two very important contractions of the Riemann tensor, which we now define.

The first is the Ricci tensor Ry, which is defined by
R,uu = Rp,upzz . (493)

As a consequence of the symmetry (4.75) of the Riemann tensor, the Ricci tensor is sym-
metric in its two indices, R,, = R,,. One can also make a further contraction to obtain
the Ricci Scalar R, defined by

R=g¢"" Ry, . (4.94)

The Ricci tensor satisfies a differential identity that can be derived from the Bianchi
identity (4.87) for the Riemann tensor. Contracting (4.87) by setting A = p, and using the
algebraic symmetries of the Riemann tensor and definition of the Ricci tensor in (4.93),
gives

VR ypo = VpRey, — VoR,, . (4.95)
If we now contract this equation with g¥?, we get, after an index relabelling,
V.R") =30, R. (4.96)
Notice that this means that the tensor G, defined by
G = Ry — 3R g (4.97)
obeys the divergence-free condition
VG, =0. (4.98)

The tensor G, is a very important one in general relativity. It is called the Einstein Tensor,
and it arises in the gravitational field equations in Einstein gravity, as we shall see shortly.

Parallel transport and the meaning of curvature

Let us return, for a moment, to Minkowski spacetime, with coordinates z#. Suppose we

have vector V', with components VH with respect to this coordinate basis, and that we wish
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to parallely transport it along some curve Z(\), where A is a parameter that monotonically
increases along the curve. Clearly, in Minkowski spacetime, parallel transport means the
direction of the vector stays unchanged as it is carried along the curve, so

dVH

s 0. (4.99)
Now let us make an arbitrary general-coordinate transformation, as we discussed in chapter
3, to coordinate system z#. The components of the vector V will be related in the two
frames by

u_ 0F"

= %44 4.100
ozV ’ ( )

and so (4.99) becomes

ozt dvv d oz
— Y'=0. 4.101
ox¥ dA + dA (0x”) ( )
Using the chain rule in the second term gives
okt dvv  dxP %M
———VY=0. 4.102
ox¥ dA + d\ OxPOxY ( )
Multiplying by (0z° /0z*) gives
dve dxzf 0z° 9%+
O = "o T ax e awoar
ave  dxf
— —1I7 v V:
dA * dx — ” v
dxp g g v
= o @),
dxP
= g 4.1
VeV (4.103)

where, in getting to the second line, we have used (3.10); the third line follows from the use
of the chain rule in the first term; and finally the last line follows from the definition (4.31)
of the covariant derivative on a vector field. Thus, the equation of parallel transport for a
vector in Minkowski spacetime, but described from an arbitrary coordinate frame, is

da(\)
d\

V.V’ =0. (4.104)

The equation is sometimes written as

DVH — dzt(N)
= Y =0. 4.1
i) Y \Yn%4 0 (4.105)

Although we derived (4.104) within the framework of special relativity viewed from
an arbitrary coordinate frame, it is equally valid in the more general context of general
relativity, for a completely arbitrary curved metric, where the covariant derivative V, is

defined by (4.31) and the Christoffel connection is given by (4.48).
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It is worth pausing for a moment to elaborate on this point. What we need is an equation
that is generally-covariant, that is, it should transform covariantly under general coordinate
transformations, and it should be such that if applied to the case of Minkowski spacetime
described using Minkowski coordinates, it should reduce to eqn (4.99). The equation (4.104)
certainly satisfies these requirements; it is a manifestly general-covariant equation, since dz*
transforms as a general-cooordinate vector and A is coordinate invariant (i.e. a scalar). And
of course, by its very construction, it reduces to eqn (4.99) in Minkowski spacetime using
Minkowski coordinates, because that is how we derived it in the first place. The requirement
of being generally-covariant is a rather stringent one, and in fact unless one were to dream
up more complicated equations involving more derivatives, there is really nothing else that
could be possible.

One could propose an equation for parallel transport that had higher-derivative terms
that would vanish when specialised to Minkowski spacetime. For example, one could con-
sider

dx* y "

where k is a constant. This equation is also generally-covariant, and it would reduce to
eqn (4.99) in the case of Minkowski spacetime in Minkowski coordinates, since the Ricci
tensor would vanish in this case. So eqn (4.106) could in principle be considered as a
candidate alternative to the usual parallel-transport equation (4.104). Such modification
as the Ricci-tensor term in (4.106) would be referred to as a “non-minimal coupling” of
gravity, to distinguish it from the case of minimal coupling in eqn (4.104). We shall not
consider such possibilities further.

Consider now a displacement, by parallel transport, along an infinitesimal segment of
a curve x*(\). Multiplying the parallel transport equation in the second line of (4.103) by

o\, and relabelling indices, we have
SVH(x) = —I'", () VP(x) 62" . (4.107)

We can now use this expression to calculate the result of parallel propagating the vector
V around a very small closed loop C. For convenience, and without any loss of generality,
we can choose the origin of the coordinate system so that the loop begins and ends at
z# = 0. For small values of z* it follows that we can write §V#(z) = V#(z) — V#(0), and

so from eqn (4.107) that
VH(z) = VH(0) — T*,,(0) V*(0) 2 + O(z?). (4.108)
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We can also Taylor expand I'*,,(x) around z# = 0, which gives
Iy p(@) = T%,5(0) + 951", (0) 27 4+ O(a?) (4.109)

where 0,I'*,,,(0) means first evaluate 9,I'*,,(x) and then set 2# = 0. Thus from (4.107),

the result of integrating up around the small loop will be given by

AVE = f SVH = — 7{ T¥,,(2) VP(z) da”
C C
= —%(F“VP(O)%—GUI‘“VP(O) x7)(VP(0)—T7,5(0) V/B(O) x)dx
C
:—FH,,,JVij dz” —9,T*,, VP f{ 2 da¥ +T",,T 05 V7P 75 z® dz¥ +- - +(4.110)
C C C

where the ellipses denote terms of higher order in powers of x*, which can be neglected
when the closed loop is sufficiently small. (In the last line, and from now on, we suppress

the z# = 0 argument of all quantities outside the integrals.) Now since the integral of an

exact differential around a closed loop gives zero, we shall have

j{daﬁ”—o, (4.111)
C

and

j{ x% dx” = ]{ [d(z? z¥) — x¥ dx°] = —?{ z¥ dz? (4.112)
C C C

% 2% dx” = %?{(:UU dz¥ — 2" dz?) . (4.113)
C C

After some index relabelling, (4.110) gives

and hence

AVF = —[9,T%, 5 — T, T*,5 V" jqf 2? da
c

= Yo, ,5 — 8,1 5 —TH,, TP 5 + T, TP, VP 7{ 2% dz¥, (4.114)
C

where in getting to the second line, we have used the antisymmetry of the integral under
the exchange of ¢ and v. Comparing with the definition of the Riemann tensor, given by

(4.66), we see, after a relabelling of indices, that
AVH = —1RM, o V" 7{:30 dz” . (4.115)

(Recall that the Riemann tensor is evaluated at z* = 0 here.)
The integral ¢ z°dz” is equal to the area AAP? that is bounded by the small closed

loop C. To be more precise, this area lies in a 2-plane, and the orientation of that 2-plane
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is specified by p and o. Suppose, for example, that 2! = z and z? = y, and that the loop

consists of a small square of side € in the zy plane. Then

€ 0
AA? = 7{ xdy = / edy +/ 0dy = € (4.116)
C 0 €

which is indeed the area of the square bounded by C.
Thus we have

AVF = —L1R!, . VY ANAP. (4.117)

Thus we see that the Riemann curvature tensor characterises the change that a vector
undergoes when it is parallel propagated around a closed loop. In flat space, where the
Riemann tensor vanishes, the vector would, by contrast, return completely unchanged after

its trip around the closed loop.

4.6 An example: The 2-sphere

It is instructive to look at a simple example of a curved space, and the simplest is probably
the 2-sphere (like the surface of the earth).!> We can define a 2-sphere of radius a via its
embedding in Euclidean 3-space, by means of the equation z? + y? 4+ 22 = a®. The points

(x,y, z) on the spherical surface can be parameterised by writing
x =asinf cosy, y =a sinf sin g, z=acosf. (4.118)

The natural metric on the sphere is the one inherited from the metric ds3 = da? + dy? + dz?

on the Euclidean 3-space by making the substitutions (4.118), which gives
ds® = a® (df* + sin? 0 dp?) . (4.119)

If we define the coordinates z' = 6 and z? = ¢, then we see that the metric and its inverse

are diagonal, with

. 1
gi1 = a2, goo = a® sin’ 0, g11 = — 922 = popEmrE (4.120)

Calculating the various components of I'*,, using (4.48), one finds that the only non-

vanishing components are

F122 = —sin6 COSG, F212 = F221 =cotf. (4121)

50ur principle focus in this course will be on four-dimensional metrics with signature (—, 4, +,+). But
all of the tensor formalism that we have described so far is equally applicable in any dimension, and for any
choice of metric signature. (Minor adjustments are needed in equations such as (4.60) for the divergence of

a vector field, if the determinant of the metric is positive rather than negative.)
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Calculating the Riemann tensor components from (4.66), then one finds the only non-

vanishing ones are

Rl50 = —Rl99) =sin®f,  R%jjp= —R%* = —1. (4.122)
Lowering the upper index using the metric gives
2 sin%4. (4.123)

Ri212 = —R1221 = —Ra112 = Ro121 = @

It can be seen that these results are all consistent with the algebraic symmetries discussed
earlier.

From (4.93) and (4.94) we find

R11 = 1, R22 = sin2 ¢9, R12 = R21 = 0, R = 5 (4.124)
a
Notice that we can write the Ricci tensor as
1
R/uz = ﬁ Iuv - (4125)

Metrics such as this, for which the Ricci tensor is a constant multiple of the metric tensor,

are known as Einstein metrics.

5 Geodesics in General Relativity

Having introduced the basic elements of general-coordinate tensor analysis, we are now
ready apply these ideas in the framework of general relativity. The essential idea in general
relativity is that our four-dimensional spacetime is veiwed as a pseudo-Riemannian manifold,
equipped with a smooth metric tensor g, of signature (—,+,+,+). In colloquial language,
we may say that “spacetime tells matter how to move,” and also that “matter tells spacetime
how to curve.”

The first half of the picture, the law governing how matter moves in spacetime, is a
very natural generalisation of what we saw in chapter 3, when we studied the motion of a
free particle in Minkowski spacetime, seen from the viewpoint of a non-inertial coordinate
system. Locally, the description of free particle motion in a general curved spacetime is
described by exactly the same Geodesic Equation (3.9) that described the motion of the
particle in the Minkowski case. The only difference is that now I'*,, is the Christoffel
connection (4.48) constructed from the metric tensor g, of the spacetime. This chapter

will be concerned with studying geodesic motion in general relativity in more detail.
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The other half of the picture concerns the way in which matter tells spacetime how to
curve. This is the stage where we will introduce the Einstein field equations, which are the
analogue for gravity of the Maxwell field equations in electromagnetism. That will form the

subject of the next chapter.

5.1 Geodesic motion in curved spacetime

In a local region of a curved spacetime, one can always choose coordinates where the metric
looks approximately like the Minkowski metric. In fact, as we mentioned when proving the
Bianchi identity for the Riemann tensor in the previous chapter, one can choose coordinates,
which we shall call z’*, such that at an arbitrarily-chosen point z/*, one has

9 (&) = 1w 9.9, = 0. (5.1)

Q_f,

The latter equation implies I'*, (') = 0 also, as can be seen from (4.48).

Let us now prove that we can indeed choose coordinates such that the conditions in (5.1)
hold at a point. That is to say, we start by considering some generic metric with components
guv () in the unprimes coordinate frame z#. We then make a coordinate transformation to
primed coordinates z’* which are as-yet arbitrary functions of the unprimed coordinates:
2" = 2’ (x). (The argument z here simply indicated that the 2" coordinates are functions
of the z¥ coordinates.) Then, we try to choose the functional dependences in such a way
that (5.1) holds in the primed frame. Since we can always make “trivial” coordinate trans-
formations in which we add constants to the coordinates, we can make life simple by using
this freedom so that the chosen point is located at z# = 0 and 2" = 0. We can then expand
the inverse coordinate transformation z# = x#(z’) in a Taylor series around the origin:

1 1
xt :a“l,w”’—i—Ea"ypxww’p—i—ga“l,pga;ww’pxm—i—-" , (5.2)

where at,, a*,,, etc., are sets of constant coefficients. In the transformation rule of the

metric components,
oz 0x°
g;w(ﬂﬁl) = 95 g Gpo () (5.3)

we may also make a Taylor expansion of g,s(z), in the form
1
9 () = g (0) + Opgpun (0) 2 + 21 99059 (0) 2 27 + - -+ (5.4)

Here, and subsequently, when we write expressions such as 9,g,,,(0), we mean 9,g,,, (v) with

x subsequently set equal to zero.

o6



Plugging the Taylor expansions into (5.3), we find

/ N a1 1o
g,uy(l‘ ) - (apu + aplwé T+ Ea’plﬂllazx

X gPU(O) + 679,)0(0) (cﬂg .’L'lé + %a’ylgﬂ_ [L'/é 1'/7— + .. )

6
30,0395 (0) (o2 - Yy 2+ ) ]
First, we set 2’" = 0, which gives

9,(0) = a#1,a%, g5 (0) .- (5.6)

There are 4 x 4 = 16 independent components a”;, that may be specified freely, and using

10 of these we can set the 10 independent components of g, (0) to be

G (0) = Ty - (5.7)

The 6 = 16 — 10 remaining components of a”, are easily understood: they correspond to
Lorentz transformations A?,, which will preserve the form of (5.7).

Next, we take the derivative 9} of (5.5) and then set 2/* = 0. This gives

(")/\g#,/( ) =a’,a%,a"\09,5(0) + (a’x a7, + a’ a%,x) Gpo(0) . (5.8)

The a”,, coefficients have already been fixed (modulo the Lorentz transformations, which
are not of interest here) in ensuring that (5.7) holds. But the a”, coefficients are appearing
linearly in the last two terms in (5.8), and by choosing these appropriately, we can in fact
always make the right-hand side of (5.8) vanish. We can check this by counting how many
parameters are available, and how many equations we wish to impose. The parameters

A .
"M 2/ in the expansion of

a” . are symmetric in p and \ (since they are the coefficients of x
z'? (see eqn (5.2)). Therefore, the number of independent a”,, is (4 x [(4 x 5)/2]), which

equals 40. On the other hand, we would like to impose d4g,,(0) = 0, and this is also

Juv
(4% [(4x5)/2]) = 40 independent equations (since g, is symmetric in y and v). Thus (5.8)
amounts to 40 independent linear equations for the 40 independent unknowns in a”,,), and
so we can always find a unique solution.

The upshot of the above calculations is that we have proved that we can indeed always
find a coordinate frame in which the conditions (5.1) hold at any given point.

It is instructive also to make sure that we are not able to prove “too much” by this
method. That is to say, it should not be possible to continue this process indefinitely, next

setting 0} 0,9, (0) to zero, and then setting 9\ ) i, 9,,,(0) to zero, and so on. (If we

could do this, then it would be indicating that we could proceed to all orders and simply end
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up by finding coordinate transformations that turned the metric g, (x) into the Minkowski
metric in the primed frame.) To see why we cannot in fact do this, look at the equations
we obtain if we take two derivatives of (5.5) and then set z/* = 0. We shall not labour all
the details here, but it is easy to write down the result, and one will obtain something of

the form
N, 00,90, (0) = @ a®, a”y, a®x, 0059po(0) + ( terms linear in a”,5) + more,  (5.9)

where all the terms denoted by “more” involve just the a”, and a”,g coefficients that we
already made use of in order to impose the conditions (5.1). The coefficients a” .3 are now
available to us to try to set the second derivatives ('3;\1 1\2 9,,(0) to zero. But now, when
we count equations and parameters, we find a problem. The a”,,5 are symmetric in u, «
and [, so there are 4 x [(4 x 5 x 6)/3!] = 80 independent parameters. On the other hand,
since 03 0},9,,,(0) is symmetric in y and v, and also symmetric in A\; and A, there are
[(4 x5)/2] x [(4 x 5)/2] = 100 independent components. Thus we have only 80 parameters
available to try to impose 100 independent conditions, so it cannot be done. In fact we can
impose 80 conditions on the 100 independent components in 63\1 1\2 g:“,(O), but that leaves
an irreducible core of 20 components that cannot be eliminated by means of coordinate
transformations.

We have seen this number before; it is the number of algebraically independent com-
ponents of the Riemann tensor. This is no coincidence. The Riemann tensor is a general-
coordinate covariant tensor constructed from second derivatives of the metric. In fact, it is
the most general possible tensor that can be constructed from at most second derivatives of
the metric. What we have confirmed above with our implementation of coordinate trans-
formations is that there should indeed be 20 irreducible, coordinate-invariant, degrees of
freedom associated with the second derivatives of the metric tensor, and these are precisely
what are encoded in the Riemann tensor.

To summarise, we have seen that in any arbitrary curved spacetime, we can always
choose a coordinate system z’* such that at some arbitrarily-chosen point z/** the metric

will be equal to the Minkowski metric and the Christoffel connection will vanish:

G (@) =, T, (2) = 0. (5.10)

This means that in a small enough neighbourhood of the point z/** the motion of a particle
with no external forces acting on it will be just like that of a particle in Minkowski spacetime,

so d?z'"(7)/dr? = 0 (for a massive particle). By the same reasoning that we used in section 3
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when considering free-particle motion in a globally Minkowski spacetime, it follows therefore
that in an arbitrary coordinate frame z*, the particle will obey the equation

d?at(7)
dr?

dx¥ () dxP(T)
dr dr

+TH,, =0. (5.11)

(See eqn (3.9).) This equation therefore describes the motion of a massive particle, with no
external forces acting, in an arbitrary spacetime, with or without curvature. It is known as
the Geodesic Equation. The only difference from the discussion in section 3 is that in that
case, the Christoffel connection I'*,, was the one calculated, using (4.48), from the metric
(3.15) that was obtained by making a general coordinate transformation of the original
coordinates of the Minkowski spacetime. Now, instead, the metric g,, is a completely
arbitrary metric on the four-dimensional spacetime.

The geodesic equation (5.11) does not look manifestly covariant with respect to general
coordinate transformations, but in fact it is. To see this, we first remark that the 4-velocity

dzH(T)

U
dr

(5.12)

is clearly a general-coordinate vector, since dr = v/—ds? is a scalar and dz# transforms like
a general-coordinate vector. If we consider the manifestly-covariant equation U¥V,U* = 0,

then using (4.31) and the chain rule we have

dz¥ dzt  dx” dzt dz¥ dxzP
O = UV v Uu = —_— v —— = —0, _ - FMV ,
v dr v dr dr ( dr ) * dr Pdr
d2zH dx¥ dxf
pr— —_— ]__‘LLV ) ‘1
dr? + P dr dr (5.13)

which is precisely the geodesic equation (5.11).
Notice, looking back to our definition (4.104) for the parallel transport of a vector V¥
along a curve, that the geodesic equation

dz¥ dxt

—V,— =0, 5.14
dr dr ( )

which can also be written, following the notation in eqn (4.105), as

D sdxt
—|—=—) =0, 5.15
DT( dr ) ( )
is in fact the equation for the parallel transport of the 4-velocity vector along its own integral
curve. That is to say, the 4-velocity vector is parallel propagated along the direction in which

it is pointing. It is in fact the nearest one could come, within the covariant framework of

general relativity, to the notion of motion along a straight path.
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We should add one further comment here, about the use of the proper time 7 as the
parameter along the path of the particle in geodesic motion. It is known as an affine
parameter, and we can take the definition of an affine parameter to be one such that the
geodesic equation takes the form (5.11). Suppose now we make a transformation to some
other parameter o, where 0 = o(7). It would be sensible to choose the function o(7) to be
such that o, just like 7, increases monotonically along the path of the particle, that is to
say, so that do/dr > 0 for all 7. What other restrictions on the choice of function arise, if
we wish the geodesic equation to take the same form as (5.11) in terms of the parameter

o? Using the chain rule for differentiation, we see that

>zt dx¥ dz’ d?zt dx” dx” dx*
0= uyiizﬂ[ w B 5.16
dr? T dr dr do? P do do 7 do ( )
and so in general we have
d?zt dzr” dz” o dx*
M, — —=—-—= —, 1
do? P do do o2 do (5-17)

where & = do/dr, etc. Thus the geodesic equation written in terms of the parameter o
takes the same form as (5.11) if and only if 6 = 0, which means that ¢ must be related to

7 by a so-called affine transformation, namely
oc=a+bT, (5.18)

where a and b are constants. Any parameter for which the geodesic equation takes the
standard form as in (5.11) is known as an affine parameter.
Note that if we write the geodesic equation in the more manifestly covariant way dis-

cussed above, then (5.17) can be written in the form

. ) .
%Va ~Fo)VE, where VA= gy =2 (5.19)

do ’ o

Thus, in general, if we use a non-affine parameter the “acceleration” DV*/Do is pro-
portional to the “velocity” V#. The distinguishing feature that charactetrises an affine
parameter is that the acceleration is zero along the path. Given a non-affine parameteri-
sation of a geodesic, for which it satisfies the first equation (5.19), one can always find a

transformation to an affine parameterisation, by solving & = —2 (o).

5.2 Geodesic deviation

We already mentioned that the local equation (5.11) for geodesic motion is the same whether

the gravitational force is associated with “ponderable matter” or whether it is merely due to
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acceleration relative to a Minkowski spacetime inertial frame. In order to see the differences,
one has to look at non-local effects, such as arise when comparing particle motions along two
nearby geodesics. To do this, we can consider two nearby geodesics z#(7) and x*(7)+dz#(T).
If the separation is infinitesimal then dx* itself is a vector, and we shall write it as Z# = dx*.
One may think of it as defining the line joining the two infinitesimally-close particles. We
can derive the equation for dz*(7) by making a variation of the geodesic equation (5.11),

which gives

d25zH dz¥ dxf dz¥ dozP
—_ I — — 2% + 2%, — — =0, 2
dr? + 01y, dr dr °F + Pdr  dr 0 (5.20)
and hence ,
d=zZ" dz¥ dx” dz¥ dzP
—_ I — 7% 2T+, — —— = 21
dr? +90 YPodr dr + Pdr dr (5.21)

(The second term arises because I'*,, itself depends on the coordinates.) We would like to
write the equation (5.21) for Z* in a covariant form.
Recalling the definition of the covariant directed derivative D/DA in (4.105), let us

consider D?Z*/D7?. Expanding it out in terms of partial derivatives and connections, this

is given by
D*zr  d <DZ“)+da:” . Dz°
D2 dr\ Dr dr ~ " Dr’
d (dZ"  dz° dx¥ dzr  dz®
= (e, Z>‘> g (— e Zﬁ)
dT( dr + dr A + dr " \dr + dr = %P ’
d2zr e dx® dx° dx® dz>
= —— 4T, Z [Hoy —— —— ZM 4 = TH \ ——
dr2 + drz = o + 0al"ox dr dr + dr = " dr
dz? dzP  dz¥ dz®
‘I’W luup ﬁ + ? /J'Vp ? Fpaﬁ Zﬁ . (522)

We now use (5.21) to substitute for d2Z*/dr? in the last line, and the geodesic equation
(5.11) to substitute for d?x° /dr2. We then find a variety of satisfying cancellations, includ-
ing the fact that all the terms with single derivatives of Z cancel, and all the remaining oT"
and I'T" terms conspire to produce the Riemann tensor (see (4.66)). The upshot is that we

obtain the elegant covariant equation

D?zw dzf dx°
= — Rr,, S v (5.23)

=2 _ _p
“ D2 YT dr dr

This is the equation of Geodesic Deviation. The left-hand side is an expression for the
covariant 4-acceleration a* of one of the infinitesimally-separated particles relative to the
other. If the spacetime is flat, with vanishing Riemann curvature, then there is no geodesic
deviation. This is what a non-inertially moving observer in Minkowski spacetime would see.

If, on the other hand, there is spacetime curvature (such as in the neighbourhood of the
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earth, the observer will see nearby geodesic accelerating relative to one another. (Such as
would be seen by an observer in a freely-falling elevator, who watched two nearby particles

in geodesic motion converging as they both accelerated towards the centre of the earth.)

5.3 Geodesic equation from a Lagrangian

The geodesic equation (5.11) can be derived very easily from a Lagrangian. This also has
the added bonus that it provides a very convenient and streamlined way of deriving the
expressions for the Christoffel connection components I'#,, in a more efficient way than
using the formula (4.48).

Consider the Lagrangian and action
L=3gui'i", I= /Ldr, (5.24)

where * is a shorthand for da*/dr. The integral in the expression for the action is taken

from some initial time 7; to some final time 7o. Varying I with respect to the path z#(7)

gives!'6

51 — / dr| 10,9027 i & + g, 5:c]
= /dT
= /dT 19 g0z Tt ¥ — i(g :i:“) (5;16”}
| 29w dr Inv )

= / A [ 30900 = Opgp 3 0 — gy, | 02" (5.25)

[ T d . v d . v
_%@,gu,,dxp A (guw & 6a”) — . (9w i) 6z } :

(We used the chain rule in order to obtain the second term on the last line.) Thus the

principle of stationary action 61 = 0 gives
G B+ [0p G — 50ugup] 27 2 = 0. (5.26)

Note that what we have been doing here is really just a derivation of the Euler-Lagrange

equations
d ;0L OL
— — =0. 5.27
dr ((%cV) oz? ( )
Multiplying eqn (5.26) by ¢?%, we therefore have
%+ %ga'/ ((9,;9,” + 8ugpu - 8V9MP) i’ it =0, (528)

16 A5 usual in such a calculation, we consider variations of the path z*(7) that are held fixed at the initial
and final points on the path. This means the boundary term coming from the integration by parts of the

second term on the top line in (5.25) gives zero.
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where we have used the symmetry of & &* to write 0,9, &* " as 5(8pguy + 0ugpu) P T+
From the expression (4.48) for I'*,, we see that (5.28) is precisely the geodesic equation

(5.11), i.e. (after index relabelling)
T, " i =0. (5.29)

Note also from the definition of the Lagrangian in (5.24) that along the geodesic path
followed by the particle, one has

dzt dx¥

L Guw dzt dx” 1d72
T2 gr dr

— _1
dr2 2472 20

(5.30)

D[

1/
L= QQWx“

This therefore provides a first integral, reflecting the fact that the “energy” is conserved.
The fact that one derive the geodesic equation from the action given in (5.24) provides,
as a bonus, a rather streamlined way of calculating the Christoffel connection for any metric.
One uses the Euler-Lagrange equations (5.27) to derive the geodesic equation (5.29), and
then simply reads off the components of the Christoffel connection. Consider as an example

the 2-sphere metric (4.119). The Lagrangian L in (5.24) is therefore
L=1a 202 ta® sin? 0 7. (5.31)

(Because the metric signature is (4, +) in ths example, we use proper distance s rather
than proper time 7 to parameterise the path of the geodesic, so #* = dx*/ds here.) The

Euler-Lagrange equations (5.27) give

0 —sinf cos0p> =0,  H+2cot0fp=0. (5.32)
Taking ' = 0 and 22 = ¢, we therefore immediately read off that the only non-zero
components of I'*,,, are!”

I'l9y = —sinf cosb, %5 =% =cotf. (5.33)

These can be seen to be in agreement with those that were found in (4.121) by using
the formula (4.48). The great advantage (especially for a human) in using the method
described above is that the results for all the I'*,, with a given value of the y index come

all at once, from a single equation. Thus one effectively only has to do n calculations for

"Note that a common mistake is to fail to divide the coefficient of an off-diagonal term in #“%” by two
when reading off T'*,,, such as in the ¢ term in the second equation in (5.32). The point is that both I'%15
and T'?5; contribute equally, and so each is equal to one half of the coefficient of é(,b in the geodesic equation
n (5.32).
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an n-dimensional metric. By contrast, if one uses the formula (4.48) one has to perform
%n2 (n+ 1) distinct calculations, one for each inequivalent choice of the index values for p,
v and p. The saving may not be so impressive for n = 2, but for n = 11, say, the saving is
considerable! A further point is that commonly, many of the components of I'*,, may in
fact be zero, and a nice feature of the method described above is that these never appear
in the calculation. By contrast, if one is grinding through the calculations, component by
component, using (4.48), then one may be expending a lot of mental effort producing zero

over and over again.

5.4 Null geodesics

A massless particle, such as a photon, follows a geodesic path, just as massive particles
do. However, we can no longer use the proper time along the path of a photon, because
the invariant proper-time interval between neighbouring points on the path given by dr? =
—gudxtdx”, is zero. Instead, we must choose some other parameter A along the path of
the photon. A possible choice would be to use the time coordinate ¢ in a given coordinate
frame, but we can leave things more general and just consider a parameter A. We should
choose a parameter that increases monotonically along the path (as the time coordinate ¢
would), and also, we should, for convenience, choose an affine parameter.

The geodesic equation can be obtained by repeating the previous derivation for a massive
particle, which started with the equation for the particle moving in Minkowski spacetime
in an inertial frame. Instead of (3.2), we must now use a parameter A that increases mono-
tonically along the path of the null light ray, so that we have d2&#/d\? = 0. Transforming
to an arbitrary coordinate frame then gives (5.34), where the connection is given by (3.10).
Finally, we generalise to an arbitrary background metric, and so the geodesic equation will
still take the form (5.34), except that now the connection is the Christoffel connection given

in terms of the spacetime metric by (4.48). Thus we find

d?xt dx¥ dxP
B =), 5.34
d\? T dx d\ ( )
This equation can be derived from the Lagrangian
dzt dx”
L=1g, % (5.35)

= Ay

in the same way as in the massive case. One difference now, however, is that since dr? = 0

we have

L=0 (5.36)
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on the path of the photon, rather than the previous result that L = —% for the massive

particle.

5.5 Geodesic motion in the Newtonian limit

The geodesic equation is the analogue in general relativity of Newton’s second law applied
to the case of a particle in a gravitational field. To see this, it is useful to consider the
geodesic equation in the Newtonian limit, where the gravitational field is very weak and
independent of time, and the particle is moving slowly. It will be convenient to split the
spacetime coordinate index p into p = (0,4), where i ranges only over the spatial index
values, 1 < i < 3. Saying that the velocity is small (compared with the speed of light)

means that ‘
dz*
dt

Since we are assuming weak gravitational fields here, we can assume that in a suitable

<< 1. (5.37)

coordinate system the metric is close to the Minkowski metric,

Guv = Nuv + huy ) (5.38)

where the deviations h,, are very small compared to 1. Since we are assuming time inde-
pendence, this means that we may assume also that dg,, /0t = 0.'% Note that the inverse

metric is of the form

g =t — b + O(h?), (5.39)

where by definition h*" = nH? ¥ h ).
In the low-velocity limit, coordinate time ¢ and proper time 7 are essentially the same,
and thus we also have
dx?

— 1. 4
dr (5.40)

Consider now the spatial components of the geodesic equation (5.11). In this Newtonian
limit, it therefore approximates to
d%z’
dt?

+T%0 =0. (5.41)

From the expression (4.48) for the Christoffel connection, it follows from (5.38) and the
assumption Ohy,, /0t = 0 that
Fioo ~ *%aihoo . (542)

B0Of course one could always perversely then make a transformation to coordinates in which the metric
components did depend on ¢. In this, as in many other examples, we cover ourselves by saying “there exists

a choice of coordinates in which...”

65



Thus the geodesic equation reduces in the Newtonian limit to

R
dt?

= 10;hqo - (5.43)

We now compare this with the Newtonian equation for a particle moving in a gravita-
tional field. If the Newtonian potential is ®, then the equation of motion following from

Newton’s second law (assuming that the gravitational and inertial masses are equall) is

d*z’
T _ 5. 5.44
Comparing with (5.43), we see that
hoo = —2@ . (5.45)

(We can take the constant of integration to be zero, since at large distance, where the
Newtonian potential vanishes, the metric should reduce to exactly the Minkowski metric.)
Thus the spacetime metric in the weak-field Newtonian limit can be arranged to take the
form!?

ds? a0 —(1 4 2®) dt* + (8;j + hyj) da*da? . (5.46)

Notice that in general relativity the equality of gravitational and inertial mass is built in
from the outset; the geodesic equation (5.11) makes no reference to the mass of the particle.

Another important point is to note that in the geodesic equation (5.11), the Christoffel
connection I'*,, is playing the role of the “gravitational force,” since it is this term that
describes the deviation from “linear motion” d?z#/dr? = 0. The fact that the gravitational
force is described by a connection, and not by a tensor, is just as one would hope and
expect. The point is that the “force of gravity” can come or go, depending on what system
of coordinates one uses. In particular, if one chooses a free-fall frame, in which the metric at
any given point can be taken to be the Minkowski metric, and the first derivatives can also
be taken to vanish at the point, then the Christoffel connection vanishes at the point also.

Thus indeed, we have the vanishing of gravity (weightlessness) in a local free-fall frame.

9Here, we have enlarged the assumption of time independence to the stronger one that the metric is
static. This amounts to saying that there exists a choice of coordinates where not only is g, /0t = 0 but

also that go; = 0, so there are no dtdz® cross-terms in the metric.
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6 Einstein Equations, Schwarzschild Solution and Classic Tests

6.1 Derivation of the Einstein equations

So far, we have seen how matter responds to gravity, namely, according to the geodesic
equation, which shows how matter moves under the influence of the gravitational field. The
other side of the coin is to see how gravity is determined by matter. The equations which
control this are the Einstein field equations. These are the analogue of the Newtonian
equation

V20 = 471G p, (6.1)

which governs the Newtonian gravitational potential ® in the presence of a mass density p.
Here G is Newton’s constant.

The required field equations in general relativity can be expected, like Newton’s field
equation, to be of order 2 in derivatives. Again we can proceed by considering first the
Newtonian limit of general relativity. Since, as we have seen, the deviation hgy of the
metric component ggg from its Minkowskian value —1 is equal to —2® in the Newtonian
limit (see (5.45)), we are led to expect that the Einstein field equations should involve second
derivatives of the metric. We also expect that the equation should be tensorial, since we
would like it to have the same form in all coordinate frames. Luckily, there exist candidate
tensors constructed from the metric, since, as we saw earlier, the Riemann tensor, and its
contractions to the Ricci tensor and Ricci scalar, involve second derivatives of the metric.
Some appropriate construct built from the curvature will therefore form the “left-hand side”
of the Einstein equation.

There remains the question of what will sit on the right-hand side, generalising the mass
density p. There is again a natural tensor generalisation, namely the energy-momentum
tensor, or stress tensor, T,,. This is a symmetric tensor that describes the distribution
of mass (or energy) density, momentum flux density, and stresses in a matter system.
We met some examples, in the context of special relativity, in section 2. Specifically, if
we decompose the four-dimensional spacetime index pu as p = (0,7) as before, then Tpg
describes the mass density (or energy density), Tp; describes the 3-momentum flux, and Tj;
describes the stresses within the matter system.

A very important feature of the energy-momentum tensor for a closed system is that it
is conserved, meaning that

VYT, =0. (6.2)

This is analogous to the conservation law V#.J, = 0 for the 4-vector current density in
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electromagnetism. In that case, the conservation law ensures that charge is conserved, and
by integrating Jy over a closed spatial 3-volume and taking a time derivative, one shows that
the rate of change of total charge within the 3-volume is balanced by the flux of electric
current out of the 3-volume. Analogously, (6.2) ensures that the rate of change of total
4-momentum within a closed 3-volume is balanced by the 4-momentum flux out of the
region.

If we are to build a field equation whose right-hand side is a constant multiple of T}, it
follows, therefore, that the left-hand side must also satisfy a conservation condition. There
is precisely one symmetric 2-index tensor built from the curvature that has this property,

namely the Einstein tensor

Guv = Ry — %ng/ ) (6.3)
which we met in equation (4.97). Thus our candidate field equation is G, = AT, i.e.
Ry — AR g = AT, (6.4)

for some universal constant A, which we may determine by requiring that we obtain the
correct weak-field Newtonian limit.

In a situation where the matter system has low velocities, its energy-momentum tensor
will be dominated by the Ty component, which describes the mass density p. Thus to find
the Newtonian limit of (6.4), we should examine the 00 component. To do this, it is useful

first to take the trace of (6.4), by multiplying by ¢*”. This gives
—R=Xg"T,,. (6.5)

Since T}, is dominated by Top = p, and the metric is nearly the Minkowski metric (so
g% ~ —1), we see that

R~A\p (6.6)
in the Newtonian limit. Thus, (6.4) reduces to
Roo =~ i)p. (6.7)

It is easily seen from the expression (4.66) for the Riemann tensor, and the definition

(4.93) for the Ricci tensor, that from (5.42) the component Ry is dominated by
ROO ~ 8@Fi00 ~ —%6181 hoo . (6.8)

From (5.45) we therefore have that Ropy ~ V2@ in the Newtonian limit, and hence, from
(6.7), we obtain the result
V2~ INp. (6.9)
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It remains only to compare this with Newton’s equation (6.1), thus determining that A =
87G.

In summary, we have arrived at the Einstein field equations®’

Ry —iRg, =81G Ty, (6.10)

and we have shown in particular that they have the proper Newtonian limit.
The Einstein equations could be viewed as the gravitational analogue of the Maxwell

equations for electromagnetism. Thus, in electrodynamics we have the equation
O, F* = 4mxJH . (6.11)

(This equation is written in Minkowski spacetime here. We shall presently discuss the sim-
ple modification needed in order to write it in a general curved spacetime.) In each of (6.10)
and (6.11) the left-hand side has terms involving derivatives of the field (gravitational or
electromagnetic) of the theory. And each equation, on the right-hand side, has sources
describing either the mass and momentum distribution, or the electric charge and current
distribution, respectively. However, there is a very important qualitative difference between
the two equations. The Maxwell equations are linear differential equations governing the
electromagnetic field. By contrast, the Einstein equations are non-linear in the gravitational
field. This is evident from the way that the Christoffel connection is constructed from the
metric in (4.48), and the way that the Riemann tensor is then constructed from the connec-
tion, in (4.66). The reason for the non-linearity can easily be understood physically. The
key point is that in general relativity, all systems with mass, energy and momentum tend
to generate spacetime curvature. This includes the gravitational field itself, and hence the
equations that govern the gravitational field must include the description of the gravita-
tional field acting on itself. Hence the non-linearity. By contrast, the electromagnetic field

is itself uncharged (the photon is neutral), and thus it does not act as a source for itself.?!

*0There is no universal agreement as to whether one should call (6.10) the Einstein field equation, or
the Einstein field equations. On the one hand, eqn (6.10) comprises multiple differential equations (one for
each value of p and v). On the other hand (6.10) is a single tensor equation, which could be written in a
coodinate-free notation as Ric — %Rmet = 87T, where Ric = R, dz" ® dx", etc. In practice, in these notes,

I sometimes call them the Einstein equations and sometimes the Einstein equation.
2n the generalisation of electromagnetism to Yang-Mills theory, the Yang-Mills field is charged, and the

associated Yang-Mills equations are consequently non-linear. In that case, the degree of non-linearity is

much milder than for gravity.
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6.2 The Schwarzschild solution

We now turn to our first example of the construction of a solution of the Einstein equations.
This will be the gravitational analogue of the solution for a point charge in electromagnetism.
It is also probably the most important of all the solutions in general relativity.

When one solves for the field of a point charge in electromagnetism one initially focuses
on solving for the potential outside the origin, and so one simply takes the right-hand side of
the Maxwell equations (6.11) to be zero. In the same vein, we shall begin our investigation
of the gravitational field of speherically-symmetric system by focusing on an exterior region
where we may assume that there is no matter at all, and so we take 7}, = 0 in (6.10).

The vacuum Einstein equations
Ry — ARgu, =0 (6.12)
can actually be reduced to the simpler condition of Ricci-flatness,
R,, =0. (6.13)

Let us demonstrate this for an arbitrary spacetime dimensions n, which, as we shall see,

must be greater than 2. Multiplying (6.12) by ¢g"” gives
0=R-inR=—-3(n—2)R. (6.14)

Thus, provided that n > 2 we see that (6.12) implies R = 0, and plugging this back into
(6.12) gives the Ricc-flat condition (6.13). Furthermore, R,, = 0 implies R = 0, so the
entire content of the vacuum Einstein equations is contained in the Ricci-flatnesss equation
(6.13).

We shall assume that the solution we are looking for is spherically-symmetric, and also
that it is static. It is not hard to see that the most general such metric can be conveniently

written in the form
ds® = —B(r)dt* + A(r) dr® + r? (d6* + sin® 0 dp?) (6.15)

where A(r) and B(r) are as-yet arbitrary functions of the radial variable r. That is to
say, there exists a convenient choice of coordinate system in which it can be written as
(6.15). We shall determine the functions A(r) and B(r) shortly, by requiring that the
metric (6.15) satisfy (6.13). Note that if we had A(r) = B(r) = 1, then (6.15) would be just
the Minkowski metric, but with the spatial part of the metric written in terms of spherical

polar coordinates:

dsipg. = —dt? + dr?® 4+ 1% (df? + sin® 6 dp?) . (6.16)
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Since we are expecting our solution to descrbe the gravitational field outside a spherically-
symmetric static mass distribution, we can expect that the metric should approach (6.16)
as r tends to infinity.

To proceed, we first calculate the Christoffel connection, which can be done either using
(4.48), or, more efficiently, using the method we described earlier, in which one reads off the
connection from the geodesic equation, derived from the Lagrangian in (5.24). Then, we
calculate the Riemann tensor, using (4.66), taking the contraction to get the Ricci tensor,

defined in (4.93). Taking the indexing of the coordinates to be
' =t, x =r, =0, x°=¢p, (6.17)

it is not hard to see from (4.48) that the non-vanishing components of the Christoffel

connection I'¥#,, are given by

Bl
Y = —
01 2B )
B’ A r rsin® @
1‘\1 — 1‘\1 — 1’11 - _ Fl —
00 2A ) 11 2A ) 22 A ) 33 A )
1
%, = e I%33 = —sinfcosf,
1 3
F 13 = ; r 23 = cot 6. (6.18)

(Of course, as always the symmetry in the lower two indices is understood, so we do not
need to list the further components that are implied by this.) The notation here is that
A" = dA/dr and B’ = dB/dr. Plugging into the definition of the Rieman tensor, and then

contracting to get the Ricci tensor, one then finds that the non-vanishing components are

given by
B// B/ A/ B/ B/
Foo = ﬂ‘ﬂ(AJr >+A’
B” A
o= gptin (5 5) i
r (A B 1

= 1+ —(=-=)-=
Bz *54 (A B) A
R33 = R22 sin 0. (619)

Actually, it is worth remarking here that when one just wants to calculate the Ricci tensor,
and does not want to know all the individual components of the Riemann tensor, it is more
efficient to take the trace of (4.66) first, before starting the explicit calculations. Thus
from (4.66) we have, after some index relabelling and using the symmetry of the Christoffel

connection,

Ry =0, — 01y + 17 e 19y = T7 16 17 (6.20)
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Now, in n dimensions, one only has to face doing %n(n + 1) calculations rather than the
%n‘g’ (n — 1) or so that one would do if one enumerated all the components of R”5,,,, where
only the “obvious” antisymmetry in urv would be immediately useful for reducing the labour.

To solve the Ricci-flatness condition (6.13) we first note from (6.19) that taking the

combination ARyy 4+ BR11 = 0 gives

1., AB
which implies (AB)" = 0. Thus we have
AB = constant . (6.22)

Now at large distance, we expect the metric to approach Minkowski spacetime, and so it
should approach (6.16). This determines that A(r) and B(r) should both approach 1 at
large distance, and hence we see that the constant in the solution (6.22) should be 1, and
so A=1/B.

From the condition Ros = 0, we then obtain the equation
1-rB'—B=0, (6.23)

which can be written as

(rB) =1. (6.24)

The solution to this, with the requirement that B(r) approach 1 at large r, is given by
a
B=1+°2, (6.25)
r

where a is a constant. It is straightforward to verify that all the Einstein equations implied
by R,, = 0 are now satisfied.

Recalling that we showed previously that in the weak-field Newtonian limit, the metric
9w is approximately of the form g,,, = 1, +h,, with hog = —2®, where ® is the Newtonian
gravitational potential (see equation (5.45)), it follows that the constant a in (6.25) can be
determined, by considering the Newtonian limit. Thus we shall have a = —2GM, where G
is Newton’s constant. Usually, in general relativity we choose units where G = 1, and so
we arrive at the Schwarzschild solution

ds? = —(1 - %) dt? + (1 - g) T 42 (d62 + sin 0.dg?) (6.26)
This describes the gravitational field outside a spherically-symmetric static mass M. The
solution was first obtained by Karl Schwarzschild in 1916, less than a year after Einstein

published his theory of general relativity.
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As expected, the solution approaches Minkowski spacetime at large radius. It is clear
that something rather drastic happens to the metric when r approaches 2M. This radius,
known as the Schwarzschild Radius, was thought for many years to correspond to some
singularity of the solution. It was really only in the 1950’s that it was first understood that
the apparent singularity is merely a result of using a system of coordinates that becomes
ill-behaved there. There is nothing singular about the solution as such. For example, the
curvature is perfectly finite there, and in fact the only place where there is a curvature
singularity is at r = 0.

We shall return to a more detailed discussion of the global structure of the Schwarzschild
solution later on. For now, just to give a very simple example of the sort of things that can
happen if one changes coordinate systems, consider the two-dimensional metric

du?
ds? =
y 1—u?

+ (1 — u?) de?. (6.27)

This also exhibits rather singular-looking behaviour, at v = +1, with the g, metric com-
ponent blowing up there. However, a simple transformation of the u coordinate, by writing

u = cos @, puts the metric in the form
ds® = df? + sin® 0 dp? , (6.28)

which can now be recognised as the metric on a unit-radius 2-sphere (see (4.119)).

6.3 Classic tests of general relativity

Putting further discussion of the global structure to one side for now, we shall pass on to
a discussion of some of the physical properties of the Schwarzschild solution, viewed as a
description of the gravitational field outside a spherically-symmetric, static object such as
a star. Note that if one puts in the numbers, and calculates the Schwarzschild radius for a
spherically-symmetric object having the mass of the sun, one finds it is about 1 kilometre.
This is tiny in comparison to the radius of the sun, and so in the exterior region outside
the surface of the sun the 2M/r term in the function (1 — 2M/r) that appears in the
Schwarzschild solution is absolutely tiny compared to 1. Thus for the present purposes, we
do not need to worry about the subtleties that arise when r goes down to the radius 2M.
We shall now discuss the three “classic tests” of general relativity, namely the advance
of the perihelion of a planet in its orbit around the sun; the bending of light that passes
close to the sun; and the radar echo delay when a radio signal from earth is bounced off
a planet on the far side of the sun, passing close to the sun’s surface on the outward and

return journey:
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6.3.1 Orbits around a star or black hole

In section 5 we derived the geodesic equation (5.11), which describes how a test particle will
move in an arbitrary gravitational field. We can now use this equation to study the orbits
of particles moving in the Schwarzschild geometry. This allows us to study, for example,
planetary orbits around the sun. In particular, we can then investigate the deviation from
the usual Kepler laws of planetary orbits implied by general relativity. We can also consider
orbits in the more extreme situation of a black hole.

As we saw earlier, the geodesic equation for a massive particle can be derived from the
Lagrangian given in (5.24), which, for the case of the Schwarzschild metric (6.26), is given
by

L=-1B+1B7 7%+ 1r?(07 +sin? 0 %), (6.29)
where & = dx*(7)/dr with 7 being the proper time along the path of the particle, and as

before

B=1———. 6.30
: (6.30)

As in any Lagrangian problem, if £ does not depend on a particular coordinate ¢ (i.e. it
is what is called an “ignorable coordinate”), then one has an associated first integral, since

its Euler-Lagrange equation

d ;0L oL
- (a?) 9 = 0 (6.31)
reduces to
d (0L
- (aiq) —0, (6.32)
which can be integrated to give
gg = constant . (6.33)

In our case, t and ¢ are ignorable coordinates, and so we have the two first integrals
Bt=E, r?sin’0p=1, (6.34)

for integration constants F and ¢. The first of these is associated with energy conservation,
and the second with angular-momentum conservation. We also have (5.30), which is like

another first integral, giving
Bi? — B71i2 — 20?2 — 2 sin20? = 1. (6.35)

Of course one can plug (6.34) into (6.35).
It is easy to see, because of the symmetries of the problem, that just as in Newtonian

mechanics, planetary orbits will lie in a plane. Because of the symmetries, we can, without
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loss of generality, take this to be the equatorial plane, 6 = %7‘(’. (The test of the assertion
that the motion lies in a plane is to verify that the Euler-Lagrange equation for 6 implies
that 8 = 0 if we set 6 = %77 and = 0. In other words, if one starts the particle off
with motion in the equatorial plane, it stays in the equatorial plane. We leave this as an
exercise. )

If we proceed by taking 6§ = %71’ we have three first integrals for the three coordinates
t, ¢ and r, and so the Euler-Lagrange equation for r is superfluous (since we already know

its first integral). From (6.34) and (6.35) we therefore have

(1—¥)£:E, r2o =1, 7’*2:E2—<1+fz><1—2i\/‘[>. (6.36)

Note that the third equation has been obtained by substituting the first two into (6.35),

and using also (6.30).
If we rewrite the third equation in (6.36) as

P2+ V(r)=E?, (6.37)

where

vy - (1+5) (1= 2. (6.38)

r

then it can be recognised as the equation for the one-dimensional motion of a particle
of mass m = 2 in the effective potential V(r). It is worth remarking that if we were
instead solving the problem of planetary orbits in Newtonian mechanics, we would have
V(r) = £2/r?—2M/r. The extra term 1 in the general relativistic expression (6.38) is just a
shift in the zero point of the total energy E?, corresponding to the rest mass of the particle.
The important difference in general relativity is the extra term —2M¢? /r3 that comes from
multiplying out the factors in (6.38). As we shall see, this term implies that the major axis
of an elliptical planetary orbit will precess, rather than remaining fixed as it does in the
Newtonian case. This is a testable prediction of general relativity, that has indeed been
verified.

The nature of the orbits is determined by the shape of the effective potential V (r) in
equation (6.38). In particular, the crucial question is whether it has any critical points

(where the derivative vanishes). From (6.38) we have

dv 202 2M 6 M (2

sttt (6.39)
and so dV/dr = 0 if
02+ 02 —12M?
,o CELY | (6.40)

2M
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If /2 < 12M? there are therefore no critical points, and the effective potential just
plunges from V =1 at r = co to V = —o0 as r goes to zero. There are no orbits possible
in this case.

If /2 > 12M?, the effective potential V(r) has two critical points, at radii r+ given by

0V —12M?
B 2M ‘

T4 (6.41)

The effective potential attains a maximum at » = r_, and a local minimum at r = r.
There is a potential well in the region rog < r < oo, where V(rg) = 1 and ry occurs at
some value greater than r_ and less than ry. If the integration constant E (related to
the energy of the particle) is appropriately chosen, we can then obtain orbits in which r
oscillates between turning points that lie within the region rg < r < co.

The simplest case to consider is a circular orbit, achieved when r = r; so that we are

sitting at the local minimum at the bottom of the potential well. This will be achieved if

av

dr T=r4

E*=V(ry), and =0, (6.42)

since then, as can be seen from (6.37), we shall have 7 = 0 and so r = r for all 7.
To analyse the orbits in general, it is useful, as in the Newtonian case, to introduce a

new variable u instead of r, defined by

u= M . (6.43)

r
We also define a rescaled, dimensionless, angular momentum parameter g, defined by

14

/= e (6.44)

Since r and ¢ are both functions of 7 it is then convenient to consider r, or the new variable
u, as a function of ¢. Elementary algebra shows that (6.37) gives rise to

(Zzy +(1—2u) (W2 + 02 = B2 2 (6.45)

In deriving this, we have used that du/dy = 4/, and we have substituted for ¢ from (6.36).

The circular orbit discussed above corresponds, of course, to du/dy = 0, and so if we

say this occurs at u = ug, with energy given by Ej, we shall have
(7% = up(1 — 3uyg), (6.46)
coming from the condition that dV/dr =0 at r = ro = M /uyg, and also

(1 —2u)(ud + 072) = E2 072, (6.47)
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coming from (6.45) with du/dy = 0. Plugging (6.46) into (6.47), we can rewrite (6.47) as

(1 — 2ug)?

E§ =
0 1—3UO

(6.48)

Thus we have ¢ and E, expressed in terms of the rescaled inverse radius ug of the circular
orbit.

Having established the description of the circular orbit, we now consider an elliptical
orbit. A convenient way to describe this is to think of keeping ? the same, and ug the
same, but changing to a different energy E. Simple algebra shows that (6.45) can then be
rewritten as

(d—u>2 + (1 — 6ug)(u — ug)? — 2(u —ug)® = (B> — E3) 172, (6.49)
o 0 0 0 0
Written in this way, it is manifest that we revert to the circular orbit with u = g if we take
the energy to be E = Ej.

The equation (6.49) is not easily solved analytically in terms of elementary functions.

However, for our purposes it suffices to obtain an approximate solution. To do this we

consider a slightly deformed orbit, in which we assume
u=1wug (14 € coswyp), (6.50)

where |¢| << 1. Plugging into (6.49), and working only up to order €2, we find

udw?e? sin? we 4 (1 — 6ug)ule? cos®> wp = (E? — E3)(72. (6.51)

Thus our trial solution does indeed work, up to order €2, if we have
w?=1—6ug,  E?=E2+0ul(1—6up)e. (6.52)

The important equation here is the first one. From the form of the trial solution (6.50),
we see that it is like the equation of an ellipse, which would be u = ug (1 + € cos ¢), except
that here to go from one perihelion (i.e. closest approach to the sun) to the next, the ¢

coordinate should advance through an angle Ay, where
wAp =27. (6.53)

Thus the azimuthal angle should advance by

2

Ap= —— .
¥ \/1—6U0

(6.54)
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If Ay had been equal to 27, the orbit would be a standard ellipse, returning to its perihelion
after exactly a 27 rotation. Instead, we have the situation that Ay is bigger than 27, and so
the azimuthal angle must advance by a bit more than 27 before the next perihelion. Thus

the perihelion advances by an angle §¢ per orbit, where
dp=Ap —2m. (6.55)

Now, we already noted that for a star such as the sun, the radius at its surface is hugely
greater than the Schwarzschild radius for an object of the mass of the sun. Therefore since
planetary orbits are certainly outside the sun (!), we have rqg >> M, and so, from (6.43),
we have uy << 1. We can therefore use a binomial approximation for (1 — 6ug)~ /2 =1+
3ug+--- in (6.54), implying from (6.55) that the advance of the perihelion is approximated
by

6m M

do = bmuy = . (6.56)
To

Clearly the effect will be largest for the planet whose orbital radius r¢ is smallest. This can
be understood intuitively since it is experiencing the greatest gravitational attraction (it is
deepest in the sun’s gravitational potential), and so it experiences the greatest deviation
from Newtonian gravity. In our solar system, it is therefore the planet Mercury that will
exhibit the largest perihelion advance.

We can easily restore the dimensionful constants G and ¢ in any formula at any time,
just by appealing to dimensional analysis, i.e. noting that Newton’s constant and the speed

of light have dimensions

G =M L3T72, [c]=LT . (6.57)
Thus equation (6.56) becomes
M
5p o STEM (6.58)

c2r
Putting in the numbers, this amounts to about 43 seconds of arc per century, for the advance
of the perihelion of Mercury. Tiny though it is, this prediction has indeed been confirmed

by observation, providing a striking vindication for Einstein’s theory of general relativity.

6.3.2 Photon orbits, and bending of light by the sun

The motion of a light beam in the Schwarzschild metric is described by a null geodesic, for

which we have

b= oa () e (@) i () et () o)
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where A is some suitable affine parameter. As before, we can see from the Euler-Lagrange
equation for 6 that if the photon starts in the 8 = %7‘(’ plane with df/d\ = 0 initially, it
remains in the 6 = %77 plane for all time, so we can consider the reduced system for motion
in the 6 = %77 plane, described by the Lagrangian

L=-1B (j—i)? +1p! (%)2 + 12 (%’)2. (6.60)

The Euler-Lagrange equations for ¢ and ¢, and the equation L = 0, then gives the equations

Bj—; = E,
7“22—(5 = 1,
B() -5 () () = o (6.61)

respectively, where E and /¢ are constants. Susbstituting the first two into the last equation

then gives

502 o

The potential V(r) for the one-dimensional problem (dr/d\)? +V (r) = E? is now given
by

which can be compared with the potential given in (6.38) for the case of the massive particle.

The potential (6.63) has a single stationary point, at
r=3M, (6.64)

and so this means that there exists a circular photon orbit at precisely this radius. Checking
the second derivative there, we have V”(3M) = —2¢2/(81M*), which shows that the orbit
is unstable.??

We now turn to another of the classic tests of general relativity, where a light beam from
a distant star just grazes the surface of the sun, and then is observed here on earth. The
apparent direction in which the distant star lies is then compared with where it would have
been if the sun were not causing the path of the light beam to be deflected a little. The

effect is a small one, so approximations can easily be made to make the problem tractable.

22 As we already noted, if we are using the Schwarzschild metric to describe the gravitational field outside
the sun then it is only valid for radii 7 > Rgsun, Wwhere Rsun is the radius of the sun. Since Rsuyn >> 2M,
the photon orbit at » = 3M is not relevant when considering the sun, since it would be deep inside the sun
where the Schwarzschild solution is not valid. If we were considering a black hole, on the other hand, then

the photon orbit at » = 3M is relevant, since it lies outside the event horizon at r = 2M.
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Defining
-~/
) (= — 6.65
N (6.65)
as we did when discussing the geodesics for massive particles, we obtain from the ¢ equation

in (6.61) and from (6.62) that

M
U= —
r

dun2z E?
(%) (L 2u) = = (6.66)
Differentiating with respect to ¢ gives
d*u 2
Assuming that we are in the weak field regime, meaning that M/r << 1 and hence u <<
1, we can treat the right-hand side of (6.61) as a small perturbation to the lowest-order
approximation
P a0 (6.68)
— tu= .
dp? ’

whose solution, with a suitable choice of origin for ¢, is
u=Acosp. (6.69)

Here, the origin for ¢ has been chosen so that u is a maximum, and hence r is a minimum,
at ¢ = 0. If we define the distance of closest approach for the light beam to be » = b, then
it follows that A = M/b. If we define Cartesian coordinates z = r cos ¢ and y = rsin ¢, we

see that the solution (6.69) implies
b=rcosp==x. (6.70)

In other words, at this leading order, the path of the light beam is just a straight line along
x = b, with y running from —oo to oo, passing at a closest distance b from the sun. Thus
the coordinate ¢ runs from —%71’ to +%7T.

At the next order in a perturbative solution of (6.61) we can plug (6.69) with A = M /b
into the right-hand side, thus giving

d’*u 3M?
a2 +u= e cos® . (6.71)
This is easily solved, giving
M 3M? M?
U:?COS¢+W—WCOS2§O. (672)

The first term here is the zeroth-order approximation (6.69), and the remaining terms

represent the first sub-leading order in a perturbative expansion for the solution. Since we
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are assuming the gravitational field is weak even at the point of closest approach, i.e. that
M/b << 1, the approximate solution (6.72) is quite adequate for our purposes.

For all practical purposes, the light beam from the distant star starts out from r = oo
(almost), heads in to a nearest approach to the sun at » = b, and then heads out again
to r = oo (almost) where it is observed on earth. If it weren’t for the effects of general
relativity, the path of the light beam would just be described by the zeroth-order term in
(6.72), i.e. 7(p) = b/cos¢p, with ¢ going from ¢ = —3m at the start of the journey to
p= +%7r when the beam reaches the earth. This is the path the beam would follow if the
sun were not there.

To find the effect of the deflection of light by the sun, we just need to solve the solution

(6.72) for the two relevant values of ¢ for which v = 0 (and hence 7 = o). These will be at

Pstart = _%W — €, Pfinish = %7" +e€, (6'73)

where € is the (small) solution of

3M? M?
TR cos(m+2¢) =0. (6.74)

M
5 cos(im+e) +

For small € this gives at first non-trivial order

M 3M?  M?
0% —F et G+ g (6.75)
and hence to leading order we have
2M
€= (6.76)

The total angle of deflection of the light beam, relative to when the sun is not there, is

therefore given by

0= ((-Pﬁnish - (-Pstart) -7, (677)
and hence
AM
0= B (6.78)

The angular deflection § in (6.78) is obviously maximised by taking b as small as possible.
Thus, one wants to look at the apparent position in the sky of a star which is just peeking
out from behind the sun, and compare its location, relative to stars that have a large angular
separation from the sun and are thus much less deflected, with what the relative location is
when the sun is not in the field of view. Putting in the numbers for the mass M and radius

b of the sun, it turns out that
§ ~ 1.75" (seconds of arc) . (6.79)
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Of course, looking at stars that are immediately adjacent to the sun in the field of view is
not easy! The one time when it can be done easily is during a total solar eclipse, and this
was first attempted by Sir Arthur Eddington in May 1919, in an expedition to observe a
total eclipse on an island off the coast of Africa. Within the limits of precision that could be
achieved at the time, the observations confirmed the prediction of general relativity. This
had a huge impact at the time, propelling Einstein to a level of pop-star recognition by
the general public that has only been rivalled since then by one other scientist, Stephen

Hawking.

6.3.3 Radar echo delay

From the ¢ equation in (6.61) and the radial equation (6.62), we have

(%)2 = B(r) |1~ @fﬁ?} » (6.80)

where B(r) = 1—2M/r. Suppose that the planet Mercury happens to be just emerging from
behind the sun, as seen from earth, and that a radar pulse is sent from earth, it bounces off
Mercury, and is received back on earth. Suppose that the point of nearest approach of the

radar beam to the sun is at r = ry. By definition, at this point dr/dt = 0, and so we have

2 1
—— = . 6.81
Ezrg B(To) ( )
Equation (6.80) can therefore be written as
dr\2 9 r3 B(r)
) = 1- 20 ) .
(&) =70 (135 5y (65

Since we shall be assuming the gravitational field is weak along the entire path of the radar
beam we have M/r << 1 and M/ry << 1, and so (6.82) can be approximated by expanding
(6.82) up to linear order in M, giving

dry?2 2 4M 2M
() = (1o thy [ 2 ) (6.3
dt 72 r (r+mro)r
The time taken for the radar pulse to travel from r¢ to r is then given approximately by
r 2\—1/2 2M Mr
at=fat~ [ o' (1-15) T o] 6.84
/ /7«0 " r? + r! + (r'+mro)r'l’ (6.84)

where we have made a binomial expansion of the square bracket in (6.83) raised to the
power —%. The time for this journey if the sun were not there is, of course, just given by

the same expression (6.84) but with M set to zero. Performing the integrals, we see that

2 _ .2 —
At = \/r2 — 12 + 2M log [u} + M (6.85)

T0 T+ 70
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The first term is the result when the sun is not there, and the terms proportional to M are
the leading-order corrections from general relativity.

If we consider the total round-trip time for the radar pulse, there will be two equal At
contributions between the earth and the closest approach, and two equal At contributions
between the closest approach and Mercury. If the earth and Mercury are at distances r = R,
and r = Ry, from the sun respectively, we therefore have the total general-relativity induced

correction to the total round-trip time of

2 _
ATjeny = 4M log [R +VR T0}+2M &t HO

+4M10g[ m+VR2 }+2M

Rm +7ro’

2
~ 4M log fte T 2M,

To 7o

4R.R
— 4M [1 +log ( - m)} . (6.86)
7o
Putting in the numbers, this gives
ATyelay =~ 240 microseconds . (6.87)

This is the extra time the round-trip journey for the radar pulse takes when it passes close
to sun, as compared with the round-trip time for the same distance if the pulse does not
pass close to the sun. Since light travels about 45 miles in 240 microseconds, this means
that the orbital motions of the earth and Mercury must be known to within a few miles at
any given time, so that a meaningful measurement can be extracted. Many other difficulties
arise also, such as the fact that there is no radar reflector conveniently placed on Mercury,
so the radar echo that is received is coming from a wide spread of surface locations at
different distances from the earth. Apparently, nonetheless, the predicted time delay has
been confirmed to a precision of order a few percent.

Much more accurate time delay data can now be obtained by using a distant space-
craft with a radio transponder. Experiments using the Cassini spacecraft, which was until

recently orbiting Saturn, have achieved accuracies of order 0.002%.

7 Gravitational Action and Matter Couplings

7.1 Derivation of the Einstein equations from an action

It is often useful in physics to be able derive a system of field equations from an action

principle. Familiar examples include the derivation of the equations of motion for a me-
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chanical system of particles from an action, and the derivation of the Maxwell equations
from an action. In this section, we show how the Einstein equations can also be derived from
an action principle. We shall begin by discussing an action for the pure vacuum Einstein
equations, and then, in the next section, we shall show how matter can be included too.
As we shall see, an action whose variation yields the pure vacuum Einstein equations is

the following:

_ 1 4
= 16:C /d rv/—gR, (7.1)

where G is Newton’s constant, g is the determinant of the metric g,,,, and R is the Ricci

Ieh

scalar. This is known as the Einstein-Hilbert action. Of course the overall constant round
the front of the action is immaterial as far as the pure vacuum equations are concerned, but
it will be important later when we couple matter to gravity.

The idea is that to obtain the vacuum FEinstein equations, we make an infinitesimal
variation of the metric in (7.1) around a solution, and we require that the variation of the
action be zero. Recalling the definitions of the Ricci tensor (4.93) and Ricci scalar (4.94),
we have

R, =R\, R =g"" R, (7.2)
where the Riemann tensor is given by (4.66)
Ry = 0ulP0e — 0T 1o + TP 0T o = TP 0 T, (7.3)
and the Christoffel connection by (4.48)
T*y, = 29" (00 gop + Op Gov — O Gup) - (7.4)

Thus, to vary the metrics used in constructing R, we can go through a sequence of steps:
First, we note that when the metric is varied, the corresponding variation in the Christof-

fel connection, dI'*,,, must be a tensor. This can be seen from the transformation rule (4.36)

for the Christoffel connection; if we vary the metric so that I' varies, the transformation

rule implies

ox" dxf Oz
007 9 0w O P (75)

Crucially, the inhomogeneous second term in (4.36) has dropped out (because it does not

T =

change when the metric is varied), and so we are just left with the homogeneous transfor-

mation (7.5), which shows that 0I" transforms as a general-coordinate (1, 2) tensor. (In fact,

for the same reason, the difference between any two connections transforms as a tensor.)
Now, we look at the Riemann tensor. Making a variation of (7.3) with respect to the

metric, we see that there will be two 90I" terms and four I'6I" terms. It is a simple matter
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to check that the I'0I" terms are precisely what is needed in order to covariantise the 961"
terms, and so in fact

SR gy = V u0TP g — V,6T7 4 . (7.6)

In fact we could see that this must be so, even without doing the calculation in detail. Since
we already observed that dI'?,y is a tensor, it follows that in the expression JRiemann =
06T — 00T + four I'6T" terms, there is no possible tensorial expression that it could give
other than (7.6). In other words, it necessarily had to be the case that the bare unvaried
I terms in the expression for JRiemann would serve the purpose of turning the partial
derivatives of 1" into covariant derivatives. This is an illustration of the power of tensor
analysis; one can often use a “what else could it be” type of argument, based on invoking
the known general covariance of an expression, to save a lot of calculation.

Next, we need an expression for 6I'¥,, in terms of variations of the metric. By varying
(7.4), we see that there will be terms that are structurally of the form g~!ddg and terms
of the structural form (6g™') dg. We know that the resulting expression for §T'*,, must be
a tensor, and so invoking general covariance, and recalling that dg terms can be written in
terms of I, can see that the (6g~!) dg terms must in fact covariantise the partial derivatives

in the g~! Odg terms, and so the result must be
oy, = %g’w (Vi 09op + V0900 — Vo dgup) - (7.7)

It is a straightforward matter to do the pedestrian calculation of verifying this explicitly,
and we leave this an an exercise.

Putting all this together, we have

SR = 6(g" Ruw) = (6¢"") Ruw + 9" R = (66"") Ry + g OR? upus
= R, 09" 4+ g" (V0 — V,0I",,) ,
= Ry 0g" + LM g [v,,(vyagw + V0000 — Vb
=Vu(Vp0gou + Vubgpo — Volgpu) | - (7.8)
Now recall that g, = —gup guo 09°°, which can be seen by varying g, ¢*? = &/, noting

that the Kronecker delta does not change under the variation. After a little algebra, we

then see from (7.8) that
OR = (R — Vu,Vy 4 g, VPV ,) dgM . (7.9)

Recall also the matrix identity (4.56), which implies that g = g g"” dg,., where g is the
determinant of g,,,. This therefore implies that §,/—¢g = %\/—g g g = —%\/—g G 0gH,
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and so, together with eqn (7.9) we have
5(\/—9 R) =+/—g (RW — %ng, - V.V + 9 VPV,) dg" . (7.10)

We are now nearly ready to prove that applying the principal of stationary action to the
Einstein-Hilbert action (7.1) gives the vacuum Einstein equations.

First, we need to make an observation about the divergence theorem in Riemannian and
pseudo-Riemannian geometry. If A is a vector field, and if we integrate its divergence over

a spacetime volume V' whose boundary is .5, then we shall have

/\/TgVMA“d‘*:c:/ 8u(\/TgA“)d4x:/\/ng“dZM, (7.11)
|4 14 S

where, in the first equality we have used the result (4.60), which means that \/—g V,A* =
O0u(v/—g A"). The second equality then follows from a standard argument one uses to prove
the divergence theorem in Cartesian analysis. dX,, is the area element on the 3-dimensional
boundary surface.

Considering now the variation of the Einstein-Hilbert action (7.1), we find

0len = ﬁ /5(\/—73) d*z
- ﬁ /\/jg (le —iRguw — V. Vu + g VPV,) 69" d'z,
= ﬁ /\/TQ(RW— LR g,)8g" d*x
—I-ﬁ /\/fgv#( — V00" + gpp VH 5gp‘7)d4x,
N 161rG / V=9(Ryw = 3R gu)0g"" d"x
1

+ 167G

/ V=g ( — V0" + gpe VH (5gp")d2# ) (7.12)
s

In the standard manner in a variational principle, we assume that the variations JgH”
vanish on the boundary surface (at infinity, since the integration is over all of spacetime),
and hence the surface integral gives zero. By the standard argument, we then conclude
from the requirement of stationarity of the action for an otherwise arbitrary dg"” that the

cofactor of dg"” in the volume integal must vanish, i.e. that
Ry —3Rgu =0. (7.13)

This is precisely the Einstein equation (6.10) in the case that the matter energy-momentum

tensor T}, is assumed to be zero.
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A small modification that one can make to the Einstein-Hilbert action is the inclusion

of a cosmological constant. If we consider now the action

1
167G

Ieh =

/ V—g(R—2A)d'z, (7.14)

where A is a constant, then using d/—¢g = —%\/—g 9w 69" we see that instead of (7.13)
we now have

Ry — 3Rguw +Agu =0. (7.15)

Note that by taking the trace of this equation (i.e. contracting with g") we get —R+4A = 0,
and plugging this back into (7.15) then gives

R/uz = Aguu . (716)

As we had mentioned previously, metrics that satisfy this equation are known as Einstein
metrics. As is well known, having introduced the cosmological constant Einstein later
regretted it, calling it “the greatest blunder of my life.” In retrospect, introducing it was

actually a smart thing to do!

7.2 Coupling of the electromagnetic field to gravity

We reviewed the four-dimensional description of the Maxwell equations in special relativity
earlier on. The equations in Minkowski spacetime are given in (2.62) and (2.63). Gener-
alising these equations to an arbitrary curved spacetime background is very simple. We
can follow the same technique we used earlier for deriving the parallel transport equation
for a vector, and for deriving the geodesic equation. Namely, we first consider the Maxwell
equations in Minkowski spacetime written in an arbitrary coordinate system. It is easy to
see that the the partial derivative in the Maxwell field equation (2.62) becomes the covariant
derivative, with the connection given by the the usual expression (3.10) that we derived in
Minkowski spacetime. The extension to a general curved spacetime is then merely a mat-
ter of allowing the metric to be arbitrary, with the connection taken to be the Christoffel
connection (4.48). The Bianchi identity (2.63) generalises even more easily. Writing it for
Minkowski spacetime in an arbitrary coordinate system will cause the partial derivative in
each of the three terms to be replaced by a covariant derivative, and again this immediately
extends to the case of an arbitrary metric, as for the Maxwell field equation. But in fact, it
is even simpler than this; one can easily verify that in fact all the connection terms cancel
out in pairs, because the Christoffel connection is symmetric in its lower two indices. (We

discussed the example of the curl of a co-vector earlier, in section 4.4, where we saw that
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ViV = 91,V,). The same thing happens for the curl (i.e. totally antisymmetrised deriva-
= W) 2)

Thus in summary, the Maxwell equations in a general curved spacetime background are

tive) of any totally-antisymmetric (0,¢q) tensor Wy, ..,,, i.e. V[, W,

1]

V, F" = —dr " (7.17)

and

0uFyp+ 0y F oy + 0,Fy = 0. (7.18)

It should be remarked here that the process we have described for generalising Lorentz-
covariant tensor equations in special relativity to generally-covariant equations in general
relativity it a rather universal one. Essentially, we just replace all partial derivatives by
covariant derivatives. (If it happens, as in the Bianchi identity, that the connection terms
cancel out, then that is an added bonus.) In terms of the notation we introduced previously,
where a partial derivative 0,V, was denote by a comma, V, ,, and a covariant derivative
V.V, by a semicolon, V,.,, the rule for going from special to general relativity is sometimes

2

known as the “comma goes to semicolon rule.” To be more precise, the rule gives what is
sometimes referred to as the “minimal coupling” of the theory (such as Maxwell electrody-
namics) to gravity. One could imagine other more complicated covariantisations, in which,
for example, higher-order terms involving the curvature arise too. We shall say it bit more
about such possibilities later.

The Maxwell field equations (7.17) can be derived from an action principle, just as
they can in Minkowski spacetime (see my E&M611 notes on my webpage). To do this, we

first note that we can solve the Bianchi identity (7.18), just as in Minkowski spacetime, by

writing F),,, as the curl of a 4-vector potential:
F,, =0,A, —0,A,. (7.19)

Of course this itself is covariant, as we discussed earlier. We now consider the action

1
- — 12 4
Tnax = 16 /\/ gF" F,, dz, (7.20)

where it is understood that A, is being treated as the fundamental field variable, with F},,

then given by (7.19).

#3Note that because of the antisymmetry of F},,, the terms 8, F,, + 0, Fp + 0, F,. in the Bianchi identity

can be written as 30, F),,)-
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Varying with respect to A, gives

0lmax = —8i / V=g F" §F,, d*x = —8i / V=g F" (9,64, — 8,0A,) d*x,
T m
_ L /,ﬁ_gFWauaA,, diz,
4
1
= = [—8u(«ﬁ—gF’“’ SAy) + 9, (/=g F*) 5,4”} diz. (7.21)

The first term on the last line can be turned into a surface integral using the divergence
theorem. We take the original spacetime volume integral to be over all of space, between
an initial time ¢; and a final time ¢y. The surface integral therefore comprises a “cylinder”
with endcaps at ¢ = t; and ¢ = t¢, on which by assumption dA, vanishes, and the sides of
the cyclinder represent the “sphere at spatial infinity,” and we assume the fields are zero
there, by imposing appropriate fall-off conditions. Thus, as usual in a variational action
principle we can drop the surface term. The remaining volume integral in the last line of
(7.21) is assumed, under the variational principle, to vanish for all possible 0 A,, and hence

we deduce
Ou(v/—gF") =0. (7.22)

As we saw earlier when discussing the divergence operator (see eqn (4.60) and (4.62)), We

can rewrite (7.22) in terms of the covariant derivative, as
V., F*" =0. (7.23)

This is precisely the Maxwell field equation (7.17) in the absence of any source terms.
Sources, such as currents due to moving charges, could easily be added if desired.

This discussion of the Maxwell equations has up until now been in an unspecified grav-
itational background. We can now make the system of Maxwell fields in a gravitational
background self-contained and dynamical, by allowing the Maxwell fields to become the
source for gravity itself. We can achieve this by simply adding the Maxwell action Iax
to the Einstein-Hilbert action I, for gravity (7.1), which we discussed earlier. Thus we

consider the Einstein-Maxwell action

1
I =TI+ Lnax = Tom /«/jg (R—F?)d'z, (7.24)

where F? means F* F,,,. Note that here, and from now onwards unless specified to the
contrary, we are choosing units for our measurements of mass and length such that Newton’s

constant G is set equal to 1.2%

24 As with all the dimensionful quantities like the speed of light, Newton’s constant, Planck’s constant,
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Varying the Einstein-Maxwell action with respect to A, and requiring 6/ = 0 continues
to give the same source-free Maxwell equation (7.23) we obtained above, since A, does
not appear in the Einstein-Hilbert term in the total action. Now consider what happens
when we vary the Einstein-Maxwell action with respect to the metric. We already know
the answer for the Einstein-Hilbert term; it is given in the first term in the last equality in
eqn (7.12). Concentrating on the contribution from the Maxwell action, and remembering

that

(5\/? = _%\/jgg/u/ dg"”, (7‘25)

we see that
e = ~g= [ ST Eup Fun g ) '
- _16%7 /\/TQ(QFW Fyo 977 89" — 5F2 g 69") d'z |
_ _é / V9T 39" d'z. (7.26)

where

1
T = o (Fup BP — 2F% g,) (7.27)

is the energy-momentum tensor for the Maxwell field. (See eqn (2.87) for the energy-

momentum tensor in the context of special relativity.) One can easily verify that (7.27) is

covariantly conserved, V, T"” = 0, by virtue of the source-free Maxwell equations (7.23).
Combining the contributions (7.12) and (7.26) to the variation of the Einstein-Maxwell

action, we therefore arrive at the Einstein equations
Ry, — ARg., =8rTy, =2(F,, F,” — 1F%g,,) (7.28)

for the Einstein-Maxwell system. (Recall we have set G = 1 now.) Thus we have the source-
free Maxwell equation (7.23), which incorporates the effects of the curved gravitational
background on the Maxwell field. And we also have the Einstein equation (7.28), which
incorporates the effects of the back-reaction of the Maxwell fields on the curvature of the

spacetime in which they are propagating.

and so on, their common description as “fundamental constants of nature” is a bit of a misnomer. Seen
from a different viewpoint they are merely the constants of proportionality that arise from our arbitrary
choices of systems of units for time, length, mass, and so on. Indeed, even in the SI system there is no longer
the concept of the speed of light as a fundamental constant of nature, since the metre is defined to be the
distance travelled by light in 1/299,792,458 of a second. It is no longer meaningful, within the SI system, to
“measure the speed of light.” In the “natural units” that we are using, where ¢ = G = 1, length, mass and

time all have the same units.
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7.3 Tensor densities, and the invariant volume element

We may also consider more general couplings of other matter systems to gravity. Before
doing so, it is useful to address a couple of more formal topics, which will be important for
the discussion of matter couplings, and also more generally. The first topic concerns the
definition of what are known as tensor densities. We already gave a discussion of general-
coordinate tensors in section 4, with a (p, ¢) tensor transforming according to the rule (4.20).
In particular, a (0,0) tensor, i.e. a scalar field, has no dx/dz" or 9z’ /dx factors at all; it is
invariant under general coordinate transformations. However, we have also met an object
which, despite having no indices, is not in fact a scalar field but rather, it has a very specific
transformation rule. This object is the g, the determinant of the metric tensor g, .

We know that g, is a general-coordinate tensor, transforming according to

Oxf 0x°
gll,l/ = 8$/M ax/y ng' . (729)
Taking the determinant of this equation therefore gives
Ox |? Ox oxt
g = ‘% g, where ‘% = det (W) (7.30)
Here |0z/02'| = |02’ /0x|~!, where |02’ /Ox| is the Jacobian of the transformation from the

unprimed to the primed coordinates. The quantity ¢ is called a scalar density of weight
—2. More generally, and object H with components H*"#r,, ., is called a (p,q) tensor
density of weight w if it transforms according to the rule

ox'

w ® K i 7
ox'* 92’ 9zt 0% o1y . (7.31)

)2 A . .
Ozt OxPr Oz’ oz’ g1

In the previous subsections, when we wrote down the Einstein-Hilbert action (7.1) and
the Maxwell action (7.20), we inserted a \/—g factor in the integrand. Beside the fact that
it was needed in order to get the right equations of motion, it also served another very
important role, which until now we have not commented upon. Namely, it ensured that the
action itself was properly invariant under general coordinate transformations. To see this,
we note that under a change of coordinates the “volume element” d*z transforms in the
standard way, namely with a Jacobian factor such that

o

4 1
dm—ax

dz . (7.32)

Since g transforms according to (7.30), it follows that \/—gd*z is invariant under general

coordinate transformations,

Vg dta = /—gdz. (7.33)
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Since the Ricci scalar R is a scalar, and since F'*¥ F},,, is a scalar, we see that in consequence
the Einstein-Hilbert action and the Maxwell action are indeed genuine general-coordinate
scalars. We should think of \/—g d*r as being the invariant spacetime volume element.

An important tensor density is the alternating symbol €,,,,, which is defined in all

coordinate frames by the properties that

(Z) Epvpo = Eluvpo] »

(i) €0123 = +1. (7.34)

(Note that we are using a script epsilon, €, to denote this object. Shortly, we shall introduce
another epsilon object, denoted by a non-script €; it is important to distinguish the one from
the other.) The first property states that £,,,, is totally antisymetric. This means that
there is only one independent component, and this is then specified by property (ii). (Of
course, other people may use the opposite convention, in which €g123 = —1.) It is the
natural four-dimensional generalisation of the 3-index epsilon tensor of three-dimensional

Cartesian tensor analysis. The further generalisation to n dimensions is immediate. Using

a basic result from linear algebra, that?®
M, ™ My, Myps™ My, ™ €uyvpvsv, = (det M) € popspa (7.35)
we see that
ozt Ozr"2 Ox¥3 Ox™ | Ox |01
oML G2 plHs HplHa Evivgugry = % Cprppspa = % Eprpopspia (7-36)

which, comparing with (7.31), shows that €, ,5u, as defined (in all frames) is an invariant

tensor density of weight 1. It follows that we can then define the Levi-Civita tensor

€uvpoc = V —9 Epvpo (737)

/

which transforms as a genuine tensor. It is an invariant tensor, in the sense that €,,,,, =

€uvpo- In view of property (ii) in eqn (7.34), it follows that the components of €,,,, are
equal to ++/—g. —+/—g or zero according to whether uvpo is an even permutation of 0123,

and odd permutation, or no permutation at all (i.e. at least one repreated index value).

%5This can be proved rather mechanically, by first noting that the left-hand side is obviously totally
antisymmetric in p1, p2, ps and pa, which means that only one non-vanishing special case needs to be
checked, and then taking, for example, u1 = 0, g2 = 1, ug = 2 and ps4 = 3 in order to verify the identity. It

is instructive, and simpler, to check the analogous, simpler, examples of n = 2 and n = 3 dimensions first.
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7.4 Lie derivative and infinitesimal diffeomorphisms

We saw previously that the variation of the Einstein-Hilbert action with respect to the met-
ric tensor produced the Einstein tensor G, = R, — %R 9w, Which is conserved, VG, = 0.
We also saw that the variation of the Maxwell action with respect to the metric tensor pro-
duced the energy-monentum tensor 7}, given by (7.27), which is also conserved, V#T},, = 0.
It is no coincidence that both of these variations produced conserved tensors. The under-
lying reason for it is related to the observation we made above, namely that in each case
the action is the integral of a general-coordinate scalar. We can in fact give a nice general
proof that if we vary any scalar action with respect to the metric, it will always give rise to
a conserved tensor. In order to show this, we now need to introduce the notion of the Lie
derivative of a tensor field.

To introduce the Lie derivative, we need to think a little carefully about what we mean
by the general coordinate transformation properties of a field. We can start with a humble
scalar field. When we say it is invariant under general coordinate transformations, and we
write ¢/ = ¢ (i.e. eqn (4.20) in the special case of a (0,0) tensor), what we actually mean is

that
¢'(a') = ¢(z). (7.38)

That is to say, the scalar field takes a specific value at each point in spacetime, quite
independently of which coordinate system one is using to describe it. In the unprimed
coordinate system, this value at a given point with coordinates z* is given by the function
¢ evaluated at that point x#. In the primed coordinates system that same location in
spacetime is descibed by the coordinates x'*, where the mapping between the coordinate
systems is given by 2’ = 2’ (x). (Of course here, when we write x it is standing for all of
the coordinates z#, and likewise, inversely, for z# = z#(2).) The same value of the scalar
field at the specified spacetime point is given by the function ¢’ evaluated at the value of
2'". General-coordinate transformations are also sometimes called diffeororphisms.

Consider now an infinitesimal diffeomorphism, with
ot =t — (). (7.39)
We may now calculate the infinitesimal change d¢(x), which is by definition

d(z) = ¢'(z) — p(x) . (7.40)
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Now from (7.39) and using Taylor’s theorem, we have

¢'(@) = ¢(2) -0 (x)+--,
= (bl(:l:) - §V Bygb(:v) +oeey (741)

where in getting to the second line we have dropped the prime on ¢/(z) in the second term,
since ¢'(z) and ¢(z) differ only infinitesimally, and the prefactor £” in that term is already
infinitesimal. Thus from the expression in the second line, together with (7.38), which
means that we can replace ¢'(z’) on the left-hand side in eqn (7.41) by ¢(x), we see from

(7.40) that
0p(x) = & Oud(x). (7.42)

Now consider the analogous calculation for the infinitesimal diffeomorphism of a vector
field, whose general-coordinate transformation is

ox'*

V’“(x’) OV

V¥ (z). (7.43)
Now, using Taylor’s theorem we have

V’M(a:’) — V/M(x) o 61/ &jvlﬂ(x) ,
= V*ax)-¢0,VFx), (7.44)

where, as for the scalar, we have replaced V'*(z) in the second term on the right-hand side
by VH#(x), since it is multiplied by the infinitesimal vector £”. Now, using (7.43), together

with
ox'*
ox?

(which follows from (7.39)), we can replace V'*(2') on the left-hand side of eqn (7.44) by
(65 — 0,6#) V¥ (x), that is, by VH(z) — 8,6# V¥(x). Thus we find that the infinitesimal

= o — 9" (7.45)

variation defined by
SVHE(z) = V' (z) — VH(2) (7.46)

is given by

SVH = €Y 9, VI — V'V 96" (7.47)

We define the right-hand side here to be the Lie derivative of the vector V' with respect to
the vector £. It is written as 0V# = L V#, where

LVE =g 9,V — VY 0,e". (7.48)
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Note that the Lie derivative of the vector field V' with respect to the vector field £ is in fact

expressible simply as the commutator of the vector fields:
,Cg V= [f, V] . (7.49)
In other words, we have

LV = LeVFo,
= ¢o,V*0,-V"0,£"0,
= €48, V"8, (7.50)

which indeed implies (7.49).

The result we derived for the infinitesimal diffeomorphism of the scalar field ¢ in eqn
(7.42) can also be written as d¢ = L¢ ¢, where the Lie derivative of ¢ with respect to £ is
simply given by

Lep=E"0,0. (7.51)

Finally, if we carry out the analogous calculation for a co-vector field U, whose trans-
formation rule is

ox”

for which we need to observe from (7.45) that up to first order in £ we shall have

oxY

o =+ O 753)

then the outcome will be that 0U,(z) = U, (z) — Uy () is given by 06U, = L¢ Uy, where the

Lie derivative of a co-vector with respect to the vector £ is given by
LU, =¢6"0,U,+U,0.8". (7.54)

The calculation is now easily extended to an arbitrary (p,q) tensor 7. Under the in-
finitesimal diffeomorphism one finds 6T F» vvg = Le THY7HPy, oy, where the Lie deriva-

tive is defined by

LeTHte, . = EPOTI 1, — TPH2" M, | Qi — . THIR2P g gh
FTHEVHD g O &P A TP 0, P (7.55)
The first term, sometimes called the “transport term,” is present for any (p, q) tensor, even

a scalar field. There is then a term of the form of the second term in (7.48) for each upstairs

index, and a term of the form of the second term in (7.54) for each downstairs index.

95



Note that although we introduced the notion of the Lie derivative as the differential
operator that describes the variation of a tensor field under an infinitesimal general coor-
dinate transformation, it in fact has a much wider applicability. Another point to notice is
that although it does not look manifestly covariant in (7.48), (7.54) or (7.55), it is in fact
covariant with respect to general coodinate transformations. Thus the right-hand side in
(7.55) is in fact a (p, q) general-coordinate tensor. One can check this by replacing all the
partial derivatives by covariant derivatives, thus giving an expression that is manifestly a
(p, q) tensor, and then verifying that all the Christoffel connection terms in fact cancel out.
We leave this as an exercise for the reader.?

An important example of an infinitesimal diffeorophism, which we shall need shortly, is

the transformation of the metric tensor. Specialising (7.55) to this case, we therefore have

5guu = ﬁ& Guv = fp 8pguu + 9pv a,ufp + 9up 81/5'0 . (7'56)

As we remarked above, it is easy to verify that we can replace the partial derivatives by

covariant derivatives, and so

O0guw = 13 Vp9uw + Gov vﬂgﬂ + Gup V.E°,
= V.5 + V. &,. (7.57)

where, in getting to the second line, we have used the fact that g,, is covariantly constant.

7.5 General matter action, and conservation of 7},

Now let us consider a matter field, or more generally a system of matter fields, described
by an action I,,¢. The action will be required to be a general-coordinate scalar, and it may

be written schematically as
Imat = /L(.g,uu;q))a (7'58)

Here, ® represents the matter field (or fields). Note that L(g,,,®) may depend on the
spacetime derivatives of g, and ®, as well as the fields themselves.

Requiring that the variation of Iy, with respect to the field or fields represented by ®
should vanish to first order in a variation ® by definition will give the equations of motion

for ®; we may denote these schematically by E(®) = 0. Thus we shall have

50 Tmat — / V=g E(®) 50 d*z 0. (7.59)

26Tt was in fact guaranteed from the way we constructed the Lie derivative that it must map a tensor to

another tensor, but it is sometimes good to check things like this explicitly.
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It is understood here that, in the usual way, integrations by parts has been performed
where necessary, together with dropping the resulting boundary terms, in order to throw
all spacetime derivatives off the field variation 6.

Note that if ® is representing a set of fields, say ®,, then a summation over all the fields

is to be understood in eqn (7.59), which would now take the form
60 Imat = /\/—g > El(®) 6P, d*z =0. (7.60)
In the example we already considered, of the Maxwell field, we had

1
L(gu, Au) = ~Ton V=9 Fu Fy g"* ¢ d*z (7.61)

where F,, = 0,A, — 0,A,. The equations of motion (the Maxwell field equations) arose

from

1 1
5A Imax = _F 5A / V —gFW Fuy d4ZL‘ = I /\/ —g (v“ F’uy) 5141, d4$ =0. (762)
s v

In this electromagnetic example, we saw that under a variation of the action with respect

to the metric we had

5gIrnax = _% / Vg T/J,z/ 591“1 d4l‘ = % / vV —g I 5gw, d4$, (763)

where T},, is the energy-momentum tensor, given by (7.27) in the Maxwell example. (The
symbol d, here denotes that a variation is made just with respect to the metric g,,.) For an
arbitrary matter system we define its energy-momentum tensor by the analogous variational
formula:2”
SgImat = — 3 / V=9Tuw 69" d*z =1 / V=g T" 5g,, d*z (7.64)
Note that if the matter action happens to involve spacetime derivatives of the metric (this
does not happen in the Maxwell example above), then integrations by parts, together with
the usual process of dropping total derivative terms, must be carried out in order to arrrive
at the expressions in (7.64) in which g is undifferentiated.
With the energy momentum tensor defined as in eqn (7.64), we see that if the total
action Tiot = Ion + Imat is varied with respect to ¢g"”, with I, being the Einstein-Hilbert

action (7.1), we get

Oglior = dglen + dglmat ,
1
= T6n /\/TQ(RW — LR g 09" d'z — %/\/TQTW St diz,  (7.65)

2"Recall that since g, ¢** = 45, it follows by varying this that we shall have §gu., = —gup gvo 09”7
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and so requiring d,41ioy = gives the Einstein equations
Ry — 2R g = 81T, . (7.66)

(Recall that we have set Newton’s constant equal to 1 by an appropriate choice of units.)
We now consider varying the matter action with respect to an infinitesimal diffeomor-
phism, which we parameterise by a vector field £* as discussed previously; dz# — £*. Since
Inat is a scalar, and furthermore it is independent of x (since the coordinates have been
integrated out), it must be that §Iy,t = 0, where § here denotes a variation of all the fields

(metric and matter) under the infinitesimal diffeomorphism. Thus we have
0= 6Imat = 69 Imat + 5<I> Imat ) (767)

where we emphasise that now J, no longer means a generic variation of the metric, but
instead specifically the variation induced by the diffeomorphism, so dg.., = V& + V., &,
as in eqn (7.57). Similarly, the variation denoted by d¢ here means not a generic variation,
but instead specifically the variation that is unduced by the infinitesimal diffeomorphism.
For example, if in a particular matter action ® denotes an actual scalar field, then d® here
would be &#0,® (as in eqn (7.42)). In general, 0® here would be L¢ ®, the Lie derivative
of ® with respect to the diffeomorphism parameter £*.

Writing explicitly the variation § Iyt under the diffeomorphism, we therefore have

0=0Inat = %/\/—gT’“’ S dhz + /\/—gE(tI))étID, (7.68)

with g, =V, & +V, €, and d® = L¢ . Now, the crucial point is that the second term
on the right-hand side will vanish by virtue of the field equations F(®) = 0 that the matter
field(s) satisfy. Thus we find

/ V—gT" V& d*x = 0. (7.69)

Integrating by parts by using the divergence theorem, and under the assumption that the

surface term drops out because the fields are assumed to vanish at infinity, we therefore

have?®

/ V=g (V,T")¢, d*z =0. (7.70)

Z83pecifically, we have
[vrar Ve dia= [ veg [V ) - (9 de = [avmam e ds - [ Vg (v, e de,

where we haave used the fact, established previously, that /—g¢(V,(T*"&,) can be written as
Ou(v/—gT*" &)). Using the divergence theorem turns this into a surface term that vanishes.
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Since this is true for an arbitrary diffeomorphism parameter &,, it therefore follows that
vV, T =0. (7.71)

Thus we have concluded that the energy-momentum tensor for an arbitrary matter system
that is derived from a diffeomorphism-invariant action is covariantly conserved. The conser-
vation holds by virtue of the fact that the matter field(s) satisfy their equations of motion.
We saw this explictly earlier, in the example of the electromagnetic field.

Another simple example of a matter action is to consider a scalar field of mass m,

satisfying the Klein-Gordon equation
—O¢ +m?¢ =0, where O¢ = VFV,¢ (7.72)
This can be derived from the matter action
Lot = 15 [ V70|~ 4007 — 4’| dla, where (06 = " 0,00,6. (173

To see this, vary the action with respect to ¢, and drop the boundary term in the necessary

integration by parts in the usual way. This gives
1
st = 5= [ V70 [~ 0°00,06 w650 ',
167
1
- = — o . 2 4
= /\/79 [v 86 —m ¢} 5o dia, (7.74)

and so requiring 0 Iy, = 0 for all possible d¢ then indeed implies the Klein-Gordon equation
(7.72).
Now, we calculate the energy-momentum tensor for the scalar field by varying the action

with respect to the metric and using (7.64). Thus we have?”

St = 1= [ (VE91-300" 0,00,0] + (0v=9) -5 (09)? — 3 da,
= 1(;/H[—éauwm—5[—5<a¢>2—;m2¢2]gw} Sgt dizw,  (7.75)

from which it follows, using (7.64), that

1

T, =—
M 16w

|:a,u¢ al/¢ - %(agb)Q uv — %m2¢2 g,uu} . (776)

One can easily verify that this is indeed covariantly conserved, i.e. V#T),, = 0, by virtue of

the fact that ¢ satisfies the Klein-Gordon equation (7.72).

291t should always be clear from the context what one is varying an action with respect to. Previously, in
(7.74), we varied Imat with respect to ¢. Here, instead, we are varying it with respect to g"”. In an earlier

discussion, we considered the variation of an action with respect to a diffeomorphism.
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7.6 Killing vectors

We saw earlier that under an infinitesimal diffeomorphism x# — z/# = z# — &¥(z), the

metric tensor transforms as

09w = V& + Vi€, (7.77)

We may define a Killing vector®® K* as the generator of a diffeomorphism that leaves the
metric invariant, i.e.

VuK,+V, K, =0, (7.78)
and so if ¢ = e K#, where € is an infinitesimal constant parameter, we then have dg,, = 0.
Let us consider the Schwarzschild metric as an example;

oM 2M 1
ds? — _(1 _ 7> a2 + (1 _ 7) dr? + r2(d6? + sin® 0 dg?) . (7.79)

T T

It is clear that if we consider the diffeomorphism
ot st =gt - with P =€, d=2==0, (7.80)

that is to say, the pure time translation t — t' = t — ¢, where € is a constant, then it will

leave the metric unchanged, that is to say

9w (@) = gl () = g (), (7.81)

and hence 0g,., () = g,,,(z) — guv(z) = 0. In other words, the vector field

0

K=—
ot

(7.82)

is a Killing vector in the Schwarzschild metric. One can explicitly verify that it does indeed
obey the Killing vector equation (7.78).

In fact one can easily see that whenever the components of a metric tensor are all
independent of a particular coordinate, say z, then there correspondingly exists a Killing

vector

_9
0z

(In the language of classical mechanics, one could say that z is an ignorable coordinate.)

K (7.83)

Thus we see that there is another obvious Killing vector in the Schwarzschild metric (7.79),

namely
0

L= —.
Oy

(7.84)

30Named after the German mathematician Wilhelm Killing.
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This Killing vector is the generator of infinitesimal rotations around the azimuthal axis of
the 2-sphere.

Not every Killing vector corresponds to an ignorable coordinate in the metric. Taking
Schwarzschild as an example again, it has two further Killing vectors that describe the fur-
ther rotational symmetries of the 2-sphere. Unlike translations of the azimuthal coordinate
©, these further symmetry transformations involve #-dependent translations of both the ¢

and 6 coordinates of the sphere. In fact they take the forms
L1:—sin<p889—cot9(:os<paa(p, ngCOS(pge—cothinap;p. (7.85)

Together with Ly = 0/0¢ which we met already, these three Killing vectors are the gener-
ators of infinitesimal rotations around the x, y and z axes respectively, if we view the unit

2-sphere as embedded in Cartesian 3-space via the standard relations
x =sinfcosp, y =sinfsinyp, z =cosf. (7.86)

It is a straightforward matter to verify that the vector fields L; and Lo indeed satisfy the
Killing equation (7.78) in the Schwarzschild metric.

In the example of the Schwarzschild metric, one can show that the four Killing vectors
we have enumerated above, namely the time translation Killing vector (7.82) and the three
rotational Killing vectors Li, Lo and L3 on the 2-sphere, exhaust the complete set of
independent Killing vectors. The latter three generate the rotation group SO(3) of three

dimensional Euclidean space, and in fact they obey the commutator algebra
[L1, L] = —Ls, [L2, L3] = =L, (L3, L1] = —Ls. (7.87)

The full symmetry group of the Schwarzschild metric is therefore IR x SO(3), where R
indicates translations along the real line in the time direction. This group of symmeries is
known as the isometry group of the Schwarzschild metric.

8 Further Solutions of the Einstein Equations

In this chapter, we discuss some further important examples of solutions of the Einstein

equations, both with and without matter sources.
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8.1 Reissner-Nordstrom solution

The Reissner-Nordstrom metric is a static, spherically symmetric solution in the Einstein-

Maxwell theory, for which the field equations were derived in section 7.2:

Ry —3Rguw = 2F,Ef-1F%g.),
V,F" = 0. (8.1)
Note that by taking the trace of the Einstein equation (and noting also that the energy-

momentum tensor for the Maxwell field is tracefree in four dimensions), we obtain R = 0

and hence the equation can be written in the simpler form
Ry, =2(F,F —1F%g.). (8.2)

To construct the static, speherically-symmetric solution we can take the metric to have
the same general form (6.15) as in the derivation of the Schwarzschild solution. For the

Maxwell field, we can choose a gauge where the potential A, is given by
Ayg = —o¢(r), A;=Ay=A3=0. (8.3)
Thus the field strength F),, = 0,A, — 0, A, just has the non-vanishing components
Foy = -Fp=¢, (8.4)

where the prime denotes a derivative with respect to r.

From this, it is easily seen that the right-hand side of (8.2) is diagonal, with

2 20,2 42 2 2 .2
p 12 _ s ¢ ¢ g "¢ sin®f
2(F,, F,* — 1F?g,,) = diag (71’ T Ry ) (8.5)

From this, and the expressions (6.19) for the Ricci tensor for the metric (6.15), we see that

ARgo + BR11 =0 and so (AB) = 0, just as in Schwarzschild. Thus we again have

A=z, (8.6)

and hence the 22 component of the Einstein equations implies
(rB) =1-¢*r%. (8.7)

The Maxwell equation V,F* = 0 can be written as d,(y/—g F'*") = 0, which, with F),,
given by (8.4) implies
(r?¢) =0. (8.8)



Integrating once gives 12 ¢’ = —q (an arbitrary integration constant), and integrating again
gives

p=1. (8.9)

r
Here, we have dropped the second constant of integration, since it is just the trivial additive
constant that we can remove by requiring the electric potential to satisfy ¢ = 0 at infinity.

Plugging this expression for ¢ into (8.7), we can solve for B, obtaining

2M ¢
B=1-""+%. (8.10)

Thus, in summary, the solution, known as the Reissner-Nordstrom solution, is given by

d 2
ds? = —Bdt2+%+r2 (d6? + sin? 0 dy?) , qb:%, (8.11)

where B is given by eqn (8.10). It reduces, obviously, to the Schwarzschild solution if ¢ = 0.
When ¢ is non-zero, it describes the fields outside a spherically-symmetric static object with
mass M and electric charge ¢q. As in the case of Schwarzschild, the the Reissner-Nordstrom
metric can also be taken to describe the solution for a static, spherically-symmetric, black
hole, for which it is a solution for all » > 0. The black hole now carries an electric charge
as well as a mass. We shall discuss some of its properties in greater detail later.

For now, recall that in the Schwarzschild solution there is a single radius r = 2M at
which B(r) vanishes. This signals the fact that the light cones (the paths followed by null
rays (light rays) in spacetime) tip over such that not even light can escape. This radius
r = 2M in Schwarzschild is the radius of the event horizon of the black hole. By contrast,
in the Reissner-Nordstrom solution it can be seen that there are two values of r at which

B(r) vanishes, namely at r = r4, where

ry =M+ M?—q%. (8.12)

These are the radii of the outer horizon (at r = r4) and the inner horizon (at r =r_). As

in Schwarzschild, there is a genuine curvature singularity at » = 0, and so as long as
g < M, (8.13)

the singularity is hidden from external view behind the outer horizon. If |q| exceeds M,
then B(r) has no real roots and so the singularity at » = 0 is no longer hidden behind an
horizon. It is then known as a naked singularity.

The case when |q| = M is called the extremal Reissner-Nordstrom solution. In this case,

the outer and inner horizons coalesce, at vy = r_— = M. The extremal case is of considerable
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theoretical interest, but it is not one that is likely to be encountered observationally. If one
restores all the constants in order to express things in SI units, it will be seen that an
extremal Reissner-Nordstréom black hole of a typical mass that is seen at the centre of a
galaxy would have to carry a huge and totally unrealistic amount of charge in order to
be extremal. (The infalling matter that forms the black hole is predominantly electrically

neutral.)

8.2 Kerr and Kerr-Newman solutions
8.2.1 Kerr solution

Probably the most important solution in general relativity is the Kerr solution, which de-
scribes the metric outside a rotating black hole. Einstein was surprised when Schwarzschild
found his solution in 1916, one year after the formulation of the theory. Einstein died eight
years before Roy Kerr found the exact solution for the rotating black hole, in 1963. Had he
lived, he would probably have been completely astonished that an exact solution could be
obtained for this hugely more complicated situation, of a black hole with rotation.

We shall not present a derivation of the Kerr solution here, but merely give the result. If
the reader has the strength to perform the calculations,! it is in principle straightforward,

although tedious, to confirm that this metric solves the vacuum Einstein equations:

sin? @

ds? = — 2 (dt — asin? 0.dip)? 2<dr2 2) 4 102 1 02) dy — a di]?
= o) +p A+d0 + = [(r* +a”)dp —adt]”, (8.14)

2

02 =r?+a? cos? b, A=r?—2Mr+ad*. (8.15)

It describes a rotating black hole with mass M and angular momentum J = aM. There is
a curvature singularity at p = 0. Although, from the definition of p, one might think this
means r = 0 and 6 = %71, in fact the curvature singularity is actually a ring, occurring at

2 cos? 6. To see this, one needs to

imaginary values of the 7 coordinate such that > = —a
carry out a more careful analysis, recognising that the coordinate r is not a good one in the
vicinity of the singularity.

The Kerr metric is asymptotically flat, approaching the Minkowski metric (written in
a spheroidal coordinate system) at large r. It reduces to the Schwarzschild solution if the

rotation parameter a is set to zero.

3n fact, if one wants to check that this is indeed Ricci flat, it is well worthwhile writing a little routine
in Mathematica to perform the calculation of the Christoffel connection and then the curvature. The

calculations would be very tedious to perform by hand, but are a complete triviality for a computer.
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As in the case of the Reissner-Nordstrom black hole, it can be seen that the Kerr black
hole has an inner and an outer horizon, at radii » = r4 given by the roots of A = 0 in this

case:
re =M+ VM?—a?. (8.16)

There is again an extremal special case, where |a| = M, at which the two horizons coalesce,
with r, = r_ = M. Since the angular momentum is J = aM, it follows that |J| = M? in
the extremal limit. If |a| exceeds M then A = 0 has no real roots, and there is a naked
curvature singularity with no horizon to clothe it.

The Kerr solution is of enormous physical importance, since almost every galaxy in the
universe is believed to have a supermassive black hole at its centre. Typically, since the
black hole forms and expands by the accretion of stars and other matter that is swirling
around outside, the angular momentum will be considerable. In fact, a typical black hole
at a galactic center is well described by a Kerr solution that is fairly close to the extremal
limit |a| = M. This is because the black hole typically forms from the infalling of matter

that is spiralling around it, carrying a large amount of orbital angular momentum.

8.2.2 Kerr-Newman solution

There also exists a charged generalisation, which is a solution of the Einstein-Maxwell

equations, with the metric and vector potential given by

ds®> = —,OAZ (dt — asin® 0 dp)* + p? (Cif + d92) + Si;i b (7 + a?) dp — adt)?,
Agdat = 97 (r;+ @) 4y 4 4 ’"pSQmZG (dp — fdt), (8.17)
where
p? = r’4a?sin?4, A=7r?—2Mr+a®+ ¢,
Y = (r*+d*)?—d*Asin?0, f:a(ﬂ\/[;_qQ). (8.18)

The solution, known as the Kerr-Newman solution, describes a rotating black hole with mass
M, angular mmomentum J = aM and electric charge ¢g. It reduces to the Kerr solution if
g = 0, and it reduces to the Reissner-Nordstrom solution if instead a = 0. Verifying this
solution by hand would be considerably more challenging even than the case of the Kerr

solution. Again, though, it is very easy to verify it using Mathematica.
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8.3 Asymptotically anti-de Sitter spacetimes

The solutions we have discussed so far, that is the Schwarzschild, Kerr and Kerr-Newman
solutions, have all asymptotically flat, meaning that at large distances the metric approaches
the Minkowski metric. Solutions that have different asymptotic behaviour can also be found,
and an especially important case is solutions that are asymptotic to de Sitter spacetime or

anti-de Sitter spacetime.

8.3.1 Anti-de Sitter and de Sitter spacetimes

We can first construct the de Sitter and anti-de Sitter metrics themselves. These are so-
lutions of the vacuum Einstein equations with a cosmological constant, satisfying (7.16).
These metrics are maximally symmetric, and they are defined analogously to the way one
defines an n-dimensional sphere as a constant-radius surface embedded in a Euclidean space
of dimension (n + 1). Let us first review this case:

Consider the (n+ 1)-dimensional Euclidean space E"*!, with Cartesian coordinates X A
, 1< A<n+1. The Euclidean metric on E**! is given by

n+1
ds* =) dx*dx*. (8.19)
A=1

Now consider the unit n-sphere, defined as the hypersurface in E**! specified by writing

n+1
d o xAxA=1. (8.20)
A=1

If we restrict the coordinates by imposing this condition, the metric (8.19) restricts to give
the metric on the unit n-sphere. For example, if n = 3 we can solve the constraint (8.20)

explicitly by writing
X1 =sind cosp, X? =siné sing, X3 = cosf, (8.21)
and then one finds that the Euclidean 3-metric (8.19) gives
ds* = df? + sin? 6 dy? (8.22)

which is the standard metric on the unit 2-sphere.

Notice that both the metric (8.19) on E"™! and the n-sphere restriction (8.20) are
invariant under arbitrary rotations of the (n + 1) coordinates, i.e. under the rotation group
SO(n+1). It follows that the metric on the unit S™ is therefore invariant under SO(n+ 1)
rotations. Note that if we had taken the right-hand side of eqn (8.20) to be equal to be
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a constant ¢2, rather than 1, then we would obtain instead the metric on an n-sphere of
radius £.

Now, we move on to the discussion of anti-de Sitter and de Sitter spacetimes. The
difference from the sphere discussion above is that one now defines a hyperbolic “constant-
radius” surface in an (n+1)-dimensional spacetime with an appropriate indefinite signature.

To be concrete, let us consider the case of four-dimensional anti-de Sitter spacetime.

This is defined as the surface
—(X0)?2 + (X1 + (X?)* 4+ (X%)? — (X*)? = =2, (8.23)

where £ is a constant, in the five-dimensional flat spacetime with coordinates (X%, X!, X2, X3 X*)
and metric

ds? = —(dX°) + (dX")? + (dX*) + (dX*) — (dX*)’. (8.24)

The constraint (8.23) can be solved by writing

t t
X0 = \/r2+ézsinz, X4:\/r2+€2cosz,

X' = rsindcosyp, X2 =7 sinf sing, X3 =7 cosf. (8.25)

Substituting into (8.24) gives the four-dimensional induced metric
2 PP PN o oo 2
ds :—<1+£—2)dt +(1+£—2) dr? + 2 (d6? + sin2 0 dy?) . (8.26)
This is the four-dimensional metric on anti-de Sitter (AdS) spacetime. It is easy to verify

(for example, from the expressions for the Ricci tensor given in (6.19)), that it satisfies

(7.16) with cosmological constant given by

3
Thus, we can write the anti-de Sitter metric (8.26) as
—1
ds® = _( - %Aﬂ) dt? + (1 — %m«?) dr? + 2 (d6? + sin2 0 dy?) . (8.28)

Since the AdS metric was defined via the constraint (8.23) and the 5-metric (8.24), both
of which are invariant under the 5-dimensional (pseudo) rotation group SO(3,2), it follows
that this is also the symmetry group of the metric (8.28).

The metric (8.28) describes four-dimensional anti-de Sitter spacetime if the cosmological

constant A is negative. If instead A is positive, it becomes the de Sitter metric. One can
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straightforwardly show, by a construction analogous to the one given above, that it can be

described in terms of the surface
S0+ (X124 (X2 + (X324 (X2 = 2, (8.29)
embedded in a five-dimensional spacetime with (—, +,+, +) signature and the metric
dst = —(dX")? + (dX1)? + (dX?)? + (dX?)* + (dX*)2. (8.30)

The de Sitter metric has the symmetry group SO(4, 1).
The generalisation to n-dimensional AdS spacetime is straightforward. One now defines
it via an embedding in an (n+1)-dimensional spacetime with signature (—, +, 4+, +, -+, +, —)

(i.e. two minus, the rest plus), with
—(XO)2 4 (X1)2 4 (X2)2 N (an2)2 4 (Xn71)2 . (Xn)2 _ _62 ’ (831)
ds? = —(dX"2+ (dXYH2+ (dXD2+ -+ (dX" )2+ (dX"1)? — (dX™)? .(8.32)

n

One can show that this metric, which has SO(n — 1,2) symmetry, satisfies the vacuum
Einstein equation (7.16) with A = —(n — 1)¢72. The construction of n-dimensional de
Sitter spacetime similarly generalises the four-dimensional de Sitter construction discussed

above.

8.4 Schwarzschild-AdS solution

Anti-de Sitter or de Sitter spacetime can be viewed as the natural generalisation of the
maximally-symmetric A = 0 Minkowski background to the case of A being negative or
positive, respectively. The symmetry group of Minkowski spacetime is the Poincaré group,
which as we discussed earlier, has 10 parameters (6 for the Lorentz transformations plus
4 for the translations). Likewise, the SO(3,2) or SO(4, 1) symmetry groups of the anti-de
Sitter and de Sitter metrics each have 10 parameters. This is the maximal possible number
of parameters in four dimensions, hence the term “maximal symmetry.”

It is straightforward to generalise the Schwarzschild solution, which is the static, spher-
ically symmetric, solution of the vacuum Einstein equations with A = 0 to the case when
A # 0, satisfying (7.16). This can be done along the same lines as in the steps followed ear-
lier in the course when deriving the Schwarzschild metric. In particular, the results (6.19)
for the components of the Ricci tensor for the most general static, spherically symmetric,
metric (6.15) can be employed. One finds (we leave this as an exercise for the reader), that

the solution to (7.16) is given by

2M 2M -1
ds® = —(1 - A 7"2) dt* + (1 - A 7"2) dr® + 12 (d6? + sin® 0 d¢?) . (8.33)

108



As can be seen, at large r this approaches the anti-de Sitter metric (8.28). The solution
(8.33) is usually called the Schwarzschild-anti-de Sitter metric (or Schwarzschild-AdS) when
A is negative, and the Schwarzschild-de Sitter metric (or Schwarzschild-dS) when A is
positive. It is also sometimes referred to as the Kottler metric.

Note that whereas the usual Schwarzschild solution can be thought of as describing a
static, spherically-symmetric black hole immersed in an asymptotically Minkowskian space-
time, the Schwarzschild-AdS and Schwarzschild-dS solutions can be viewed as describing
a static, spherically-symmetric black hole immersed in an asymptotically anti-de Siiter or
asymptotically de Sitter spacetime, depending upon whether A < 0 or A > 0.

The Minkowski, anti-de Sitter and de Sitter spacetimes themselves can be thought of as
the empty or “vacuum” states of Einstein’s theory, corresponding to the cases where A = 0,
A < 0 or A > 0 respectively. As we have seen previously, the symmetry groups of these

vacuum states are

A=0, Minkowski : SO(1,3) x R* = Poincaré,
A<O, anti-de Sitter : S0(2,3),
A>0, de Sitter : SO(1,4).

All three of these groups have dimension 10, which is in fact the largest possible symmetric
group for a four-dimensional metric. Thus, these three spacetimes are said to have “maximal

symmetry.”

8.5 Interior solution for a static, spherically-symmetric star

We saw earlier that the Schwarzschild solution describes the spacetime geometry outside
a static, spherically-symmetric, massive object. If the object in question is a star, then
the Schwarzschild solution, for which we assumed there was no matter source, is valid only
outside the radius of the star. On the other hand, the solution can also be viewed as being
valid for any radius r > 0 in the case where the object itself has collapsed down to form a
black hole. We shall discuss the black hole geometry in greater detail later.

In this subsection, we shall consider the case where the gravitating object is a non-
collapsed star. We shall show how the Schwarzschild solution, valid for radii greater than
the radius of the star, can be matched on to an appropriate interior solution. We shall
assume that the entire system is static and spherically symmetric. This, of course, is an
idealisation, but it will nonetheless provide useful insights.

To address this question, we must make some assumption about the nature of the matter

of which the star is composed. For these purposes, it will be appropriate to treat the matter
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as a perfect fluid, whose energy-momentum tensor, as discussed previously, takes the general

form

T = (p+ P) U, Uy + P gy, (8.34)

where p is the energy density, P is the pressure, and U* is the 4-velocity field in the fluid.

We shall assume the same static, spherically-symmetric, metric ansatz as before:
ds® = —B(r) dt? + A(r) dr? + r? (d6* + sin? 0 dp?) (8.35)

Similarly, the energy density p and the pressure P will be functions only of r. Since we are
assuming everything is static, the 3-velocity of the fluid must vanish, and so U* will have
only a non-vanishing 0 component. Since the 4-velocity must satisfy g,, U*U" = —1, it
therefore follows that

U'=B"Y%  Uy=-BY?, (8.36)

with all other components vanishing. It then follows from (8.34) that the energy-momentum

tensor is diagonal, with the non-vanishing components being
Too=pB, T, =PA, Tyy = Pr?, T3 = Pr? sin?0. (8.37)

From the expressions (6.19) for the components of the Ricci tensor for the metric (8.35),
it can be seen that the Einstein tensor G, = R, — %ng, is also diagonal with the

non-vanishing components

A’ 1 1
o[ ded)

Goo rd2 r2A + 72

B’ A 1
Gn = g2t

7“2 B// B/ A’ B/ A/ B/
Gz = 5515 (A F) At w5)
G33 = sin2 0 GQQ . (8.38)

The 00 component of the Einstein equations G, = 877}, implies
A 1 1

8mp =

This is an equation involving only the metric function A, but not B. It can be written as

8mp = 712 % [r(1—A1)]. (8.40)

Being mindful of the form of the function A in the Schwarzschild solution, it is natural to

express A(r) in terms of a function m(r), with

A(r) = [1 - (8.41)
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so that (8.40) becomes

2 dm(r)
8mp(r) = g (8.42)
Thus we can solve for m(r), giving
m(r) = 47r/ p(r') P2 dr’ +a, (8.43)
0

where a is a constant of integration. As r goes to zero it must be that A(r) approaches 1,
since otherwise there would be a conical singularity, and so in fact we must have a = 0.
(There would in fact be a power-law divergence in the Ricci tensor as r went to zero, if a were
non-zero, and this would be in conflict with other components of the Einstein equations,

for non-singular matter sources.) Thus we have

m(r) = 4r /07“ p(r") % dr . (8.44)

For the solution to be static we must certainly have g;; > 0, and so we see from (8.41) that
we must have

2m(r) <r (8.45)

for all values of r. The interior solution must match onto the exterior Schwarzschild solution

(6.26) at the surface of the star (at r = rg, say) and so in particular we must have
m(ro) = M. (8.46)

The 11 component of the Einstein equations implies

B’ 1 1
P = —-— - = A4
8T rAB + r?A  r?’ (8.47)
which, in view of (8.41), can be written as
B'(r) _ 2[m(r) + 4mr® P(r)] ' (8.48)

B(r) rr—2m(r)]
We also know that the energy-momentum tensor must be conserved. It is straightforward

to calculate V,T"", and one finds that only the v = 1 component is not trivially zero; it

implies
) 3oty + P 2 ((:)) . (3.49)
Using (8.48), we find
T m(r 73 P(r
dP;i ) - —[p(r) + P(r)] (r[)rttm(g]( ). (8.50)
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This is known as the Tolman-Oppenheimer-Volkov (TOV) equation of hydrostatic equi-
librium. In the Newtonian limit, where m(r) << r and P(r) << p(r), it becomes the

Newtonian hydrostatic equation

P) __orimir) 1)

To summarise, we have seen that the interior solution for a static, spherically-symmetric

star composed of a perfect fluid is given by

2 —1
ds* = —B(r) dt* + (1 - m(r)> dr? + r2d0® +1* sin 0 dy? (8.52)
T

where m(r) is given by (8.44) and B(r) is obtained by solving (8.48). To make further
progress, one can specify an equation of state for the perfect fluid, i.e. specify P as a
function of p. Having specified P(p), one can in principle then specify a value for p at the
centre of the star, p(0) = p.. This then implies that the pressure at the centre will be
P. = P(p.). One then integrates outwards from r = 0, using (8.44) and (8.50). The surface
of the star, at r = ro, will be, by definition, where P(r) and p(r) become zero. One then
integrates out equation (8.48) to solve for the metric function B(r). These results must
then match onto the Schwarzschild solution at the surface of the star, at r = rg.

An alternative approach, rather than specifying an equation of state, is to specify the
energy density p as a function of r inside the star. A simple choice is to consider the case

where the perfect fluid is incompressible, meaning that p is a constant. Thus we may take:

p(r) = po for0<r<rg,

p(r) = 0 forr>rg, (8.53)
where pg is a constant. Equation (8.44) then gives
m(r) = %ﬂ' 3 pg, for0<r<rg. (8.54)
The solution matches onto the Schwarzschild solution (6.26) at r = rg, so we shall have
M = 4mrg po. (8.55)

The TOV equation (8.50) can then be solved, giving

1—2M/ro)V/? — (1 — 2Mr? /rd)1/?
P(T’) _ |: ( /TU) ( T /TO) :| . (8.56)
(1 —2Mr2/r§)1/2 — 3(1 — 2M [ro)'/2
The pressure at the centre of the star, i.e. r = 0, is given by
1—(1—2M/ry)/?
P.=P(0) = . 8.57
(0) = po [3(1_2M/r0)1/2_1} (8.57)
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This becomes infinite if

ro=3M, (8.58)

mean that a star composed of an incompressible perfect fluid can only exist if its radius
satisfies

ro > %M . (8.59)
In view of (8.55), this bound can alternatively be expressed as the statement that for a
given uniform energy density pg, there is an upper bound on the possible mass of the star:

4 1
9v/37 \/Po

No such bound would arise in Newtonian physics, of course: One could in principle assemble

M<

(8.60)

an arbitrarily large quantity of incompressible fluid with density pg, and build a star of
arbitrarily high mass.

A general observation that one can make, based on the TOV equation (8.50), is that
the right-hand side is always more negative (assuming the pressure is positive), for a given
energy density function p(r), than in the Newtonian case given in (8.51), regardless of
the details of the equation of state. This is immediately evident from the fact that the

numerator and the denominator factors in (8.50) satisfy

[p(r) + P(T‘)] [m(r) + 473 P(T‘)]
rlr—2m(r)] < 7%, (8.61)

v
s
—

=
S~—
EL

=
S~—

and so
m(r) + 4mr3 P(r) - p(r)m(r)

[p(r) + P(T)] rir—2m(r) ~ r

(8.62)

This has the consequence that the pressure P(0) at the centre of the star will always be
greater, for a given p(r), in general relativity than in the Newtonian case. This means that it
is harder to maintain an equilibrium in general relativity. This was very clear in the example
considered above, where a constant energy density pg inside the star was assumed. It then
turned out that it was not possible to have any equilibrium at all, in general relativity, if

the mass was too large for a given energy density po.

9 Gravitational Waves

Another important class of solutions in general relativity is gravitational waves, which are

the gravitational analogue of the electromagnetic waves of Maxwell’s electrodynamics.
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9.1 Plane gravitational waves

The simplest situation to consider, and the one that is most relevant in practice, is the case
of a gravitational wave propagating in a nearly flat Minkowski spacetime background. Thus
we may choose a coordinate system in which the metric is just perturbed slightly away from

the Minkowski metric:
Guv = Nuv + h;w ) (9.1)

where each component of hy,, can be assumed to be small; |h,, | << 1. It is then straight-

forward to see that up to the first order in powers of h, the inverse metric is given by
gt =" — R (9.2)

where here, and in the equations that follow, it is assumed that indices on h and other small

quantities are raised and lowered using the Minkowski background metric. Thus
Y =007 gy . (9.3)
Linearising the Christoffel connection
I*,, = 29" (8u9op + OpGve — OoGup) (9.4)

gives

Fﬁn.”ﬂ = %nug (8Vh0p + aphua - 8ahyp) . (9.5)

Since the Christoffel connection has no zeroth-order term, it follows that up to linear
order the Riemann tensor, which has the structural form OI' — OI' + I'T' — I'T", will receive

contributions only from the OI" terms, and likewise for the Ricci tensor. Thus we shall have

Rii?' = Oplfpw — Ol ot
= 107 (0,00 hop + 0pOuhor — 0pdohuy — BuBphay — BuBuhpe + 80shpy)
= 3(~Ohu + 0,0,h°, + 8,051, — 0,0, h) (9.6)

where we have defined

O =n"0,0,, h=n"hyu, . (9.7)

Note that another simple way to derive the Riemann tensor, and hence Ricci tensor, in
this case is to use the exact expression for R, » given in eqn (4.72). Since the Christoffel
connection is linear in h,, the I'T" terms can be neglected in the linear approximation to

which we are working, and the 00¢g terms will just give d0h, so

REgpo = %(&Laahup - auaphua + al/aphlw o 3,,8th,)) ' (9-8)

114



Linearised gravitational waves propagating in the Minkowski spacetime background will

obey R}jﬁ = 0 (since we are assuming there are no source terms, for now), and hence
Ohy — 0,0,h°, — 0,05h° , + 0,0,h = 0. (9.9)

The analysis that follows will be closely analogous to the way one studies electromagnetic
waves in electrodynamics.?? We can simplify the equation (9.9) by making a judicious coor-
dinate transformation. Recall from (7.56) that if one makes an infinitesimal diffeomorphism
of the form

St =o't — at = ¢ (9.10)

then the components of the metric tensor change according to

59,“/ =¢° apg/u/ + Gpv 8u£p + 9up 0, (9‘11)

Now, with g, = 7 + hu, where hy, itself is small, then the leading terms in the trans-

formation of h,, will be given by
Ohy, = h;w = hy = 0u&y + 0u&y - (9.12)

Note that the linearised Ricci tensor we obtained in (9.6) must be invariant under this
transformation, and one can easily check that this is indeed the case. (These transformations
are the gravitational analogue of the A4, = 0,A infinitesimal gauge transformations in
electrodynamics, which, of course, leave F},, = 0,4, — 0, A, invariant.)

We can use the four parameters £# of the infinitesimal diffeomorphism to impose four
conditions on the linearised metric fluctions h,,. The most convenient choice is to impose

what is known as the de Donder gauge condition
Ouht, — 20,h = 0. (9.13)

Note that this is a set of four equations, and so we can indeed expect to be able to use the
four parameters £* to achieve this. The de Donder gauge is sometimes called the harmonic

gauge, for the following reason: The covariant d’Alembertian on a scalar field ¢ is given by

VAV 1 = "'V 40,6 = g" 0,0,6 — g" T 1, 0,6 . (9.14)

32In electrodynamics, the equations are already linear, and so, writing Fj,, = 0, A, —9, A,, the source-free
field equation 9" F,, = 0 implies [JA,, — 8,0 A, = 0, which is the electromagnetic analogue of (9.9). One
then simplifies this equation by using the gauge transformations (A, = 9, A at the infinitesimal level) to

impose the Lorenz gauge 8" A, = 0, thus leading to [ 14, = 0.
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If we act with this operator on the coordinates x?, and impose the harmonic condition
VIV 2% = 0 then this gives

g%, =0, (9.15)
since 0,0, x° = 0. For our situation, where the linearised Christoffel connection is given
by (9.5), we see that up to first order in the small quantities h,,, the harmonic condition
(9.15) gives

" i =0, (9.16)

which leads precisely to the de Donder gauge condition (9.13).

The convenience of the de Donder gauge choice (9.13) can be appreciated when we
substitute it into the expression (9.9) for the gravitational waves; it reduces the equation
simply to

Ohu =0. (9.17)

We can then look for plane-wave solutions, in which we write
P = € €77, (9.18)

where €, is a constant symmetric polarisation tensor, k, is the constant wave-vector, and
we adopt the notation

k-x=k,a". (9.19)
The wave equation (9.17) implies
0 = 0Ohy = (ik°) (ik,) €. €57, (9.20)
and the de Donder gauge condition (9.13) implies
0 =ik, e, eF? — Ik, e, emo. (9.21)
Thus, in all we see that the polarisation and wave vectors must satisfy the conditions

KP=krk, = 0, (9.22)

ket — ke, = 0. (9.23)

We can make a counting of degrees of freedom at this point. The polarisation tensor
€. 1s symmetric, and so it has (4 x 5)/2 = 10 independent components. The de Donder

gauge imposes the four conditions (9.23), and so this leaves 10 — 4 = 6 free independent

components of the polarisation tensor. But, we are not finished yet; in the words of Peter
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van Nieuwenhuizen, one of the discoverers of supergravity, “the gauge shoots twice.” We
can actualy still squeeze more juice out of the freedom to make gauge conditions. We used
the infinitesimal diffeomorphisms (9.10) to impose the de Donder gauge (9.13). Suppose
now we ask if we can make a further diffeomorphism, with the requirement that it must
preserve the already-established de Donder gauge. Therefore, we consider a diffeomorphism
parameter {# such that its associated transformation of hy,, given by (9.12), leaves the de

Donder gauge condition unchanged;
(O + 0u€) — 3007 (9o + 05€,)] = 0. (9.24)
In other words, the diffeomorphism must satisfy
L¢, =0. (9.25)
We are thus led to consider a diffeomorphism with
& =le e (9.26)

where €, is a constant vector, and the i factor is put in for convenience (it could of course
be absorbed into €,, but is is nicer to keep it as an explicit factor). Note that we could
have chosen any null vector as the wave vector, but we have specifically chosen the same
wave vector that appears in our plane wave solution (9.18). The reason for choosing this
will become clear shortly.

From (9.12), the change in h,, under this further diffeomorphism is given by
W = hyy — (kpey + kyep) €% = [ — (kuey + kuey)] €7 (9.27)

and hence we see that the polarisation tensor €, in the plane wave (9.18) changes according
to

€ = € — (kuew + kuey) - (9.28)
(Note that the el*® factors have cancelled out.) There are thus four parameters ¢, avail-
able, which can be used to impose four further conditions on the previously-remaining six
independent components of €,,. Thus the gauge has indeed shot for a second time, and
the final counting is that there are 10 — 4 — 4 = 2 independent polarisation states in the

gravitational wave.

9.2 Spin of the gravitational waves

It is useful at this stage to consider an explicit example of a gravitational plane wave. Let

us supose that it is travelling in the z direction, and so the null vector k* can be taken to
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be
k* = (k,0,0,k), k>0. (9.29)

The wave (9.18) has the coordinate dependence e## = =% (=2) o for k > 0 it is a
positive-frequency wave propagating at the speed of light along the positive z direction.

The de Donder conditions (9.23) for v = 0,1, 2,3 imply, respectively,

€00 + €30 + 5(—€00 + €11 + €22+ €33) = 0,
€1 ten = 0,
€2 tezz = 0,
€03 + €33 — 3(—€o0 + €11 + €22+ €33) = 0. (9.30)
Thus we find the four conditions
€01 = —€31, €02 = —€32, €03 = —%(600 + €33) €22 = —€11- (9.31)
Making the further gauge transformations (9.28) then gives
€y = €12, €13 =€e13—key, €93 = €23 — keg,
€o = €00+ 2keo, € = €11, €hy = €33 — 2k €3 . (9.32)
If we choose the components of the vector ¢, so that
1 1 1 1
€0 = —g; €00, €L =€, €2 = €3, €3 = o €33 (9.33)

then we see that the only non-vanishing components of the transformed polarisation tensor
€, Will be

631 - _6/22 B a.nd 6/12 . (934)

From now on, we shall assume that this gauge choice has been made, and we shall drop the
primes.

The spin, or more properly the helicity, of the states can determined by looking at how
the components of the polarisation tensor transform under the so-called little group, which
is the rotation subgroup of the Lorentz transformations that leaves the null wave-vector k*

invariant. This will therefore correspond to a Lorentz transformation matrix A,” = S,",

given by
1 0 0 0
0 cos sin 0
S, = v v (9.35)
0 —siny cosv O
0 0 0 1
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Note that the little goup is just SO(2) transformations, comprising, in this case, rotations
by angle 1) in the (z,y) plane. It is helpful to group the remaining polarisation states (9.34)

(now with the primes dropped) into the complex combinations

€+ = €11 F i612 . (936)

It is also instructive to make the complex combinations

a4+ = €31 F 1632 (937)

from components that we actually chose to set to zero by means of the “second shot” using
the gauge transformations with diffeomorphism parameter ¢, that satisfied [J¢é—, = 0 as
in eqn (9.25), and leading to (9.32). After a little simple algebra, we then find that after

acting with the rotation (9.35) according to the standard Lorentz transformation rule
€y = S,u,p S,7 €po > (9.38)

that the various components of €, prior to imposing the additional gauge conditions (9.34)

transform as

€+ — €x=c¢€
o+ — &i:eiwai,

€33 —— 533 = €33, €00 — 600 = €Q0 - (939)

These equations show that €4 transform as states of helicity +2, while the states a4 have
helicity +1 and the states egp and €33 have helicity 0. When the gauge “shot for the second
time,” it led to the removal of the helicity-1 and helicity-0 components of the gravitational
wave. In other words, the true physical degrees of freedom in the wave are just the helicity
+2 and helicity —2 states. These are the polarisations of the massless spin-2 graviton. (This
is closely analogous to the situation for electromagnetism, where the gauge-independent
physical states in a plane wave are purely spin-1, with states of helicity +1 and —1 only. A
discussion of the polarisation states for electromagnetic waves can be found in my PHYS

611 lecture notes on E&M part II.)

9.3 Observable effects of gravitational waves

Gravitational waves are generally very weak, and actually detecting them has been a tremen-

dous technical challenge. Finally, in 2015, advances in detector technology allowed the first
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observation of gravitational waves. The general principles of how a gravity-wave detector
works can be seen from the following calculation.
We saw in chapter 5 that if two particles follow nearby geodesic paths, then their sepa-

ration vector Z* will obey the equation of geodesic deviation (5.23)

2
o= D=zt y daf daf v

=Dz = P 2 (540)

where a* is the covariant 4-acceleration of one of the infinitesimally-separated particles
relative to the other. In a nearly-Minkowski spacetime, in the case that the 3-velocities of
the particles are small, we shall have 7 ~ ¢, and dz*/dr will be approximately given by
dz*/dr =~ (1,0,0,0). Thus the spatial components of the acceleration a* will approximately

be a' = d?Z!/dt? and eqn (9.40) will give

RVA

T~ —Rigj0 2. (9.41)

Furthermore, with the Christoffel connection being assumed to be small (given approxi-

mately by (9.5)), it follows from (4.66) that
Riojo ~ 9;T"0 — ol jo - (9.42)
If we consider the gravitational wave (9.18) with
€11 = —€22 = €, k* = (k,0,0,k), (9.43)

with all other €,, = 0, so that the physical wave can be taken to be

hi1 = —hgy = e sink(t — z), (9.44)
with all other h,, = 0, then
Tl ~ 0™ (Qohwo + Bohor — Okhoo) =0,
To =~ 0™ (9jhko + Bohjk — Okhjo) = 2dohij , (9.45)
and so )
Rigjo ~ —;38?2” (9.46)

(Since indices are rasied and lowered using the background Minkowski metric, then as in
special relativity we can freely put spatial Cartesian indices upstairs or downstairs, since

they are raised and lowered using the Kronecker delta.) Thus we shall have
R1010 ~ —R2020 =~ %6 ki2 sin k(t — Z) . (947)
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(Note that here k* means the square of the constant k in (9.43), and not k*k, as it did
earlier!)

Letting X = Z!' and Y = Z?, we may think of a given particle as being at the point
(X,Y) in the xy plane, relative to a nearby particle at the origin X =0, Y = 0. From eqn
(9.41) we have

Cf;;( = —1Xek? sink(t — 2), 6522/ = 1Y ek? sink(t - 2). (9.48)
Suppose we look for solutions of the form
X=Xp+eXn+-, Y=Y +eYy+---. (9.49)
At zeroth order in € we therefore have
FXo _ 0 Yo _ 0. (9.50)

ez dt?
The general solution here would be constant velocity motion, but we wish to consider the

case where the particle is, at this leading approximation, at rest. Thus we may take X,

and Y/, to be constants. At order ¢ we then have from eqns (9.48) that

*Xo) P*Yy

prEa —1k% X (o) sink(t — 2), proa K2 Y sink(t — 2), (9.51)
with the solution
Xy = 3X0 sink(t—2), Yy =—3Y sink(t—2). (9.52)
Thus, up to order ¢ we have
X=X +3eXosink(t—z)+-, Y=Y, —3eY,sink(t—2)+---. (9.53)

Thus, to a very good approximation the particle is just sitting at the point (X, Y()),
but there will be a very small oscillatory motion in the X and Y directions because of the
passing gravitational wave. When X is increasing in its small ocscillatory motion, Y is
decreasing, and vice versa. If we now imagine a ring of particles arranged in a circle in the
zy plane, the ring will undergo small oscillatory distortions; stretching a little along = while
at the same time getting a little compressed along y, and vice versa. That is, the ring of
particles will oscillate to become a stretched or squashed ellipse in a periodic fashion. A

solid object will tend to undergo periodic distortions of a similar nature.
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9.4 Generation of gravitational waves

Until now, our discussion of gravity waves has been concerned with how they propagte in
spacetime, and how they might be detected. For these purposes, it was sufficient to consider
the source-free Einstein equations. Here, we shall examine how they might actually be
generated, and for this it is necessary to consider the details of the matter sources that

could give rise to gravitational waves. Thus, we consider the Einstein equation
Ry — $Rgu, = 81T, . (9.54)

We may continue with the assumption of a weak field for which the metric is given by (9.1),

and again we shall impose the de Donder gauge condition (9.13), so that we shall have3?
Ry ~ —30h,, . (9.55)
The linearisation of the Einstein equation (9.54) then gives
Ohy = 1677y, , (9.56)

where we have defined

Py = by — Shiu (9.57)

and as before, h = n*” h,,. (Notice, by the way, that the de Donder gauge condition
(9.13) just becomes d*hy, = 0 in terms of hy,.) T, is understood to be just the energy-
momentum tensor in the approximately Minkowski background, and it therefore satisfies
the conservation equation

8, T" =0 (9.58)

in the Minkowski background metric, to the order at which we are working.
The field equation (9.56) can be solved in terms of a retarded potential, in exactly the
same way as one solves the equation [1A, = —47J, in electrodynamics (see, for example,

my EMG611 lectures online). Thus we shall have

i Ty (t — |7 — 7|, 7'
oy () :4/ o ’Jr "L g (9.59)

=7

33Note that we are assuming here, for simplicity, that the metric even in the region of the source term T},
is very nearly equal to the Minkowski metric. This is a reasonable assumption if we are considering just a
source system composed of “ordinary” matter, like planets or stars. It would not be a good approximation
if the source was, for example, a binary pair of orbiting neutron stars or black holes; the discussion for such

kinds of strong-field sources would be very much more complicated.

122



where z# = (¢,7), etc. We shall assume a compact matter source near to the origin of the
coordinate system, and we then consider the case where the observation point 7 is at a very
large distance in comparison to the size of the matter source. Thus R = || will be very
large in comparison to |7’| for all points 7/ within the source, and so we may approximate
(9.59) by

Py = % / Ty dV . (9.60)
This approximation corresponds to considering the far-field radiation zone. Since we are
using R to denote the distance to the point of observation we can, without risk of confusion,
switch to using unprimed variables for the integration on the right-hand side. Thus the 3-
volume element dV is now written as d°7, and the arguments of T}, are T),,(t — R, 7). If

we consider the spatial components of T}, we have
/ Ty = / [8k(Tkj i) — (8kaj)x1 v
= /ngjmidSk+aO/TOindv,
= 9 /T%idv,

= 10 /(TOJ' '+ TV 27)adv

[N

80/ [8k(T0k rlal) — (8kTOk) xix]} dv

|
M\»—A

/ T 229 dS), — 780 /(3kT0k) el AV,

—_

= 1 g/TO‘)mJ dv, (9.61)

|
w

where we have made use of the conservation equation 0 = 9, T+ = 9yT™ + 9T ki and the
symmetry of T*”, and we have dropped boundary terms arising when using the divergence
theorem. Thus, since 7% = p, the energy density, we have

2 92

hij = = o / p(t — R, 7)2'zd dV . (9.62)

The equation (9.57) defining hy, in terms of hy,, can be inverted (by taking the 7,

trace and substituting back in for h) to give
Py = by — Shnu (9.63)

where h = B/w = —h. Using the additional gauge transformations we discussed earlier,
with 6h,, = 04 + 0,€, and LJ§, = 0, thus preserving the de Donder gauge, one may

choose to set h;; = 0 (summed over the three spatial directions). In fact the gauge choices
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made in the previous example we discussed had the consequence that h;; = 0 (see equation

(9.34)).Thus from (9.63) we have h;; — 3h = 0, and hence

hij = hij — Shig 6ij (9.64)
leading to
2 9 ig 1.2
hij = E @ p(:E T’ —3r 6”) dV, (965)
where r? = z'2’. Thus we see that the gravitational wave is generated at leading order by

the time-dependent quadrupole moment of the matter source.

It is instructive to compare the above with what happens in electromagnetism. In that
case (see, for example, my EMG611 lecture notes), electromagnetic waves are generated at
leading order by the time-dependent electric dipole moment. It is not possible to have an
isolated time-dependent electric monopole source, because charge is conserved. Thus the
leading-order possibility for a time-dependent source is at the dipole order; positive and
negative charges can oscillate back and forth, while keeping the total charge conserved.

In the case of gravity, not only can the mass of the isolated source system not change
in time, but also its dipole moment cannot change in time. This is because unlike electric
charges, which can be positive or negative, masses can only be positive. Thus the leading
order at which the isolated system can have a time-dependent moment is at the quadrupole

order.

9.5 Energy-momentum pseudo-tensor of the gravitational field

We have now seen how gravitational waves propagate, how they can be detected, and how
they can be generated. What we have not yet discussed is how to work out the power that
is radiated by the source of the gravitational radiation. If we can understand this, then we
can, for example, work out the rate at which a source will lose energy through gravitational
radiation.

This is actually a slightly tricky subject. The problem lies in the fact that it is not so
easy to give a covariant description of the energy or the momentum in the gravitational field
itself. In other words, there does not exist a general-coordinate covariant energy-momentum
tensor for the gravitational field.

For any other matter field, we know exactly what to do. We would calculate the energy-
momentum tensor of the matter field by varying its action with respect to the metric,
reading off its 7},, using eqn (7.64). This energy-momentum tensor then tells us everything

we need to know about the energy, momentum, energy flux, etc., etc. of the matter field.
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The “obvious” candidate for doing the same thing for gravity itself would be to calculate
its “energy-momentum tensor” by varying the Einstein-Hilbert action with respect to the
metric. But, as we know, this gives us the Einstein tensor G, = Ry — %R 9 1f we consider
a vacuum solution of the Einstein equations for simplicity, then we know that, by definition,
G, = 0. This is not of much use to us, then! As we know, we can have gravitational waves
propagating in a spacetime that obeys the vacuum Einstein equations. These gravitational
waves must carry energy, momentum, etc. And yet, the obvious candidate for an energy-
momentum tensor vanishes identically! Evidently, gravity is more subtle.

In order to discuss this question, we need to introduce the slightly non-intuitive concept
of the Energy-momentum pseudo-tensor for the gravitational field itself. In the form we
shall present it here, this was first discussed by Landau and Lifshitz, in 1947. Note that
the following derivation of the energy-momentum pseudo-tensor will be much more widely
applicable than just for gravitational waves.

Consider the energy-momentum tensor 7}, for some closed matter system (which could
include the electromagnetic field) in a curved spacetime background. It therefore obeys the

conservation equation
vV, TH =0. (9.66)
Writing this out in terms of a partial derivative and the Christoffel connection, it reads
o, T" + 1", T’ +1",,TH =0. (9.67)

At this point, we shall do something that might seem a little strange, and make a general
coordinate transformation such that at a particular point z# = zff in spacetime, the first

derivatives of the metric vanish:
(8u Qup) 0 =0. (9.68)

(We saw previously that we can always do this.) Note, however, that in the present dis-
cussion we are not necessarily assuming that the metric at the chosen point has been set
equal to 7,,; we are merely assuming that the coordinate transformation has been used in
order to set J,, g,, = 0 at that point. Since the Christoffel connection is built from first
derivatives of the metric, as in eqn (4.48), it follows that at this chosen point I'*,, will

vanish, and so, at this point,

8, T =0. (9.69)
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For the next stages in the discussion, we shall be assuming we are considering the situation
at this chosen point where the coordinates have been chosen so that 9, g,, vanishes.

A quantity T"" that satisfies eqn (9.69) can always be written in the form
T =0, Q""" (9.70)
where Q7 is antisymmetric in its last two indices:
QUYP = —QHPT (9.71)

We now show how to write down an explicit expression for QH¥7,
Starting from the Einstein field equations R*¥ — %Rg’“’ = 8r T*¥, and recalling the
expression (4.72) for the Riemann tensor R,,,s, we see that the Ricci tensor RM =

ghe gvB gro R,nsp can be written, at our chosen point, as
R = 1gM 6"P g°7 (0005 9o + 0p03 Gao — 0003 Gpr — 0p0s Gap) - (9.72)

(Recall that I'*,, vanishes at the chosen point.) With a little further work, it can then be

seen from the Einstein equation R* — %R gt = 8m TH that

1

w _
r % { 167 (—g)

0, [(~9) (¢ 9 — 9" ¢")] } (9.73)

where g, as usual, means the determinant of the metric g,,. The quantity in the braces in
eqn (9.73) is precisely the quantity Q**? we introduced earlier:

QHVP — 1
167 (—g)

0 [(—9) (9" 9" — 9" g"7)] - (9.74)
It clearly obeys (9.71). Note that since the first derivatives of the metric vanish at the
chosen point, we can take the factor 1/(—g) outside the 0, derivative in eqn (9.73), and
therefore it follows that T = 9, *** is indeed symmetric in ¢ and v, as a consequence of

the fact that the partial derivatives 9,0, are symmetric in p and o.

Let us define

NPT = 16% (—9) (¢ g™ — " g"7), (9.75)
and then
HHMP = 9, NPT (9.76)
Clearly H*'P = —H"P” and so we can write
0, HP = (—g)TH (9.77)
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at the chosen point. (For the same reason as already noted for d, Q**7, it is also the case
that d, H*"P is symmetric in p and v.)

Since the relation (9.77) was derived just for the chosen point where it was assumed
that coordinates were chosen so that 9, g,, = 0, it will not hold when we instead consider

an arbitrary coordinate system. Let us define t*¥ by
(—g)t"" =0, H"P — (—g) T" . (9.78)

Thus t*¥ vanishes at the chosen point in the special coordinate system, but not in general.
Note that it is symmetric in p and v.
Using the Einstein equations to write 7" in terms of the Ricci curvature, we can rewrite
t" in eqn (9.78) as
tH = 1 0, H'"P — S (RMY — %Rg’“”’) . (9.79)
(—9) 8
Notice that if written explicitly in terms of the metric, both the 0, H*"? term and the
(RMV — %R g"") term in eqn (9.79) will include contributions involving second derivatives of
the metric. However, after a rather lengthy calculation, one can see that these terms will
cancel out, and eventually t*” can be expressed as
L - 16% (21*,0&5 FJPO —T*, Faﬁp _ Fpap Faﬁo) (g gVB — g gaﬂ)
10" 6% (T 0o T8, + 175y T 00 — T s T%0p — T 05T o)
+9" 9% (THao T ) + T3, T 00 — T 0 T70p — THa3 T o)

+ga,3 gpa (F'uap FV,BU - Fuaﬁ prcr) . (980)

This expression can also be rewritten explicitly in terms of the metric and its first derivatives.

It then takes the form

1
= Ter—g) [3,)9’“‘” 07977 = 0p9" 859" + 59" 9y Dag” 9597

—0" Gap 059" 0,9 — §"° Gap 009"’ 0pg™ + Gpo 9 Dag"? 5g"°
+1(29"° g7 — g 977)(290p Gv5 — 9y 9as)0pg™ wg™ | . (9.81)
The quantity t*” that we have constructed here is not a tensor. It is, however, some-
thing that encapsulates the properties that one might expect for some sort of an “energy-
momentum tensor for the gravitational field.” Note that it follows from the way it was

constructed that it satisfies what one may call the conservation equation for the total

energy-momentum,

Ay [(—g) (TH + )| = 0. (9.82)
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Here, T" is the (honest!) energy-momentum tensor of the matter fields. The quantity
t" represents the energy-momentum of the gravitational field. It is known as the Energy-
momentum pseudo-tensor for the gravitational field.

Now let us specialise the discussion to gravitational waves. First of all, we shall assume,
as we did before, that the waves are just small disturbances around a Minkowski background

metric, so we can assume
G = M + Py s g"" =0 =W, (9.83)

up to first order in hy,. Indices on h,, are raised and lowered using the background
Minkowski metric.

The expression in eqn (9.81) for the energy-momentum pseudo-tensor is a bit of a dog’s
breakfast. However, if we now specialise to gravitational plane waves, of the kind we dis-
cussed previously, enormous simplifications occur. In our previous discussion we eventually
specialised to the case of a plane wave propagating along the z axis. For the present dis-
cussion, it is nicer to leave things a bit more general, and take a plane wave propagating in

an arbitrary, unspecified, dirrection. Thus we may consider
hyy = €u sin(k - ), (9.84)

where as before k- 2 means k,z". Note that here, because we are about to plug the
expression for hy,, into something quadratic in hy,,, we are explicitly writing the physical
metric perturbation h,, at this stage (the real or imaginary part of the previous expression

i) As before, the Einstein equation

that we wrote in terms of a complex exponential e

R,, = 0 and the de Donder gauge condition imply
Etk, =0, ke, — %kl, e, =0. (9.85)

We can use the further gauge transformation in eqn (9.28) (the one that preserves the de

Donder gauge), namely
€ — € = € — (ke +kuey), (9.86)

in order to impose 7" €, = 0. (We can actually do more than this, as we saw earlier in
the concrete example, but this is all that we need to do at this stage.) Taking stock of what

we have done, this means that we shall have (now dropping the primes to save writing)

Etew =0, " €n =0, (9.87)
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where k# k, = 0. These same properties will carry over to hy,:
Eth,, =0, " by, =0, (9.88)

Note that this means also that 0,h,, = k, iLW, where ilw, = € cos(k - ), and so the

following statements are true:
o =0, Oahyy 0%hpe =0, Oahyw 0gh*, = 0. (9.89)

These results will prove very useful in a short while.
Now, we are ready to turn to the expression (9.81) for the energy-momentum pseudoten-

sor. In our case, we have g?” = n?” — h?? (up to linear order in h), and so
009”7 = —0n,h"° . (9.90)

It follows that t*” in eqn (9.81) will begin with terms at quadratic order in the small
quantities h*?. For our purposes, we only need to calculate it to this leading order, and so
it follows that all the undifferentiated metrics can be simply replaced by Minkowski metrics.

Furthermore, (—g) will be equal to 1 at this order. Thus we have

1
- o [aphlw DhP? — 0,hH Oy h¥7 + %g’“’ hpo Duh?? 039™°

1" g Dph”P DphT — 0P g D hH® Dph™T + 115 11 DuhHP 3h"
+1@20"P 0" = 0" 0P7) (2008 Nys — Ny Nas)Oph™® 8anﬁ”] : (9.91)

Looking now at the properties summarised in eqns (9.89), we see that almost every term in
(9.91) will be zero for the plane wave. In fact the only thing that survives comes from the
expression & (20"” n"%) (2104 15) 9,h® 9yh?7 coming from the final term in (9.91). Thus,
for the plane gravitational wave we find
L

327

If we now consider a gravitational wave generated by an energy-momentum source, as

v (0"h#7) (0" hper) - (9.92)

in eqn (9.65), the energy flux along the direction of a spatial unit vector 77 will be given by
the t% n; component of the energy-momentum pseudo-tensor, calculated from eqn (9.92).

Define the quadrupole moment tensor by
Qij = / p(3x'x! —r28;;)dV . (9.93)

We also introduce a normalised 3-dimensional polarisation tensor e;;. We work in a gauge
where hg; = 0, hgo = 0, hy; = 0 (summed over ¢ = 1,2,3). The polarisation tensor e;; is

thus symmetric, and obeys the conditions

ei; =0, eijn; =0, e;jei; =1, (9.94)
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where the plane wave is propagating along the direction 7. (The last condition just spec-
ifies the normalisation of e;;.) Note that once the direction 7 is specified, there are two
independent polarisation states.

In our earlier example of the plane wave propagating along the z direction (i.e. the “3”
direction), we considered just one of the two polarisation states, as in eqn (9.44). More

generally, we can consider the two independent polarisations, so>?

hij = €5 sin k’(t — Z) s (9.95)

with one polarisation state described by the small quantity €;7 = —e99, and the other
specified by the small quantity €12 = €21. From eqn (9.65), together with the definition
of the quadrupole moment tensor in (9.93), we then find using eqn (9.92) that the flux of
energy along the z direction per unit time can be written as

o [0 ] o)

(Note, when doing this calculation, that d° is equal to —%, and that when acting on a
function of (t — z), 8% is equivalent to —%.) The first term in the square brackets in (9.96)
corresponds to the contribution of the €17 = —e99 polarisation state, while the second term
corresponds to the contribution of the €19 = €51 polarisation state.

Of course if 7 is pointing in some direction other than along z, then the expression
(9.96) will be modified accordingly. Thus the expression (9.96) will now be written as the

sum of two terms, each of the form

1

00 —
" 36 B2

(Qz] eij)” (9.97)

where the normalised polarisation 3-tensor e;; now obeys the conditions given in eqns (9.94).
For each choice of 7i, there are again two independent polarisation states. If we take the
expression (9.97) for one of these polarisation states, and add to it the expression (9.97) for
the other polarisation state, we will get the analogue of the expression (9.96), but now for

the plane wave propagating in an arbitrary direction 77 instead of along z.

34Gtrictly speaking we should allow for a different phase factor for each of the two polarisation states,
so that, in our example of the wave propagating along the z direction, we would have hi1 = —ha2 =
€11 sink(t — z 4+ a11) and hi2 = ho1 = €12 sink(t — z + a12), where the constants a1 and ai12 could be
unequal. The discussion would be analogous to that in electromagnetism, where one can have different
phase factors for the two polarisation states and thus get elliptical or circular polarisations instead of linear
polarisations. The inclusion of unequal phase factors would make no difference to our subsequent discussion

here, and so we have omitted them for simplicity.
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The gravitational wave energy per unit time that passes through an area element d¥;
is given by t%d¥;. Thus if we consider a spherical area element at radius R and write
dy; = n; R? dS), where dQ) = sin 6 df dy is the area element on the unit sphere, we see that
the intensity of the gravitational radiation of a given polarisation e;;, into the solid angle

element df) = sin 0 df dyp, is then given by

1 9

for each of the polarisation states. That is,

Note that the triple dots on each () tensor denote three derivatives with respect to t.

The total intensity into the solid angle df2 is obtained by summing (9.99) over the two
polarisations. This is equivalent to averaging over polarisations and then multiplying by 2
(since there are two independent polarisation states). Let us denote this summation over
polarisations in the product of e;; with er, by €;;€rs. As mentioned above, the possible
ei;’s specifying the polarisation will depend upon 7. The answer for €;; éxs can only depend
upon the vector 7. To be more precise, it must be a 4-index tensor that is built from 77
and from the only available invariant tensor, d;;. The quantity €;; ez must, of course, be
symmetric in ¢, and symmetric in k¢, and symmetric under the exchange of ij with k.

Thus, it must necessarily be of the form?3>

€ij ekt = C1niningng+ c2 (n;n; dge + g ne bij) (9.100)

+c3 (nz ng 5jg +n;ny 5jk + njng Oi0 + n;jny 5ik> +cy 5z‘j Ope + c5 (5ik 5jg + 5jk (5ig) ,

for some universal constants ci, ¢, c3, ¢4, ¢5. Since all the e;; that are being summed over
must obey eqns (9.94), this implies exactly 5 independent conditions, which allow us to
solve uniquely for the constants c1, co, c3, ¢4, c5, giving

1
€ij €kt = 1 [TLZ n;ng e + (nl n; Ope -+ npny 51']') — (nz ng 5jg +n;ny 5jk —njng Oi0 + 15 Ny 5zk)

—04j Oke + (Oik j¢ + Ojk 5@@)} : (9.101)

350ne way to think of the averaging we are doing here is as follows. Recall in our previous discussion
when 7 = (0,0,1) that we saw how the SO(2) little group acted on the polarisation tensors €11, €22 and €12
as in eqn (9.39) (recall that ex = €11 Fier2). The averaging that we are now discussing can implemented by
acting on a chosen representative pair of polarisation tensors, now for any arbitrary choice of 7, and then
averaging over the SO(2) little-group rotation angle ¥, where now the SO(2) little group is the one that

leaves the chosen direction 7 invariant.
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Plugging into the expression (9.99), we thus find

1 71

dl = — | =
367 L4

(Qij U nj)2 + %(Qij)Q - QU sz nj nk] ds}. (9.102)

(Note that when we write a quantity such as (X;;)? we mean X;; X;;, which is summed
over ¢ and j over the values 1, 2, 3.)

Having averaged over polarisation tensors for a given 3-vector 7 charactering the di-
rection of propoagation of the gravitational waves, finally, we can integrate 77 over all the
sphere in order to find the total radiated power. One way to do this is simply to write 77 in

spherical polar coordinates as
7i = (sin 6, cos ¢, sin 0 sin ¢, cosh) , (9.103)
and explictly evaluate the necessary integrals

/32 n; nj dS, /52 n; nj g g dSd, (9.104)

where df2 = sinfdfdy and the integration is taken over there. This would be straight-
forward, but a little tedious. A nicer way to do it is by noting that the results for the
integrals in (9.104) must necessarily be expressed in terms of invariant Cartesian 3-tensors,
and in fact the only relevant one that could possibly occur is the Kronecker delta tensor.
Furthermore, because of the fact that the results must necessarily be symmetric in all the

indices, this means that they must be of the forms
/ n; N dQ) = by 5@']’ , / NG Mj Mg Ny dS) = by (5@' Ope + Oik 5jg + 040 5jk) , (9.105)
52 52

for certain constants by and bs. By contracting indices and using the fact that 7 is a unit

vector, so n; n; = 1, one easily concludes that

4 4
/52 n; n; d) = %5@' ; /52 n; 1 Mg Mg dS) = Tg(&'j Oke + Oik 0j¢ + 0ig k) - (9.106)

Finally, using these results, we can integrate eqn (9.102) to obtain the total radiated power

Cfdl 1,
I_/deQ_ £ (@7 (9.107)

10 Global Structure of Schwarzschild Black holes

In General Relativity you don’t know where you are, and you don’t know what time it is. —

Sidney Coleman
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In this section, we shall discuss the global structure of the Schwarzschild black hole
solution, in particular studying its structure at infinity, on the event horizon, and at the
curvature singularity.

The Schwarzschild solution can be thought of as a kind of gravitational analogue of the
point charge solution in classical electrodynamics. Of course the non-linear nature of the
Einstein equations means that the solution is more complicated, and much more subtle,
than the humble point charge. Also, the very essence of general relativity is that one is
using a description that is covariant with respect to arbitrary changes of coordinate system.
This means that one has to be very careful to distinguish between genuine physics on the
one hand, and mere artefacts of particular coordinate systems on the other. This is the
beauty and the subtlety of the subject. Sidney Coleman summed it up rather nicely, in
the aphorism at the head of this chapter. The profundity of his observation should become
apparent as we proceed.

For convenience, we reproduce here the Schwarzschild metric, which was obtained in
eqn (6.26) in section 6:

2M

2M ~1
ds? — 7(1 _ 7) e + (1 _ 7) dr? + 2 (d9? + sin? 0 do?) . (10.1)
T T

As remarked previously, the apparently singular behaviour of the metric at r = 2M is in
fact merely an artefact of a breakdown of the coordinate system, and does not actually
indicate any true physical singularity at that location in the spacetime. Studying this in
detail will form a large part of the discussion in this section.

By contrast, there is a genuine curvature singularity at » = 0, as may be seen by
calculating a suitable scalar built from the Riemann tensor. The Ricci scalar is too special
for demonstrating this singularity, since by construction it vanishes, as a consequence of
the Ricci-flatness R, = 0 of the Schwarzschild solution. For the same reason, the scalar
invariant R Ry, is of no use to us either, since it too vanishes by construction. The
curvature singularity can be seen, however, if we calculate the scalar formed by squaring
the Riemann tensor,

Riem|* = R**° R0 - (10.2)

This invariant is sometimes called the Kretschmann invariant. A somewhat lengthy, but

entirely straightforward, calculation shows that this is given by

48 M2

. 2
|Riem|” = 5

(10.3)

for the Schwarzschild metric. We see that this diverges like 1/7% as r goes to zero. Since it

is a scalar quantity, it will take the same form in all coordinate frames, and so no amount
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of changing from one coordinate system to another can get rid of this true singularity in
spacetime

So far, we have been concerned here only with local considerations; writing down the met-
ric ansatz (6.15), calculating the curvature, and then solving the vacuum Einstein equations
to obtain (10.1). Now, the time has come to study the global structure of the Schwarzschild
solution.

We already noted that at large distance, the Schwarzschild solution approaches Minkowski
spacetime, and in fact in that large-r region it nicely approaches a Newtonian limit in which
goo — —1—2®, where & = — M /r is the Newtonian gravitational potential for a spherically-
symmetric object of mass M.

Of much greater interest to us here is to take the Schwarzschild metric seriously even at
small values of r, to see where that leads us. The first thing one notices about (10.1) is that
it becomes singular at » = 2M. This is in some sense unexpected, since when we started
out we looked for a spherically-symmetric solution that would be expected to describe the
geometry outside a “point mass” located at » = 0. There is indeed a singularity at r = 0,
of a rather severe nature. We saw that the metric becomes singular also at » = 0, but,
as we shall see below, one cannot judge a solution in general relativity just by looking
at singularities in the metric, because these can change drastically in different coordinate
systems. There is, however, a reliable indicator as to when there is a genuine singularity
in the spacetime, namely by looking at scalar invariants built from the Riemann tensor.
The point about looking at scalar invariants is that they are, by definition, invariant under
changes of coordinate system, and so they provide a coordinate-independent indication of
whether or not there are genuine singularities. As we saw in (10.3), the scalar built from
the square of the Riemann tensor indeed diverges at r = 0, showing that there is a genuine
curvature singularity there. By contrast, the square of the Riemann tensor is perfectly finite
at r =2M.

Note that we were somewhat fortunate here in finding that |Riem|?> was divergent at
r = 0; this means that we can be sure that there is a genuine spacetime singularity. The
converse is not necessarily true; one can encounter circumstances where the curvature is
actually divergent, but |[Riem|? is not. In the Schwarzschild example, |[Riem|? in (10.3) is a

sum of squares with positive coefficients,
IRiem|* = Ryy.puy Ry M7 - gHavs (10.4)

because the metric is diagonal and there are always an even number of “0” indices on the

non-vanishing components of the Riemann tensor, and hence there will always be an even
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number of g% factors in each term. In more general examples, there might be components of
R, ..., with an odd number of “0” components, and the squares of these would enter with
minus signs in the calculation of |Riem|?, because of the indefinite metric signature. If the
metric were non-diagonal, this would also imply the possibility of negative contributions.
Thus one could encounter circumstances where singular behaviour cancelled out between
different components of the Riemann tensor.

Let us now turn our attention to the singular behaviour of the Schwarzschild metric
(10.1) at r = 2M. It was decades after the original discovery of the Schwarzschild solu-
tion before this was properly understood. In in the early days people would speak of the
“Schwarzschild singularity” at r = 2M as if it were a genuine singularity in the spacetime.
In fact, as we shall see, there is physically nothing singular at » = 2M; the apparent sin-
gularity in (10.1) is simply a consequence of the fact that the (¢,r,6, ¢) coordinate system
breaks down there. There are many physically interesting phenomena associated with this
region in the spacetime, but there is no singularity. It is known, for reasons that will become
clear, as an “event horizon.”

The notion of a coordinate system breaking down at an otherwise perfectly regular point
or region in a space is a perfectly familiar one. We can consider polar coordinates on the

plane as an example, where the metric is
ds* = dr® +r* do* . (10.5)

This metric is singular at the origin; the metric component ggyp vanishes there, and the
determinant of the metric vanishes too. But, as we well know, a transformation to Cartesian
coordinates (x,y), related to (r,6) by = r cosf and y = r siné, puts the metric (10.5)
into the standard Cartesian form ds?> = dz? + dy?, and now we see that indeed r = 0, which
is now described by x = y = 0, is perfectly regular in the Cartesian coordinate system. It
is just an unfortunate artefact of the polar coordinate system that it becomes singular at

r=0.

10.1 A toy example

It is worth making a little detour to consider a toy example that will perhaps help to
illustrate some of the concepts that we shall encounter below when studying the global
properties of the Schwarzschild black hole. Let us consider the two-dimensional spacetime
metric

ds® = —dt® + e** d2? . (10.6)
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Secretly, we can see that this is nothing but two-dimensional Minkowski spacetime with
metric

ds® = —dt* + da?, (10.7)

as is revealed by making the coordinate redefinition z = logx. But suppose we haven’t
yet noticed this, and so we are studying the spacetime using the original coordinates (¢, z)
of (10.6). The metric (10.6) looks nonsingular for all ¢ and all z, i.e. —oco < ¢ < oo and
—o0 < z < 00, except that g,, goes to zero at z = —oo and to infinity at z = +o00.

We can gain further insights into the structure of the spacetime by looking at the

behaviour of its geodesics. These are described, for massive geodesics, by
L=-1?+1e*2*, L=-1 onshell, (10.8)

where a dot means d/dr. The Euler-Lagrange equation d(0L/0%)/dr —0L/0t = 0 gives the
first integral
t=c
where c is a constant, and so the on-shell constraint gives
9 1
zef =+(c"—1)2. (10.9)
Integrating this, we learn that, making a convenient choice of sign and origin for 7,

1
e =—(*-1)21. (10.10)

Thus as 7 increases from some initial negative value 7y, the particle moves in the direction
of decreasing z from its initial point zg until it reaches z = —oo at 7 = 0. The crucial
point is that the particle has reached z = —oco in a finite proper time. That is to say, a
physical traveller can actually reach the “edge of the world” after a finite travel time. In
such a circumstance the spacetime as originally described by the (¢, z) coordinates with, in
particular, —oco < z < 0o is said to be geodesically incomplete.

When one finds that a spacetime is geodesically incomplete, it is a giving a strong hint
that there is something defective about the coordinate system one is using in that region. Of
course we know how to remedy the situation in this case; we should define a new coordinate
x by setting

z=logx, (10.11)

36By contrast, the traveller would take an infinite proper time to get from the initial point zo to the other
“end of the world” at z = co. Thus this does not signal any geodesic incompleteness at z = co, since no one

could ever actually get there in a finite proper time.
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and then the metric becomes ds?> = —dt? + dx? which is perfectly geodesically complete

with —o0 <t < oo and —o0 < x < oo. It is very revealing now to look at our solution

(10.10) for the geodesic motion in terms of the new x coordinate; we have e* = ¢l%8% =

x?
and so the solution is simply

T = —(02—1)%7'. (10.12)

This now makes perfect sense. As 7 increases from the initial negative value 19 nothing weird
happens when 7 reaches 0. We don’t encounter any “edge of the world” there. Instead, the
x coordinate is simply falling from the (positive) starting value xg = €** and reaching zero
at 7 = 0. As 7 increases further, the particle (or observer) smoothly carries on to negative
values of z.

Notice, however, that negative x means that the old z coordinate becomes complex:

when z < 0 we have
z =logx = log(—|z|) = im + log(|z|) = ir + log(—x). (10.13)

(We have made a specific choice of branch cut here.) So when the clock in the traveller’s
spacecraft reaches 7 = 0 and then beyond to positive proper times he doesn’t hit a brick
wall or drop of the edge of the world. he simply discovers that the spacetime was bigger
than he thought, and that his old (¢, z) coordinates were not able to describe the part that
he has now reached.

By changing to the (¢, ) coordinates we have constructed an analytic extension of the
original spacetime that was defined by (t,z) with —oco < z < oco. In fact what we have
constructed, namely Minkowski spacetime, is the maximal analytic extension of the original
one. That is to say, there is no need for any further extension and it cannot be extended
any further; it is now geodesically complete.

One special feature of this toy example is that after making the transformation from
the (¢, z) coordinates to the (¢,z) coordinates by writing z = logx, we have arrived at
coorinate system where the entire maximally-extended spacetime (i.e. Minkowski spacetime)
is covered globally by a single coordinate patch. In more generic situations, it may well
be that there is no single global coordinate system that can cover the entire maximally-
extended spacetime. In such cases, the best that may be achievable is that the entire
spacetime ccan be covered by means of a set of overlapping coordinate patches. As long as
there is always an overlap region between the patches, so that the coordinates in one patch
can be analytically related to the coordinates in the adjacent patch within their region of

common overlap, that will be good enough.

137



Our first black hole example will be the Schwarzschild metric. In fact, as we shall see,
in this case we can cover the entire maximally-extended spacetime (outside the singularity)
in a single coordinate patch. More complicated examples such as Reissner-Nordstrém or

Kerr black holes will require the introduction of multiple overlapping coordinate patches.

10.2 Radial geodesics in Schwarzschild

Before getting down to a detailed study of the global structure of the Schwarzschild metric,
let us pause to make sure that the discussion is not going to be purely academic. If it
were the case that an observer out at large distance could never reach the region r = 2M,
then one might question why it would be so important to study the global structure there.
On the other hand, if an observer can reach it in a finite time, then it is clearly of great
importance (especially to the observer!) to understand what he will find there. This is
actually already a slightly subtle issue because, as we shall see, an observer who stays safely
out near infinity will never see the infalling observer pass through the event horizon at
r = 2M. However, the infalling observer himself will fall through the horizon in a finite
time interval, as measured in his own frame.

Let us, therefore, calculate the motion of radially-infalling geodesics in the Schwarzschild
metric. (We could consider more general geodesic motion with angular dependence too,
which would be relevant for considering planetary orbits, etc. From the point of view of
testing whether an observer crosses the event horizon, however, any non-radial component
to the motion would merely be a “time-wasting” manoeuvre, counter-productive from the
point of view of getting there as quickly as possible.) For radial motion, the Lagrangian

. that gives the geodesic equations is
(5.24) that gi he geodesic equati i
2M N . 2M N -1
L=fguiri’ =-3(1-=2) 2+ 3(1-==) 2, (10.14)
r T

where as usual ## means dz*/dr, with 7 being the proper time along the path of the
particle. (For the purposes of this calculation, the “observer” is being approximated as a

massive point particle.) The Euler-Lagrange equation for ¢ gives

2M\ ;
(1——)t:E, (10.15)
r
where F is a constant. The constant of the motion L = —1/2 then gives us the equation
for infalling radial motion:
2M\1/2
r

138



where the choice of sign is determined by the fact that we are looking for the ingoing
solution. Note that for a particle coming in from infinity the constant £ must be such that
E%> 1.

Suppose that at proper time 7y the particle is at radius rg > 2M. It follows, by
integrating (10.16), that the further elapse of proper time for it to reach r = 2M is given

by
2M
d
ToM —To = /dT:/ 7.7’7
) r

/TO dr
2M /E2—1—|—¥ '

The integral is perfectly finite at the limit » = 2M, and this means that the ingoing particle

(10.17)

does indeed fall through the event horizon in a finite proper time. (This can be seen by
evaluating the integral explicitly. It is also evident from the fact that the integrand is
proportional to [(E2 —1)r— ZM]_% near r = 2M, which clearly integrates to a finite
result.)

Notice, however, that an observer who watches from infinity will never see the particle
reach the horizon. Such an observer measures time using the coordinate t itself, and so his

calculation of the elapsed time will be

2M iy
tovi —to = [ dt= -
T0 r
7o

Edr

/2M (1-%)./E2—1+¥ ’

which diverges logarithmically. In fact as the particle gets nearer and nearer the horizon

(10.18)

the time measured in the ¢ cooordinate gets more and more “stretched out,” and radiation,
or signals, from the particle get more and more red-shifted, but it is never seen to reach, or
cross, the horizon. Seen from infinity, infalling observers, like old soldiers, never die; they

just fade away.

10.3 The event horizon

In order to test the suspicion that r = 2M is non-singular, and just not well-described
by the (t,7,0,¢) coordinate system, let us try changing variables to a different coordinate
system. Of course it is not the (0, ¢) part that is at issue here, and in fact we can effectively
suppress this in all of the subsequent discussion. We really need only concern ourselves

with what is happening in the (¢,r) plane, with the understanding that each point in this
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plane really represents a 2-sphere of radius r in the original spacetime. To abbreviate the
writing, we can define the metric dQ? = d#? + sin? 6 dp? on the unit-radius 2-sphere. To
establish notation, let us denote by g the original Schwarzschild metric (10.1), and denote

by M the manifold on which it is valid, namely,
M r>2M . (10.19)

(Actually, there are two disjoint regions where the metric is valid, namely 0 < r < 2M, and
r > 2M. Since we want to include the description of the asymptotic external region far
from the mass, it is natural to choose M as the r > 2M region.) Together, we may refer to
the pair (M, g) as the original Schwarzschild spacetime.

The best starting point for the sequence of coordinate transformations that we shall
be using is to consider a null ingoing geodesic, rather than the timelike ones followed by
massive particles that we considered previously. These are described by the Euler-Lagrange

equations following from the Lagrangian

L=1lgu % %V (10.20)
where A is a suitable affine paramter along the path of the null geodesic. A null geodesic
has the property that L = 0 along the path, and so

Juv Cili; % =0. (10.21)
(Recall that we can’t use the proper time 7 as the parameter now, since dr = 0 along the
path of a null geodesic (such as a light beam), and so we choose some other parameterisation
in terms of \ instead.) From the Schwarzschild metric (10.1) we can see that a radial null

geodesic (for which ds? = 0) must satisfy

2
- (10.22)

()

Thus radial null geodesics obey

g =t (10.23)

)

which integrates to give

T d,r/
t = :l:/ —  + constant ,
(1-2)
,r./

—2M
2M

= = [7“ +2M log <T ﬂ + constant . (10.24)
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The plus sign corresponds to outgoing radial null geodesics (since r increases as ¢ increases),
while the minus sign corresponds to ingoing radial null geodesics.
It is natural to introduce a new radial coordinate r*, defined by
Tdr! r—2M
= =M log () 10.25
/ (1 _ w) * S\ anr ( )
7',
This is known as the Regger-Wheeler radial coordinate, and it has the effect of stretching
out the distance to the horizon, pushing it to 7* = —oo. Sometimes r* is called the “tortoise
coordinate,” although this is a bit of a misnomer since the fabled tortoise gets there in the
end. Note that at large r, the coordinate r* more and more nearly coincides with r.

We now define advanced and retarded null coordinates v and u, known as “Eddington-

Finkelstein coordinates:”

v o= t+r", —00 < v <00, (10.26)

u = t—r", —00 < U <00 . (10.27)

Radially-infalling null geodesics are described by v = constant, while radially-outgoing null
geodesics are described by u = constant. If we plot the lines of constant  and constant v in
the (¢,7) plane, we can begin to see what is going on. (See Figure 1.) Out near infinity, we
have v &~ t+ r and u &~ ¢t — r, and the lines v = constant and u = constant just asymptote
to 45-degree straight lines of gradient —1 and +1 respectively. Light-cones look normal
out near infinity, with 45-degree edges defined by v = constant and v = constant. As we
get nearer the horizon, these light cones become more and more acute-angled, until on the
horizon itself they have become squeezed into cones of zero vertex-angle. Inside the horizon
they have tipped over, and lie on their sides.

Note that because of the way we have defined r* in (10.25), it becomes complex when
r < 2M, with

(10.28)

2M —
r*=r+2ir M+ 2M log (77“)

2M
(We have made a specific choice for the location of the branch cut of the logarithm here.)
This might seem disturbing but recall that we saw something very similar in our toy ex-
ample of two-dimensional Minkowski spacetime with the metric (10.6). For the present, we
can sidestep needing to worry about the additive imaginary constant in (10.28) by simply
thinking of the lines © = constant and v = constant as being lines along which du = 0 or

dv = 0, and then we won’t ever see the additive 2im M term anyway. In other words, the
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Figure 1: Schwarzschild spacetime (M, g) .

two sets of curves are characterised by

du:dt—Lzo, or dvzdt%—L:O

(1-2)
T
respectively. Later, we shall see that the 2im M plays an important role, however.

The light cones are getting squeezed like this because we are trying to describe things
near the horizon using the time coordinate ¢ which is really appropriate only for an observer
out at large distances. We have already seen that the use of the coordinate ¢ to describe an
infalling particle leads to the misleading impression that it never actually reaches r = 2M,
let alone passes through it.

Guided by the behaviour of the light-cones, we are therefore led to try replacing the
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coordinate ¢ in the original Schwarzschild metric (10.1) by v, using (10.26) to set dt =
dv — dr* = dv — (1 — 2M/r)~1 dr. Thus we find that the metric becomes

2M
ds? = — (1 — T) dv? + 2dr dv + r? dQ? . (10.29)

This now has no divergence at r = 2M, and, because of the constant cross-term 2dr dv, its
inverse is perfectly finite there too, with

2M
g’U’U — 07 g’LLU — g’UU — 17 g’U/U, — (1 _ 7) (1030)

r

in the 2 x 2 part of the metric orthongonal to the 2-sphere directions. In other words, the
metric is non-singular at » = 2M, and in fact it is well defined for all » > 0 and for all v
with —oo < v < 0o. We can now plot another spacetime diagram, where we use v and r as
the coordinates on the plane. Since we know that out near infinity the v = constant lines
are well thought-of as being at 45-degrees with slope —1, it is natural to choose this as our
plotting scheme everywhere. This can be achieved by introducing a time-like coordinate #',
defined by

t=v—r, (10.31)

and using this as the coordinate on the vertical axis of the spacetime diagram. This gives
us the picture shown in Figure 2. We see now that the light-cones do not degenerate on
the horizon. They do, however, tilt over more and more as one approaches the horizon,
until at r = 2M itself they have tipped so that the future light-cone lies entirely within
the direction of decreasing r. In fact »r = 2M is a null surface, and the spacetime is not
time symmetric. The surface » = 2M acts as a one-way membrane; future-directed timelike
and null paths can cross only in one direction, from r > 2M to r < 2M. They reach the
singularity at » = 0 in a finite proper time or affine distance. Past-directed timelike or null
curves in the region 0 < r < 2M, on the other hand, cannot reach the singularity at r = 0.
In other words a future-directed null ray has only one way to go; inwards. The fate of a
massive particle, whose path must lie inside the null cone, is the same.

Let us denote by g’ the metric (10.29). Since there is no metric singularity at r = 2M,
we see that the range of the radial coordinate r, which was restricted to the region r > 2M
in the original spacetime (M, g) with metric g given by (10.1), can now be extended to cover
the entire region > 0. Thus we have an analyic extension (M’ g") of the Schwarzschild
spacetime, where

M r>0. (10.32)
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Figure 2: Schwarzschild spacetime (M’,g’). The vertical axis is ¢’ = v — r here.
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There is an alternative analytic extension of (M,g) that we can consider, where we
substitute for the time coordinate using the retarded Eddington-Finkelstein coordinate u
defined in (10.27), rather than the advanced coordinate v. This gives another form for the

Schwarzschild metric, which we shall call g”:

2M
ds? = — (1= == ) du? — 2dudr + 17 dQ? . (10.33)

This is again nonsingular at » = 2M, and is analytic on a manifold M” with
M r>0. (10.34)

However, although the region of analyticity here is the same as for the extension M’, the
two analytic extensions M’ and M” are quite different. The time asymmetry in the M”
manifold is the opposite of that in M’. The surface r = 2M is again null, but this time it is
a one-way membrane acting in the opposite direction; it is now only past-directed timelike
or null curves that can cross from r > 2M to r < 2M. With the vertical axis now being a

new time-like coordinate t*, defined now by
' =u+r, (10.35)

this is depicted in Figure 3.

It is clear that neither of the analytic extensions (M’ g’) or (M” g") by itself cap-
tures the entire structure of the full Schwarzschild geometry. We can, however, go one
stage further and construct a larger extension of the spacetime by using both the v and u
coordinates, in place of ¢ and 7. Thus from (10.1), (10.26) and (10.27) we obtain the metric

ds? = —(1 - %> dv du + 12 d02 . (10.36)

r

Here, we are now using r simply as a shorthand symbol for the quantity defined implicitly

in terms of u and v by the equation

1 - r—2M
5(v—u)=r+2M log< Wi ) (10.37)
Now define new coordinates V' and U, known as Kruskal coordinates, by
v u
V =edM | U=—e IM . (10.38)
At this stage, we see that we must have
V>0, U<O0, (10.39)
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Figure 3: Schwarzschild spacetime (M”,g”) . The vertical axis is t” = u + r here.
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in order for u and v to be real. The quantity r is now defined implicitly through the equation

v=u r* _r_/r—2M
UV = —e1 :f4M:f2M( )
(& & € oM

(10.40)

Note, however, that the U and V' coordinates need no longer be restricted by the condition
(10.39), and indeed the region r < 2M precisely corresponds to UV > 0. The coordinates

U and V are now each allowed to range independently over the entire real line:
—00 < U < 0, -0 <V < (10.41)

In terms of U and V, and the analytic extension in which r is now taken to be defined

implicitly by (10.40), we arrive at the metric g*, given by

2M3 ¢~ 3M
ds2 = OHMTC PN G 4202 (10.42)

r

As one can easily verify, with r now defined implicitly by (10.40) we still find that the metric
(10.42) satisfies the vacuum Einstein equations. (This must, of course, be the case since we
have merely performed coordinate transformations, and if a tensor, such as R, , vanishes
in one coordinate frame it must vanish in all coordinate frames.) The restrictions (10.39)
on the signs of U and V are now removed, which means that we have effectively quadrupled
the extent of the region over which the metric is defined.

It is useful also to define
t=Vv+U), F=iV-0), (10.43)

in terms of which the metric g* becomes

1603 ¢~ 20
T

ds? = (—df?* + dz?) + r* dQ? . (10.44)

On the manifold M*, defined by the coordinates (¢, Z,, ¢) such that the solution r of
(10.40) obeys r > 0, the metric g* given by (10.44) has components that are analytic. We
may draw a new spacetime diagram, given in Figure 4, to represent the manifold M*. The
pair (M*,g*) is the mazimal analytic extension of the original Schwarzschild solution. The
region I, defined by & > |#|, is isometric to the original Schwarzschild spacetime (M, g), for
which 7 > 2M. The region & > —t, corresponding to regions I and II in Figure 4, is isometric
to the advanced analytic extension (M’,g’). Similarly the region & > #, corresponding to
regions I and II' in Figure 4, is isometric to the retarded analytic extension (M” g”). (I
have no idea why there are curious bumps in some of the » = constant curves in this figure.

It appears to be some anomaly in exporting a figure constructed in xfig as a pdf file.)
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Figure 4: Schwarzschild spacetime (M*,g*). The U axis runs along the diagonal from
bottom right to top left. The V' axis runs along the diagonal from bottom left to top right.
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There is also a region I, defined by < —|¢|, which again is isometric to the exterior
spacetime (M, g). This is another asymptotically-flat universe, separated from “our” uni-
verse by a “throat” where the area 47 2 of the 2-spheres in the (6, ¢) directions has shrunk
down to a minimum value of 16w M? (i.e. r = 2M), and then expanded out again. In fact
one can see from Figure 4 that the regions I’ and II are isometric to the advanced Finkelstein
extension of region I, and that the regions I’ and II' are isometric to the retarded Finkel-
stein extension of I'. No timelike or null curves can cross from region I to region I’; in fact
any such curve that crosses from I’ into the region where r < 2M will necessarily end up
at the (upper) singularity at » = 0. So neither material objects, nor information, can cross
from I’ to I. It is in principle possible, of course, for an observer infalling from region I to
meet an observer infalling from region I’, after they both enter region II. They would then
be able to spend a short time comparing notes about their respective asymptotic regions
before they were crushed by the singularity.

It is instructive to look at the Killing vector

)
K=2 10.4
ot (1045)

in a little more detail. K is timelike outside the horizon, that is, K*K, = —(1 — 2M/r),
which is negative when r > 2M. It asymptotically satisfies K*K, — —1 as r goes to
infinity, which implies that it is the generator of canonically-normalised time translations in
the asymptotic region at large r. K becomes null on the horizon, i.e. K¥K,, = 0 at r = 2M.

In terms of the Eddington-Finkelstein coordinates u and v it is given by

0 0
K=—4+— 10.46
ou + ov’ ( )
and in terms of the Kruskal coordinates U and V, it is given by
1 0 0
K=—|V—-U—). 10.47
4M ( ov 8U) ( )

Now, the horizon is located on the entirity of the two 45-degree cross-lines on the Kruskal
diagram depicted in figure 4, that is to say, on the line U = 0 for all V, and on the line
V =0 for all U. There is a bifurcation point at U = V = 0 on the diagram (at the origin),
where the two disjoint 45-degree lines describing the horizon intersect. A black hole with
this kind of geometry is said to have a bifurcate horizon. Note from (10.47) that the Killing
vector K actually vanishes at the bifurcation point. (Of course, as always, there is really a
suppressed 2-sphere of radius 7 sitting over each point in the two-dimensional diagram.)
Finally, in our analysis of the maximal analytic extension of the Schwarzschild solution

we can make one further transformation of the coordinates, which has the effect of bringing
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Figure 5: The Penrose diagram for the Schwarzschild spacetime (M*, g*). The U axis runs
along the diagonal from bottom right to top left, while the V axis runs along the diagonal
from bottom left to top right. (The slanting It and I~ should be .#* and .#~, but xfig

(or the user!) wasn’t able to achieve that.)

infinity in to a finite distance, so that the entire spacetime can be fitted onto the back of a
postage stamp (times a 2-sphere sitting over each point, of course). We do this by making
use of the arctangent function, which has the property of mapping the entire real line into
the interval between —%77 and —|—%7T. Thus we define new coordinates V and U , in place of
V and U, where

V =arctanV |, U = arctan U , (10.48)

where

—r<V+U<T, and —%W<V<%7T, —%71’<(7<%7T. (10.49)

With this mapping, the Kruskal maximal extension of Figure 4 turns into the so-called
Penrose diagram for the Schwarzschild spacetime, depicted in Figure 5. Note that we can

express 7 in terms of U and V as

_ —oM)
tanV tanU = —W e (10.50)

Essentially all that has been done in this last transformation is to bring infinity in to a

finite distance. However, by doing so a new feature has come to light, namely that there are
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a number of different kinds of asymptotic infinity. These can be characterised as the places
where the various different kinds of particles come from, and where they end up. Thus
we have the places denoted by ™, which is where massive particles (which follow timelike
geodesics) came from at r = oo in the distant past, and i*, which is where they end up
at r = oo in the distant future, if they are fortunate enough to have followed paths that
keep them away from the event horizon and the singularity of the black hole. The regions
denoted by .#~ (and pronounced, regretfully, as “scri”) are likewise the places that massless
particles (following null geodesics) came from at r = oo in the distant past, and .# T is where
the lucky ones end up at in the distant future. (Note that in Figure 5 the symbols for scri,
appearing on the outer diagonal borders of the diagram, appear just as italic I, owing to the
limited xfig skills of the author.) Finally, hypothetical particles of negative mass-squared
(tachyons) would follow spacelike geodesics, and these begin and end at i®. The regions i*
are known as future and past timelike infinity, the regions .#* are known as future and
past null infinity, and i° is known as spacelike infinity. Of course one should remember
that the effect of having squeezed the entire universe onto a postage stamp is that one
can gain a false impression of distance. In particular, for example, although i® looks like
a single point in the Penrose diagram, it is actually an entire infinite region. (This is over
and above the now-familiar fact that each point in any of our two-dimensional spacetime
diagrams really represents a 2-sphere.) Likewise, the “points” labelled i~ and i are infinite
in extent. Furthermore, another aspect of the Penrose diagram is that i+ and i~, at r = oo,
appear to be coincident with the ends of the horizontal » = 0 lines, which represent the
spacelike curvature singularities. This is again an unfortunate impression created by the
foreshortening resulting from the arctangent mapping, and they are in actuality infinitely
separated. In the words of Douglas Adams, in The Hitchhiker’s Guide to the Galaxy, “The
universe is a big place.”

It should be remarked that the discussion in this section has been somewhat of a mathe-
matical idealisation, in that it is describing a so-called “eternal black hole,” that has existed
for an infinite time into the distant past and will continue to exist until infinity in the future.
The maximal analytic extension of the Schwarzschild solution is therefore not what would
arise in a physical situation where a black hole formed as a result of gravitational collapse.
In particular, the “south-west” part of the Penrose diagram would be missing in a realistic
example where a star collapsed to form a black hole. This is perhaps just as well, because
the south-west part of the diagram really describes a “white hole” from our point of view

as dwellers in the eastern part of the diagram; particles and null rays can come out of it,
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r=0

Surface of star

Figure 6: The Penrose diagram for a collapsing spherically-symmetric star. (Again, I*

should be .#%.)

but they cannot go in. A Penrose diagram for a star that collapses to form a Schwarzschild

black hole is depicted in Figure 6. The shaded area represents the inside of the star.

10.4 Global structure of the Reissner-Nordstrom solution

The Reissner-Nordstrom solution that we obtained previously has some features in common
with the Schwarzschild solution. There are also some important differences, and, as we
shall see, the global structure of the maximal analytic extension of the Reissner-Nordstrém
spacetime is quite different from that of the Schwarzschild spacetime.
First, we give again the Reissner-Nordstrom metric:
dsQ:—<1—2M+qz> dt® + (1—2M+qz)_ldr2+r2d92, (10.51)
r r r r
where, as usual, dQ? = d#?+sin? 6 dyp? is the metric on the unt 2-sphere. Like Schwarzschild,
the metric is free of curvature singularities everywhere except at r = 0, and in fact a

straightforward calculation shows that

48M*  96¢* M N 56¢*

. 2
|Riem|” = G 7 8

(10.52)

The function (1 — % + g—z) appearing in the metric has roots, possibly complex, of the form

r = r4, Where
ry =M+ \/M?— ¢? r—=M—+\/M?—q>. (10.53)

Thus,

(10.54)




We have three different regimes to consider, namely ¢ < M?, ¢> = M? and ¢> > M?. For
¢ < M? there are two distinct real, positive, roots; these coalesce to one double root at
r = M if ¢*> = M?. Finally, if ¢> > M?, the two roots are complex.

Let us first calculate the analogue of the Regge-Wheeler “tortoise” coordinate for the
Reissner-Nordstrom metric. In other words, we solve for radial null geodesics in the
Reissner-Nordstrém geometry, with 0 = ds? = —(1 — 2M 4 g—;) dt? + (1 — 2M 4 g—z)_l dr?.

Thus we shall have

T d/
r*:/ 1 U (10.55)

_2M ¢’
r+r2

and so ingoing and outgoing null geodesics are described by with v = r* 4t = constant and

u = r* — t = constant, respectively. In the three regimes we shall have

PF <M =14t T;% log(r—r+)—r - log(r—r_) , (10.56)
2 2 * 2 M2
¢c=M*: r*=Mlog ((T—M) >_r—M , (10.57)
@ >M?:  r*=r+Mlog ((T—M)2+q2—M2)
—M arctan [i} (10.58)
2 — M2 2 — M2

We can dispose of the case ¢g> > M? rather easily. The roots 7+ are complex, and hence
the function (1— % + g—z) has no zeros for r > 0. This means that the curvature singularity
at r = 0 is not hidden behind an horizon, and it can in fact be seen from infinity. This can be
demonstrated by looking at the r* coordinate given in (10.58). We see that an outgoing null
geodesic, which will satisfy r* = t, requires only a finite amount of coordinate time to travel
from r = 0 to any finite distance r. In other words, one can stand at a safe distance from
the singularity and look at it. More technically, we can say that null geodesics can emanate
from the singularity and end up at #*. When this circumstance arises, the singularity
is called a Naked Singularity. By contrast, in the Schwarzschild solution, we saw that the
singularity was hidden behind the event horizon at r = 2M, and no timelike or null curves
could pass from r = 0 to the “outside.” In the 1960’s a conjecture was formulated, known as
the “Cosmic Censorship Hypothesis,” which asserted that no physically-realistic collapsing
matter system could ever end up having naked singularities; they would always be decently
clothed behind event horizons. This has subsequently been proven. In particular, it can
be shown that no realistic system can evolve to give a ¢ > M? Reissner-Nordstrém black
hole. In the dimensionless natural units which we are using it is sometimes easy to forget

what the scales of the various quantities are. It is worth remarking, therefore, that if a
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macroscopic black hole with ¢? > M? did exist, it would be a fearsome object carrying a
gargantuan amount of charge.

Let us postpone the discussion of the intermediate case ¢> = M? for now, and look next
at the situation when ¢> < M?. The function (1 — % + g—z) now has two distinct, real,
positive, roots r4, given by (10.53). This means that there are in fact two distinct horizons;
the outer horizon at r = r, and the inner horizon at r = r_. These mark the boundaries
where the function (1 — % + Z—z) passes through zero and changes sign, implying that the
time coordinate ¢ is spacelike for r_ < r < r4, while it is genuinely timelike for » > r4
and for 0 < r < r—. We may short-circuit some of the intermediate steps paralleling our

discussion for the Schwarzschild metric, and first go directly to the double-null coordinates
v=t+1", u=t—r", (10.59)
in terms of which the Reissner-Nordstrém metric becomes

2M  ¢?
d52:7(177+q )dvdu+r2dQ2 . (10.60)

r2
At this stage, things start to get a little tricky. First, to simplify the formulae a bit, let

us define two constants k-, by

iy = % (10.61)
The expression for the r* coordinate (10.56) now becomes
r=r+ 1 log(r —ry) + L log(r —r_) . (10.62)
2Ky 2K _
Now introduce coordinates V4 and U, defined by
Vi=et?, Up=—e v, (10.63)

These are analogous to the Kruskal coordinates (V,U) that we used in the Schwarzschild

maximal analytic extension. Note that

ViU = —(r —ry) (r—r_)5/f= 207 gV, dUy = —k2 Vi Uy do du,(10.64)

(10.65)
so V4 Uy is negative when r > r4 and positive when r_ <r < r4.
Substituting into (10.60), we see that the metric becomes
_ 1—k4 /K=
g2 — ’”—2) e 2R+ T qV, dU, + 12 dQ? | (10.66)

2
R T
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Figure 7: The region r > r_ in Reissner-Nordstrom.

and so it is non-singular for r > r_, with a coordinate singularity at » = r_. In fact
these (Vi,Uy) coordinates cover a region looking very like the Kruskal diagram (Figure 4)
for Schwarzschild, except that the genuine » = 0 curvature singularity in Figure 4 is now
relabelled as the » = r_ coordinate singularity, and the r = 2M lines in Figure 4 become
r = r4. This is depicted in Figure 7.

Unlike Schwarzschild, where the Kruskal coordinates (U, V) covered the entire region
r > 0, here in Reissner-Nordstrom the (UL, V) coordinates only cover the region r > r_.
We need another coordinate system to cover the rest of the region with » > 0. To do this,
we define another pair of Kruskal-type coordinates, which we shall call (V_,U_), where

Vo = 0, U_=—eF0  f=t4+7, a=t—7,

2 2
P o= r4 —F—log(ry —7) — ———— log(r_ — 1), (10.67)
T —T— T —T—

(note that relative to the definition of r* in (10.62), a different constant of integration has

been chosen here) and so
VoU_ = —(r_ —7r)(ry —r)=/m+ 21 dV_dU_ = —x*>V_U_dvdu.  (10.68)

Note that these coordinates are well defined for » < r4, and that V_ U_ is positive for
r— < r < ry and negative for 0 < r < r_. In terms of (V_,U_), the Reissner-Nordstrom
metric becomes

1—k_ /K4

dQZ_(T_T"F)
S /{2

: e 2T AV_dU_ +r*d0? (10.69)
,
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O<r<r,_

‘ r.<r<r,

Figure 8: The region 0 < r < r4 in Reissner-Nordstrom.

This is non-singular for r < r4, with a coordinate singularity at » = r,. Crucially, since
r4 > r_, this means that the (V,Uy) and V_,U_) coordinate patches overlap in the region
r— < r < ry. The Kruskal-type diagram for the (V_,U_) coordinates is depicted in Figure
8. Nmw, the two main diagonals represent » = r_, and the singularity at » = 0 corresponds
to the two vertical arcs on the left and right hand sides of the diagram. The crucial point
is that there is the region of overlap between the validity of the (Vi,UL) and the (V_,U_)
coordinates, when r_ < r < ry. This means that region II in Figure 7 is actually the same
as region II in Figure 8. On the other hand, region III in Figure 7 is distinct from region
III" in Figure 8. However, since region II in Figure 7 connects to an exterior spacetime in
the past (namely regions I, IIT and IV), it follows by time-reversal invariance that region
Il in Figure 8 must connect to an exterior spacetime in its future. This argument then
repeats indefinitely, so that we must go on stacking up copies of Figure 7, then Figure 8,
then Figure 7 again, and so on, into the infinite past and future.

If we now make arctangent transformations of the kind we used for Schwarzschild, we
can make an entire Figure 7 plus Figure 8 pair fit onto a finite-sized piece of paper. However,
since we have to stack up an infinite number of such pairs, we will still have a Penrose dia-
gram that stretches off to infinity along the vertical axis. We might say that if Schwarzschild
spacetime can be fitted onto a postage stamp, then for Reissner-Nordstrém we need an in-
finite roll of stamps. This is depicted in Figure 9.

The most striking difference between the Reissner-Nordstrém and the Schwarzschild

maximal analytical extensions is that for Reissner-Nordstrom, the curvature singularities at
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r = 0 are timelike, rather than spacelike. This means that an infalling timelike curve can
in fact avoid the singularity, and come out into another asymptotic region. For example,
in Figure 9 a particle (or observer) can start in region I, pass through regions II, VI and
III', and come out into region I'. There is no possibility of returning, however, so if we
inhabited region I we could never receive reports of what was happening in region I'. By
the same token, however, it would be possible in principle for an observer to enter our region
I from region II, having started out on the next “postage stamp” down on the roll. Such an
observer would emerge from the outer horizon of the black hole. One should really view the
r = r4 boundary between regions II and I as the outer horizon of a white hole, in fact, since
future-directed particles or null rays can only come out of it; they cannot cross inwards.
Again, as in the Schwarzschild spacetime of the previous chapter, one should be cautious
about taking the entire maximal analytic extension too seriously as a physical spacetime,
since a realistic gravitational collapse will not give rise to the entire diagram.

The remaining case to consider is when ¢ = M?2. We see from (10.53) that the inner and
outer horizons now coalesce, at r = M. The metric in this limit is known as the Eztremal
Reissner-Nordstrom solution, and in terms of the original coordinates it takes the form

ds? = —(1 - %)2 dt? + (1 - %)_2 dr? + r2(d6? + sin? 9 dy?) . (10.70)
This is singular at » = M, and so in the now familiar way, we change first to the appropriate
ingoing Eddington-Finkelstein type coordinates (v,r), where v =t +r* and 7* is defined in

(10.57). This turns the metric into the form

M2
ds? = —(1 - 7) dv? + 2dv dr + 12 d02 (10.71)

where again we use the abbreviated notation dQ? for the metric on the unit 2-sphere. This
is non-singular for all » > 0, including, in particular, the horizon at » = M. As usual, one
can easily show that infalling timelike geodesics can reach and cross the horizon in a finite
proper time.

The analysis of the maximal analytic extension proceeds in a similar fashion to the
previous discussion for ¢?> < M?. Essentially all that changes is that region II and its copies
IT', etc. all disappear, since r— and 7, are now both equal to M. Thus we arrive at the
maximal analytic extension depicted in Figure 10. This spacetime with ¢ = M is known as
the extremal Reissner-Nordstréom solution. Note that the points marked by a “p” on the
left-hand vertical axis in Figure 10 are actually at » = oo, and not at » = 0. This is again

one of the penalties exacted upon those who would presume to fit the universe onto a scrap

of paper.
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Note, incidentally, that the horizon at » = M, like all those that we have encountered,
has the property of being a null surface. A null surface is defined as follows. Suppose we
have a surface, or hypersurface, defined by f(z) = 0, where x represents the spacetime
coordinates z#. It follows that the 1-form df = 9, f dx#, with components 0, f, will be
perpendicular to the surface. If one now calculates the norm of this covector, namely
df|? = g Ouf Oy f, then the surface is defined to be null, timelike or spacelike according
to whether this norm is zero, positive or negative. In all our cases the equation defining
the event horizon is of the form f(r) = 0 (for example, in the present case of the extremal
Reissner-Nordstréom metric, it is f(r) = r — m = 0, and so we have |df|*> = |dr|> = ¢'".
It is easily seen, either in the original diagonal forms for the metrics, or in the Eddington-
Finkelstein forms where the metric has off-diagonal components, that ¢g"" vanishes at the
horizons. For example, in the present case we have ¢"" = (1 — M/r)?, demonstrating that

the event horizon is a null surface.

11 Hamiltonian Formulation of Electrodynamics and Gen-

eral Relativity

For a variety of reasons, it is sometimes advantageous to formulate general relativity as a
Hamiltonian dynamical system. This may on the face of it sound like a retrograde step, since
one is taking a theory that possesses a beautiful four-dimensionally covariant symmetry, and
then brutally breaking it apart into a “341” formulation where time is treated on a different
footing from the three spatial directions. There can, nevertheless, be good reasons for doing
this. For one thing, energy, or mass, is a very important physical concept, as for example in
the notion of the mass of the Schwarzschild or Kerr black hole solution. To give a physical
meaning to mass, one is, essentially, needing to calculate the Hamiltonian, the generator of
time translations, and so the original four-dimensional covariance of the theory is going to
have to be broken in the process. (The solutions, after all, in any case themselves break the
four-dimensional covariance of the theory.) Another reason for introducing a Hamiltonian
formulation is for the purposes of trying to quantise the theory. This takes us beyond what
will be discuss in this course, but as with any quantum field theory, a proper discussion will
more or less inevitably require the introduction of a Hamiltonian formulation at some stage,
so that such things as the imposition of canonical commutation relations on constant-time
hypersurfaces can be addressed.

By way of an introduction to some of the key ideas, it is instructive first to look at
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the conceptually simpler example of the Hamiltonian formulation of electrodynamics in
Minkowski spacetime. It has some important features in common with the more complicated
example of general relativity, arising from the fact that it is described in terms of a vector
potential that involves the redundancy associated with the gauge symmetry of the theory.
Having described the Hamiltonian treatment of electrodynamics we shall then move on to
the case of general relativity. Again, there are redundancies in the description, this time as

a consequence of the general-coordinate invariance of the theory.

11.1 Hamiltonian formulation of electrodynamics

Since the overall normalisation of the action will not play an important role here, we shall
just make a convenient choice that minimises the occurrence of extraneous factors in the
formulae. Accordingly, we shall for now take the action for the source-free Maxwell equations
to be

S:/ﬁfm L=-1F"F,, (11.1)

where it is understood that F),, here is just a short-hand for
Fu =0,A, —0,A,. (11.2)

(To get back to our canonical normalisation, we should multiply this action by 1/(4).
At the final stage of this discussion, having obtained the Hamiltonian for the system, we
shall re-instate the omitted 1/(4m) factor.) Note that £ here is the Lagrangian density; the

Lagrangian L is obtained by integrating £ over all 3-space, so

L:/cfm (11.3)

In this Lagrangian formulation, the vector field A, is viewed as the fundamental field of
the theory. As we saw earlier, requiring that S be stationary with respect to infinitesimal

variations of A, implies the source-free Maxwell equations
O F" =0. (11.4)

(Recall that we are in Minkowski spacetime here.) We define the electric and magnetic
fields through
Foi = — L, Fij = eiji By - (11.5)

We now wish to give a Hamiltonian description, and so we begin by calculating the
canonical momenta 7 conjugate to the field variables A, via the standard prescription

u_ 38

-2 11.6
i (1L.6)
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where A, means 9gA, = 0A,/0t. When varying the action (11.1) with respect to A, we

will get two equal contributions form varying each of the F},, factors, and so we have

58 =—1 / FM (8,6A,~8,0A,) d*z = —1 / [Fﬂ (06 A;—0;6 A;)+2F" (aoaAi—aiaAo)} d'z.
(11.7)

Thus we see that
oS

oA,

Thus there is no canonical momentum =

i

s = _—FY% = _F*, 70 = 05 _

_TAO_

conjugate to Ag; there are only 3 conjugate

0. (11.8)
0

momenta 7°, conjugate to A;. The fact that there is one fewer conjugate momentum
component than one might have expected is a consequence of the fact that electrodynamics
has a gauge invariance under A, — A, + 9,A. The one gauge parameter A is responsible
for knocking out the one canonical momentum 7°.

We can now proceed to construct the Hamiltonian H for the system by following the

standard procedure of Legendre transforming the Lagrangian, by writing
H= / [wi A; —c} &z (11.9)
Using (11.1) this gives
H = / |7 As+ LY By + 4 Ry | da,
- / |7+ 0o + LFY Fy — ] dP (11.10)

where in getting to the bottom line we have used (11.8) and also that 7! = —F% = —Fi =
Fy = Al — 0;Ag, so Al = 7t + 0;Ag. Thus we can write

H= / [%H '+ LFY Fy — Ay o + 9;(Ao ni)} Bz (11.11)

The last term can be turned into a surface integral by using the divergence theorem, and
this will give zero for appropriate boundary conditions on the fields. Thus, finally, we have

the Hamiltonian

H= / [%H '+ LFY Fj — Ag oy’ | &z (11.12)
The Hamilton equations for the dynamical variables A; and 7 give

. o0H

A; = 3 =m; + 0; Ao, (1113)
and
, oH .

Tt =——— = 0;FY. 11.14
m 6AZ J ( )
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Equation (11.13) implies m; = 9pA; — 0; Ao, and hence it reproduces m; = Fy; = —E; which
we knew already. Equation (11.14) then gives

—E; = —¢;1,0;By,, (11.15)

which is the source-free Maxwell equation V x B — E/dt = 0.
The field Aj is not a dynamical field at all. As can be seen from (11.12) the Hamilton
equations for Ag, which has no conjugate momentum, is just

0= — —
5 A,

—oy’, (11.16)

which is simply 0; F; = 0. Thus Ay is just playing the role of a Lagrange multiplier, enforcing
the Gauss law constraint

—

V-E=0. (11.17)

(Recall that we are considering the source-free Maxwell equations here, so the charge density
p vanishes.)

Viewing electrodynamics as a dynamical Hamiltonian system, one would specify initial
data (A;(tg), 7 (tg)) on some timelike hypersurface at an initial time ¢ = tg, and then evolve

it forwards in time using the Hamilton equations

. 0H .,  6H

However, one cannot specify the initial data completely arbitrarily, because of the Gauss law
constraint (11.17); rather, one must choose initial data that satisfies (11.17) at ¢t = to. The
Hamilton equations will then ensure that this constraint is obeyed at all later times. This
can be seen by taking the divergence of the (11.15) dynamical equation OF /Ot = V x g,
giving B

W:ﬁ(ﬁxé):o, (11.19)

thus showing that if V- E = 0 at the initial time ¢t = to, then it remains zero for all
subsequent times.

Finally, we note that the Hamiltonian (11.12) can be used in order to calculate the
energy in the electromagnetic field. The term —Ag ;7' in (11.12) vanishes on shell, by
virtue of the Gauss law constraint (11.17). From (11.5) and (11.8) we therefore find, after
re-instating the 1/(4m) factor that we suppressed in all of the discussion so far, that the

energy in the electromagnetic field is given by
1
Epn = o /(E2 + B} d*z. (11.20)
T
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This is the standard, expected, result.

The feature that we have seen here, with the gauge symmetry of the theory leading to
the non-dynamical nature of the zero component of the vector potential A, and the associ-
ated Gauss law constraint, will arise also in a similar way when we look at the Hamiltonian
formulation of general relativity. In the GR case it will be considerable more compli-
cated, however. Furthermore, there will now be four non-dynamical components of the
gravitational field g,,, since there are four “gauge parameters” corresponding to the four

infinitesimal diffeomorphisms dz# = —&.

11.2 Hamiltonian formulation of general relativity

The key groundwork needed for constructing a Hamiltonian formulation of general relativity
was laid down by Arnowitt, Deser and Misner (known universally as ADM) in the late 1950s
and early 1960s. The starting point is to make a 3+1 dimensional decomposition of the
spacetime, so that one views it as a foliation of ¢ = constant hypersurfaces, with a metric
given by

ds? = —N?dt* + h;j (da' + N" dt)(da? + N? dt), (11.21)

where Lapse Function N, the Shift Vector N* and the 3-metric hij all depend on the time
coordinate ¢ and the three spatial coordinates z'. Note that the spacetime metric is still
completely general; the 10 independent components of the four-dimensional metric g,,, are
parameterised now in terms of the 6 independent components of the 3-metric h;;, the 3-

component shift vector N? and the lapse function N. Thus one has
goo = —N? + NN, 90i = gio = N; 9ij = hij , (11.22)

where we define N; = h;; IV, J. Tt is easy to verify that the components of the inverse g** of
the four-dimensional metric are given by
00 1 0i i0 Lo ij ij L ind
9" =53 g'=g :ﬁN’ gJ:hJ—ﬁNNJ. (11.23)
(We leave it as an exercise to check that indeed these components satisfy g,,, " = d/,.) Note
that by definition, h” means the inverse of the 3-dimensional metric hij, i.e. hij hi* = (55‘.
One can then calculate the four-dimensional Christoffel connection I'#},,, and then the

four-dimensional curvature, in terms of the quantities in the metric decomposition (11.21).
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Calculating the components of the Christoffel connection is not too challenging; one finds

% = % (N + N'9;N) + % N'NI K;j

My = T N K

I = %Kij ;

Ty, = —% N'O;N — %NiNk Kji, + 0% (hj, + Dj Ny, — Dy N;),

g = N°'-— %Ni N — %NiNjN’“ Kjx + Nh7 ;N — %N" NI QN + h N* (hj, — D;Ny),
% = %aiz\r - %NJKU . (11.24)

(Of course, components related to those given above by the symmetry on the lower two
indices follow from these in the obvious way.) Note that here we have defined the second
fundamental form, or extrinsic curvature, of the t = constant surfaces by
Ky = — (hij — D;N; — DjNZ-) , (11.25)
2N
and a dot denotes a derivative with resepct to time. D; denotes the 3-dimensional covariant

derivative with respect to the 3-metric h;;, so that
D;N;j = 0;N; — TF;; Ny, (11.26)

etc. Note that I jk denotes the components of the Christoffel connection for the 3-metric
hija and so

Tk = L0 (0jhar + Okhije — Oehiic) - (11.27)

Calculating the curvature is quite a bit more challenging, and we shall merely present
a final result here. One finds that the Einstein-Hilbert action, after dropping various total

7

derivative terms that will not affect the equations of motion,” can be written in terms of

the 3-dimensional quantities as
S = /\/—ng4x - /x/EN (R + Ky K- K2> diz, (11.28)

where K = h" K,j. We have omitted the usual 1/(167) prefactor for now, since it plays no
essential role in the discussion; we shall restore it at the end of the calculation. Note that

here R is the Ricci scalar of the 3-metric hij, and that \/—g = N Vh in terms of the ADM

3"But see later. The total derivatives that we are ignoring for now integrate to give boundary terms, and
these can potentially cause trouble when we are careful about the argument that they should give zero in

the variation.

165



variables. (As usual, g = det(g,,), and also we define h = det(h;j).) The action S is thus
expressed in terms of the 3-dimensional quantities N, N* and hij.

We can now follow the standard steps for reformulating the theory as a Hamiltonian
system. First, we calculate the canonical momenta, by evaluating the variational derivatives
with respect to N, N* and hw It is easy to see that S in (11.28) does not involve N or N*
anywhere, and so there are no canonical momenta conjugate to N or N*:

(;ijr =0, 555 =0

(11.29)

This means that N and N’ are non-dynamical, and are simply like Lagrange multipliers
which will impose initial-value constraints. This is the same phenomenon as we saw with
the component Ag of the electromagnetic vector potential in the previous discussion for
electrodynamics.

The canonical momentum conjugate to h;j, given by calculating 7 =98/ (5hij, is
7 = Vh(KY — K hY). (11.30)

(Note that 7 is a 3-tensor density of weight 1.)
To derive the constraints mentioned above, write K;;, defined in (11.25), as K;; =

N1 [N(ij, so that f(ij is independent of N. It follows from (11.28) that
S = /\/ﬁ (NR + N'K; ;K7 - N7 I??) diz (11.31)

and so the variation with respect to N, with I~Qj then replaced by IV Kj;, gives the initial-
value constraint

H=-R+K; K- K*=0. (11.32)
The constraints following from the variation of S with respect to N can be found easily:
58 = / Vh N 2KV §K;; — 2K0K] d*x,
= / Vh|[-KY(D;id6N;j 4+ Dj6N; + 2K D;j6N7] d'z,
= 2/\/5[—Kij D; + K D;]6NY d*z
= 2 / VhID;K'; — 8;K] 6N’ d'x, (11.33)

whence we obtain

H; = -2(D;K?; — 0;K) =0. (11.34)

166



Expressed in terms of the conjugate momenta 7/, the constraints (11.32) and (11.34)

become

H = —R+h'n%m;—Lnt7? =0, (11.35)
Hi = —2hg D;(h~Y27%) =0, (11.36)

where ™ = hy; 7. The Hamiltonian H, calculated in the usual way from the Lagrangian
via the Legendre transform

H= /d3x (nij hij — c) , (11.37)
takes the form

H:/\/E(N’H—I—NiHi)dB’x, (11.38)

It is instructive to compare the Hamiltonian (11.38) for general relativity with the
Hamiltonian (11.12) that we obtained previously in electrodynamics. In that case, we had
a contribution (—Ag 9;7*) that was analogous to one of the terms in (11.38); i.e. a term of the
form of a Lagrange multiplier times a constraint. In the electrodynamic case, however, we
had other terms too in (11.12); these were the E? and B? terms in the standard Hamiltonian
for the Maxwell system. In the case of general relativity, on the other hand, (11.38) contains
only contribitions of the form (Lagrange multiplier) times (constraint). This means that
on-shell, (11.38) actually vanishes. We shall have more to say about this below.3®

The dynamics of the gravitational system is contained in the fields h;; and their conju-
gate momenta 7. Hamilton’s equations for these fields give

0H » 0H

b= JH gy OH
1= S i Shi;

(11.39)

The first equation here just produces, again, the definition of 7% as in (11.30). The second

equation here gives the equations of motion for the dynamical fields h;;:

i = —NhY2(RY — LRKT) 4 LN h=V2 (nkbmyy — Ln?) b
—2NR Y2 (ntk mpd — Lp 7y 4 B2 (D'DIN — b9 DF Dy N)
+ Dy (7% N*) — 7% D N7 — 7% DN . (11.40)

The Hamilton equations for the fields N and N?, which have no conjugate momenta, are
0H 0H 0
SN SNi

38Something rather similar happens at the level of the action. In electrodynamics, the action S =

0, (11.41)

7% [F 2d*x implies the field equations 9, F*” = 0, and the action itself is non-vanishing on-shell. By
contrast, the Einstein-Hilbert action S = [ V/—gRd"z in general relativity implies the equations of motion

Ry, =0, and so S in fact vanishes on-shell.
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and these simply reproduce the constraints (11.35) and (11.36) respectively. These con-
straints are the analogue of the 9;7* = 0 constraint (11.16) in electrodynamics.

In principle, the idea now is that the energy, or mass, of a solution is given as the
on-shell value of the Hamiltonian, just as the energy of the electromagnetic field was given
by the on-shell value of the Hamiltonian in the example of electromagnetism we discussed
previously. However, we are not quite there yet because naively, as we observed above, if we
take the Hamiltonian to be given by (11.38), then we shall always get zero since by definition
the constraints (11.35) and (11.36) are satisfied by the solution. The clue to what has gone
wrong lies in the cautionary remarks made earlier about our having ignored the issue of
boundary terms in the action, and hence in the Hamiltonian. Surface terms do not affect
the equations of motion, in the sense that they don’t contribute to Hamilton’s equations.
But in order to have a well-defined variational derivation of the Hamilton equations, one
does need to be careful about the surface terms. And furthermore, they certainly can affect
the actual on-shell value of the Hamiltonian.

The surface terms in question here are the ones associated with the integrations by parts
that we have to perform in order to remove derivatives from d7% and 0hi; when we make
the variational derivatives in (11.39). Suppose we are considering a situation where the
3-dimensional hypersurfaces of constant ¢ are asymptotically-flat spatial regions, and so the
surface terms of concern to us will be the ones associated with the “sphere at infinity,” when
we use the 3-dimensional divergence theorem to throw spatial derivatives off the variations
6w or §h;; and onto their corresponding co-factors in the integral. We can assume that

asymptotic flatness of the metric means that in a suitable coordinate system we shall have
1
hij ~ 8+ 0= (11.42)

at large 7, and correspondingly 7 = O(1/r?). Thus appropriate boundary conditions for

the variations are

Shi; = o(%) e =0(). (11.43)

2
With this choice of asymptotically-Minkowskian coordinates we should also have

N:1+O<%>, Ni:(’)(%> (11.44)

at large r. Omne can straightforwardly verify that these stated asymptotic forms for the
metric functions h;;, N and N ¢ do indeed occur for the Schwarzschild, Reissner-Norstrom,

Kerr and Kerr-Newman black hole metrics.
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When we vary (11.38) with respect to 7%/, we can see from (11.36) that the integration

by parts for the N*H; term will give rise to a boundary term
/ d%;(—2N,;h~ Y2 5717 | (11.45)
by

integrated over the 2-sphere ¥ at (large) radius r. Eventually, we push the radius out to
infinity. The area element dX; on the 2-sphere grows like 72, but the integrand in (11.45)
falls off faster than 1/r2, and so there is no contribution from this surface term.

When we vary (11.38) with respect to h;;, an integration by parts will again be needed
for the N*H; term, and just like the calculation above, this will again give no boundary
contribution when we push the radius of the boundary 2-sphere to infinity. Now, however,
there will be a need for further integrations by parts, because of the derivatives of 0h;; arising
from the variation of the 3-dimensional Ricci scalar R in the N H term. The calculation of
this variation is just like the one for the variation of the 4-dimensional Ricci scalar, which

was obtained in (7.9). Thus here, we shall have
SR = (—R" 4+ D'DI — h¥ D*Dy,)6h,; . (11.46)

(The overall sign change here, relative to (7.9), is because here we are using dh;; rather
than 6h%.) We have to integrate by parts twice here, on each of the second and the third
terms in (11.46), to throw the second derivatives off the dh;; terms. Focusing just on the

variations of these terms we shall have, from (11.35) and (11.38), that

§H = —/x/ﬁd%N(Dinéhij—hiJ'D’kaahij)Jr-..

= — / Vhdiz [Di(NDJ' Shij) — D'N DISh; — D¥(NK' Dydhyj) + DF(N h'9) Dyohyj| + - -

— _/ dZiN(chShij—Di(hjk 5hjk))
b
+/\/Ed3g; [DiN Dish;; — D¥(N hij)Dk(Shij} +e

where the --- represents all the other terms that we do not need to look at here, since our
goal is just to collect the surface terms arising from the integrations by parts.

The 3-volume terms in the bottom line of (11.47) require a further integration by parts,
to throw the remaining derivatives off the 6h;;. After doing this and converting the further

total derivative terms into surface terms, we arrive from (11.47) at
SH = —/ A5 N | DI8his — Di(h* 6hj) = DIN 8hi + Di hi* ol
by
— / Vhdiz [DZDJ’ N — (D*DyN) B | Shij + - . (11.48)
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The first line in (11.48) contains all the surface terms that result from varying the
Hamiltonian given in (11.38). The third and fourth terms in the first line of (11.48) give
no problem, because they do indeed go to zero as we push the spatial 2-surface X out to
infinity. This can be seen from the assumptions in (11.42), (11.43) and (11.44) about the
asymptotic behaviour of the metric functions. The point is that D’ N must fall like 1/7? and
with dh;; falling like 1/7, the overall 1/ r3 falloff of these terms in the integrand outweighs
the 72 growth of the 2-surface area element dX?.

The first two terms in the first line of (11.48) do contribute, however. Here, we have
D6h terms that fall off like 1/72, exactly balancing the 72 growth of the area element. Thus

as r goes to infinity we find that these contribute
0H — —/ dEi (8]6}%] — 82(5}1”) . (11.49)
by

(We don’t need to distinguish between up and down indices here, since at this order the
metric is just d;;.)

Since this boundary term doesn’t vanish for the class of variations we wish to consider,
it means that in order to make the variational problem well posed, we should have added
a boundary term to the Hamiltonian H defined in (11.38), whose job is to cancel (11.49).
Clearly, the extra term that will do the job is

Hextra = / d¥; (0jhij — O;hjj) . (11.50)
pX
Thus the proper Hamiltonian we should use is
Htot =H+ Hextraa (1151)

where H is the original Hamiltonian defined in (11.38). Since we have only added a surface
term, it leaves the Hamilton equations unaltered.

The additional term does, however, make a contribution to the energy when we evaluate
the Hamiltonian for a solution of the Einstein equations. As we observed above, the original
Hamiltonian vanishes when we impose the equations of motion. Thus the entire contribution
to the energy will come from the additional term Heyxtra given in (11.50). This gives an
expression which is known as the “ADM mass” of the solution. Restoring the 1/(16m)

prefactor on the original action that we had suppressed earlier, we therefore have
1
Mapy = / d¥; (O;hij — Oihyjj) . (11.52)
167 »

As a check, let us see what this formula gives for the mass of the Schwarzshild black

hole, for which the metric is

2M
ds? = —Bdt? + B dr® +r2dQ*, B=1-"-. (11.53)
r
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This can be written as

ds> = —Bdt*+ (B~' = 1)dr? + dr®* +r2d0?,
= —Bdt* 4+ (B~ —1)dr* + da'dx’
— —Bd*+(B'-1) % da'da? + 6;; dw'da? | (11.54)

where z; are related to r, 8 and ¢ in the standard way for Cartesian and spherical polar
coordinates. Thus we have

2M XTqj
Br r?2

AMN\1/2 .
N = (1 — 7) , N'=0, hij = (5@' + (11.55)

r

The fall-off conditions we assumed are fulfilled, and after a simple bit of 3-dimensional

Cartesian tensor calculus we find that

4M
——dQ) 11.
- ag, (11.56)

dEZ (ajhw — 8Zhj]) = T2dQ % (@hm — alh”) =
where dQ is the area element on the unit 2-sphere. Plugging into (11.52), integrating over

the 2-sphere, and sending r to infinity, we then find
Mupy =M. (11.57)

In other words, we have confirmed that the ADM formula for the mass has indeed repro-

duced the expect result M for the Schwarzschild solution.

12 Black Hole Dynamics and Thermodynamics

We now turn to a discussion that will lead on to the celebrated finding by Stephen Hawking
that a black hole is not really black after all, but instead it radiates as if it were a black
body with a temperature known, appropriately enough, as the Hawking Temperature.

The first stage in this development will be to introduce the notion of the surface gravity
of a black hole. This will involve a certain amount of intrincate tensor analysis, but the

efforts will be rewarded later.

12.1 Killing horizons

We have seen already that the horizon of the Schwarzschild black hole (6.26) can be char-

acterised as the surface on which the Killing vector

0

=

(12.1)
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becomes null:

éugu = Guv é‘ﬂé‘l’ = goo = -1+ T s (122)

which vanishes at » = 2M. More generally, in any spacetime, we can define the notion of a
Killing Horizon as a null hypersurface A on which a Killing vector ¢ satisfies £/, = 0 and
for which & is normal to V.

A hypersurface can always be defined as the surface on which a certain function f
vanishes. (For example, the r = 2M hypersurface in Schwarzschild can be defined in this
way, by taking f =1 —2M/r.) Vector fields ¢# normal to the hypersurface f = 0 all then
have the form

" =hg'd,f =ho S, (12.3)

where h is some non-vanishing function. Consequently, the hypersurface is a Killing horizon
of a Killing vector ¢ if, firstly, # ¢, = 0 (i.e. it is null), and secondly {* = 4 ¢* for some
non-vanishing function ¥ (x).

Notice that this might look a little puzzling at first sight. If we take the example of
Schwarzschild then

C=0"9,=hg" (O,f)|n0u=h(2M) 1 g"d,. (12.4)

Naively, if one were using the original (¢,7, 6, @) Schwarzschild coordinates then one would
think ¢ must be proportional to d/9r, and thus it could certainly not be proportional to
¢ = 0/0t. However, it should be recalled that ¢ is not a good coordinate on the horizon,
and so we should instead use the advanced Eddington-Finkelstein coordinates (v,r, 0, ¢),
for which the metric is given by (10.29). In these coordinates we have g™’ = ¢"" = 1,

9" = (1—2M/r) and ¢g*¥ = 0. Furthermore, the Killing vector & is now given by

0
= —. 12.5
=2 (12,5
Thus we find from (12.4) that on N, the normal vector ¢ is given by
h 0

which is indeed proportional to the Killing vector &.

A further observation is that the ¢# is not only normal to the null surface NV, but it is
also tangent to N. This follows from the fact that, by definition, any vector t* tangent to
a surface is orthogonal to the normal vector ¢, i.e. t# £, = 0. But since ¢# is null here,

it follows that it itself satisfies the condition for being a tangent vector. This means that
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there must exist some curve z* = z#()\) in N such that
= —— (12.7)

where A parameterises the curve.
The curves z#(A) are in fact geodesics. To see this, recall that ¢# = dz* /d\ is given by
¢ = hO*f as in eqn (12.3), and now calculate £V, /*:
PN O = (0P O,h) 0" f+hg' PV ,0, f
= ((PO,R) R U +hg' PV, 0, f

= ("0, logh) ! +hg"t’v,0,f ,
, dlogh

_ pxTh(p—1
0B V()
dlog h
— C‘;f PR L, — (% (9" logh) |
dlogh 1.0 o
= S8R L0 () = (9" logh) . (12.8)

(The indices p and v in the second term of the second line could be interchanged on account
of the fact that second covariant derivatives commute on scalar fields.) Now, we know that
¢* is null on NV, so £? = 0 there. This does not mean that 9" (¢2) vanishes on N, but the fact
that ¢2 = 0, which is constant, on A" does mean that t* 9,,(¢?) = 0 for any vector t* tangent
to A. In view of the previous discussion, this means that 9,,(¢%) must be proportional to

¢, on N, so 9,(¢?) = af,, for some function «, and hence we have that

dlogh dlogh
1 1
g Vpﬂ“Nziozf“—}—ﬁ“ T (§a+ N )ﬁ“. (12.9)

Recalling that the function h in (12.3) is still at our disposal, we see that by choosing it
appropriately, we can make the right-hand side of (12.9) vanish. This would imply that
x#(\) on N satisfies the geodesic equation

2 v
v, 0= dext e dx¥ dx’

oz Ty =0 (12.10)

on N, with X\ being an affine parameter. (The more general equation (12.9) is still the
geodesic equation, but with the parameter A not an affine parameter.) One can define the
null geodesics x#(\) with affine parameter A, for which the tangent vectors ¢# = dz#/d\

are normal to the null surface N, to be the generators of N.

12.2 Surface gravity

We saw in the previous discussion that if A is a Killing horizon of the Killing vector field

&, then if ¢# is a normal vector to A in the affine parametrisation, implying ¢ V, ¢* = 0,
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then there exists a function 1) such that &# = ¢ ¢#. It then follows that on N we shall have
'Vt =k, (12.11)
where
k=2¢&"0, log|y| . (12.12)

The quantity k is called the surface gravity, and it may be expressed in a variety of
different ways, which can be derived from (12.11). First, observe that if we lower the index

on & to obtain the covector { = £, dz*, then the fact that £ is normal to N means that

f[u 811 ép] N =0 ’ (1213)

where, as usual, the square brackets enclosing a set of indices denote that a total antisym-
metrisation over those indices is to be performed. To understand this, notice first that it
is obvious that if £, = w0, f, for any functions v and f, then (12.13) is satisfied. (In our
case, we have u = hi).) Conversely, it can be shown, with a little more work, that if (12.13)
is satisfied then there must exist functions u and f such that £, = u 9, f. This is known as
Frobenius’ theorem.

Now since € is a Killing vector, it follows from the Killing vector equation
Vo + Vi€ =0 (12.14)
that

vu & = V[H 51/] = 8[u 51/] ) (1215)

and hence (12.13) can be rewritten as

Vil =86 VuE -6V E, . (12.16)

Multiplying by V# £, we obtain

& (VHE) (V&) = ~2A& V") (V).
N N
= 28"V,

— ok2 gp‘ (12.17)

N )
where we have twice made use of the equation (12.11). Thus aside from singular points on

N where £, vanishes, we have

2= —5(VHE) (Vi)

. (12.18)
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In fact points where &, vanishes are arbitrarily close to points where it is non-zero, so by
continuity the expression (12.18) for « is valid everywhere on N.

We can in fact obtain a simpler expression for k, namely

K2 = (0" o) (0, 0) N (12.19)
where 0% = —|¢]? = —¢# .- Note that this can be written also as
w9y 2 al/ 2
I #459)( &) (12.20)

and this is often the easiest way to calulate the surface gravity.

The proof of (12.19) is surprisingly tricky. The reason for this is that although (12.19)
is evaluated on the Killing horizon N, the fact that the expression involves derivatives of
o, which can include derivatives in directions normal to the horizon, means that one must
first carry out manipulations that are valid away from A, and only move onto the horizon
after the derivatives are taken.

First, we rewrite the Frobenius condition (12.13) as ¢, V., §,; = 0. Multiplying by 3,
and recalling that because ¢ is a Killing vector it obeys V,, {, + V,§, = and hence V, §, is

antisymmetric in v and p, we have

3§[u Vy fp} = §M Vy fp +& vp fu + fp vﬂ v s (12.21)

Multiplying this equation by &* V¥ £, we see that after making use of the antisymmetry of
V€, in the second term on the right-hand side, and also the antisymmetry of the multiplier

VY &P when writing out the third term on the right-hand side, we shall have

3N VY €M) (€, Vi &) = €1 €, (V7€) (Vo &) — 2(E4 VY €9) (64 V1) - (12.22)

Again, we emphasise that this is valid everywhere, and not just on N. Now since §u Vv &y
vanishes on the horizon, it follows that the gradient of the left-hand side of (12.22) also
vanishes on the horizon.?® On the other hand, we know from (12.11) that the gradient of
€| does not vanish on the horizon, provided that & is non-zero. This can be seen by using

the fact that £ is a Killing vector, and so from eqn (12.11) we have

KEH=E"V, = —€"VIE, = —3VH(EVE). (12.23)

#The left-hand side is of the form 3W"*? Wy,,, where Wy, = &, Vi &), and so Ve (3WHP W,,,) =

6WH"? V¥ ; Wy, which therefore vanishes on N because the undifferentiated factor W**? vanishes on N.
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Consequently, we see that by I'Hopital’s rule, it must be that we can divide (12.22) by |¢|?
and then take the limit as we approach the horizon, and the left-hand side will still vanish.
Thus we are able to deduce that in the limit of approaching the horizon, we have
2(8" V" EP) (& Vi &p)

145 '
Having successfully negotiated this tricky step, the rest is plain sailing. The right-hand side

(VYE) (V&) = (12.24)

in (12.24) can be immediately rewritten as

9°(8" &v) Dp (" &u)
2‘£|2 , (12.25)
(f“V"f’p)({,,V#fp) = (_é'uvpgy)(fvvpéu)
= (" V&) (& VP E)
= 1(Vo(€"€)) (VP (€7 &) (12.26)

Thus the right-hand side of (12.24) is nothing but —30°0 d,0. From (12.18), the result
(12.19) now immediately follows.

Note that from its definition so far, the normalisation for k is undetermined, since it
scales under constant scalings of the Killing vector £&. Once cannot normalise £ at the
horizon, since £? = 0 there, but its normalisation can be specified in terms of the behaviour
of £ at infinity. There is a unique Killing vector (up to scale) that is timelike at arbitrarily
large distances in the asymptotically flat regions. (In Schwarzschild, it is simply K = 9/0t.)
This vector, which we shall denote generically by K, may be normalised canonically by
requiring that it have magnitude-squared equal to —1 at infinity, and that it be future-
directed (this fixes the sign choice). Then the Killing vector £ of the Killing horizon is
defined to be £ = K + ---, where the ellipses denote whatever additional spacelike Killing
vectors might appear in the calculated expression for . (In Schwarzschild there is nothing
else, but in the case of the rotating Kerr black hole, for example, there is an additional
0/0¢ term. This was explored in one of the homeworks.)

Let us now examine why the quantity k is called the surface gravity. It has the interpre-
tation of being the acceleration of a static particle near the horizon, as measured at spatial
infinity. One can see this as follows. Let us consider a particle near the horizon, moving on
an orbit of £#; this means that its 4-velocity u* = dz#/dt is proportional to £*. Since the

4-velocity must satisfy u# u, = —1, this means that we must have
ut = o ter (12.27)
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where, as above, we have defined the function o by 02 = —¢&* §u- Now, the 4-acceleration

of the particle is given by

Du*  dx¥
at = D“T - d“; YV, ut = u’ V,ut (12.28)

Using (12.27), we see that this gives

At = o2V, R — o3tV o
= —o2evvre, —loTter e v, 02,
= —50 2VH(EVE) + g0 TEEVL(E0E)
= Lo72oro? oM EMEEP Y, ¢,
= o o+ 30T EE (Vi + V8,
= o 'ots. (12.29)

In the steps above, we have used the fact that £ is a Killing vector, so V, &, +V, {, = 0,
hence V §, is antisymmetric in ¢ and v and we have V, (¥ = —V#¢,. The upshot from

eqn (12.29) is that the magnitude of the 4-acceleration is given by

la| = /9" a, a, = 0~ \/g" 0,0 0,0 . (12.30)

As the particle approaches the horizon, the factor \/m becomes equal to the
surface gravity (see (12.19)), but the prefactor 0! diverges, owing to the fact that & becomes
null on the horizon. Thus the proper acceleration of a particle on an orbit of £ diverges on
the horizon (which is why the particle is inevitably drawn through the horizon). However,
suppose we measure the acceleration as seen by a static observer at infinity. For such an
observer, there will be a scaling factor relating the proper time 7 of the particle to the time
t measured by the observer at infinity. If the black hole were non-rotating, such as the
Schwarzschild solution, ¢ would simply be equal to 9/9t, and would have dr? = —ggo dt?,
which can be written nicely as dr? = —&H &Y I dt?. Since this expression is generally
covariant, it provides a natural way of writing the rescaling of the time interval in all cases,
and so we shall always have dr = /odt. Thus /o is the “redshift factor” relating the
proper-time interval dr and the asymptotic coordinate-time interval dt. Consequently, the
acceleration of a particle near to the horizon that is on an orbit of £, as measured by a
static observer at infinity, will be equal to x, since two powers of the redshift factor \/o are
needed in order to convert the acceleration (i.e. two time derivatives) from proper time to

coordinate time. This explains why x is called the surface gravity.
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12.3 First law of black-hole dynamics

To begin, we shall collect some results on the calculation of conserved quantities in gen-
eral relativity. Specifically, the quantities of interest to us here are the mass, the angular
momentum, and the electric charge of a solution such as a black hole.

We already saw, in chapter 11, how the mass of an asymptotically flat spacetime could
be calculated by means of the ADM formalism, leading to the formula (11.52). One can
show that there is another way in which the mass can be evaluated, by means of a so-called
Komar integral. Let K be the (unique) asymptotically-timelike Killing vector that generates
(canonically-normalised) time translations at infinity. The mass can then be obtained by
evaluating the integral

1

Myomar = ———
Komar 167T

/ € 9K 5 dSH (12.31)
S2

over the 2-sphere at infinity that forms the boundary of the 3-dimensional spatial volume of
the spacetime, where €, is the Levi-Civita tensor, defined in eqn (7.37). In the examples
of the Schwarzschild metric (6.26), the Reissner-Nordstrom metric (8.11), the Kerr metric
(8.14) or the Kerr-Newman metric (8.17), the relevant components of the area element d%-*”
(which is antisymmetric in g and v) are d%?3 = —d¥3? = dfdyp, and the Killing vector K
will be 9/0t in each case.** We shall not present a derivation of the Komar formula (12.31)
for the mass here; a (rather unsatisfactory) proof can be found in Wald’s book.*!

A Komar formula can also be given for the angular momentum of an isolated asymptotically-
flat spacetime (such as the Kerr metric for a rotating black hole). If we denote the azimuthal
Killing vector that generates (canonically-normalised) angular translations around the ro-
tation axis by L, the the Komar result is that the angular momentum is given by

1
JKomar - % Sz E#ypo— 8pL0- dE’W , (1232)

again integrated over the boundary 2-sphere at infinity. In the Kerr metric (8.14) and
Kerr-Newman metric (8.17), the Killing vector L is given by L = 9/0¢.

4OFor those familiar with differential forms, dX* = da* A dz”.

“IWald’s otherwise rather splendid book suffers a bit from a rather mystifying fondness for “abstract
indices.” A small number of relativists seem to share his predilection, and perhaps it helps them sleep
better at night, but most people happily forge ahead with good old-fashioned plain indices, and never
run into any troubles as a result. Wald takes things even further, and will write a formula such as M =
—1/(8m) f  €abed ve fd for the Komar mass, which would make most relativists recoil in horror at seeing
mis-matched a and b indices that are seemingly unattached to anything on the right-hand side. A somewhat
clearer explanation of the Komar formula can be found in the book A Relativist’s Toolkit, by Eric Poisson

(Cambridge University Press, 2007).
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Finally, the conserved electric charge of an asymptotically-flat solution of the Einstein-
Maxwell equations will be given by a Gaussian integral, just as in flat space, leading to

1
Q= 67 Jon €™ Fpy dSM (12.33)

again integrated over the boundary 2-sphere at infinity.

It can be shown that the conserved mass, angular momentum and electric charge are
the three quantities that uniquely characterise a stationary black hole. Results establishing
this are known as the No Hair theorems. Essentially, it is proven by methods analogous to
how one proves the uniqueness theorem for the electrostatic potential in electrodynamics,
although the proofs for the no-hair theorems are a lot more intricate and complicated.

By the early 1970’s, it had been established that black holes obey certain relations that
are closely analogous to the laws of thermodynamics. We shall only give a brief overview
of these properties here, and largely without giving proofs. Details can be found in many
textbooks, including those by Wald, and by Hawking and Ellis. At that time these laws of
black hole dynamics were just viewed as being analogues of the laws of thermodynamics.
In 1974 that all changed, when Hawking published his paper showing that black holes emit
thermal radiation.

The law that we shall focus on here is the one known as the first law of black hole
dynamics. Let us consider first the Kerr solution for a rotating black hole, in order to
illustrate this law. For convenience, we reproduce the Kerr metric (8.14) here:

A 2 102
ds? = 2 (dt — asin® 0 dp)* + p? (% + d92> + 81220 (2 +a®) dp — adt]?*, (12.34)

where

0> =12+ a? cos’ 0, A=7r?—2mr+ad>. (12.35)

As mentioned above, this metric has two Killing vectors, namely 9/0t and 0/0¢p, associated
respectively with the time-translation symmetry and the azimuthal symmetry around the
axis of rotation of the black hole. Using the ADM formula (11.52) or the Komar formula

(12.31) to calculate the mass, we can easily see that this is just given by
M=m, (12.36)

where m in the parameter in the Kerr metric. Using the Komar formula (12.32) for the

angular momentum, one finds that this is given by

J=am. (12.37)



The mass and the angular momentum of an asymptotically-flat spacetime are associ-
ated with certain leading-order deviations from the metric at large r from the metric on
Minkowski spacetime itself. Roughly speaking, at large radius an asymptotically-flat metric

such as the Kerr metric takes the form

2M 4J
ds* = —(1 - —) dt* 4 dr? + 2 (d6? + sin® 0 dp?) — — dtdp+---, (12.38)
r r
where the ellipses denote higher terms in a 1/r expansion. The mass is therefore associated
with the 1/r term in the expansion of gy, while the angular momentum is associated with
the 1/r? term in the expansion of g;,.*> The Komar integrals (12.31) and (12.32) are in
fact precisely picking up the 1/r term in gy and the 1/72 term in Jte, TEspectively.

We now define the Killing vector

0 . a2 (12.39)

fza agp?

where € is a constant. It is straightforward to see that & becomes null on the outer horizon,
located at r = r4,

ry =m+vVm?2—a?, (12.40)
the larger of the two roots of A =0, if Q is given by

a
QD= . 12.41
ri + a2 ( )

The quantity €2 has the interpretation of being the angular velocity of the horizon of the
black hole, as measured from an asymptotically static coordinate frame. The Killing vector
& is then the null generator of the outer horizon, which is a Killing horizon as defined in
the previous discussion of the surface gravity.

We may also calculate the area of the event horizon. We can do this by looking at the
metric on the surface r = r; at constant time. In other words, we first set dr = 0 and
dt = 0 in (12.34), giving the two-dimensional metric
((r2 +a?)? — A a? sin? 0) sin? @

p de? . (12.42)

ds® = p* df® +

42T be more precise, in the case of the Kerr metric one should transform to the genuinely asymptotically-
Minkowskian coordinates (¢, 7, 6, ) that were introduced in Qu. 4 of homework 9, since even with the mass
turned off, the Kerr metric in the (¢,7,0, ) coordinates of eqn (12.34) does note take the standard form
of the Minkowski metric in spherical polar coordinates. One has to make the coordinate transformations
discussed in homework 9 in order to map from the spheroidal coordinate system (r,0,¢) to the spherical

polar coordinate system (7, 0, ©).
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We now set r = ry, obtaining the metric

2mry
P+

2
ds® = p% do® + sin? 0 d? 12.43
Jr

on the outer horizon, where pi = 7’3 + a? cos?f. The area element is therefore dA =

(p+ df)((2mry/ps) sinfdp) = 2mr, sinfdf dep, and so the horizon area is given by
A=2mry /SinGdegp: 8rmry . (12.44)

Finally, we may calculate the surface gravity x, which can be done using the formula
(12.20). The result, which is fairly straightforward to evaluate and which we leave as an
exercise for the reader, is that

m2 — a2

=—. 12.45
" 2mry ( )

Note that the surface gravity is constant on the horizon. That this would be the case is
obvious in the case of a spherically-symmetric black hole such as Schwarzschild, but it is not
a priori obvious in a case such as Kerr, where the horizon, which is topologically a 2-sphere,
is not metrically a round sphere. One might have thought s could have depended on the
co-latitude coordinate # in this case, but it doesn’t. In fact there is a general theorem that
the surface gravity is necessarily constant over a Killing horizon.

The Kerr black hole metric (12.34) depends on two independent parameters, namely the
mass m and the rotation parameter a. The radius r1 of the outer horizon is then given in
terms of these by (12.40). It is often more convenient to use instead the radius r of the
outer horizon and the rotation parameter a as the two indpendent parameters, with m now

expressed in terms of these by

= M . (12.46)
2r4
This has the advantage of avoiding the need for square roots. Either way, it is now a
straightforward matter to verify that if one makes infinitesimal changes to the two indepen-

dent parameters, then the following equation holds:
AM = 8idA+QdJ. (12.47)
s

This is known as the first law of black hole dynamics, for the case of (uncharged) rotating
black holes. A straightforward extension of the calculations above to the case of the Kerr-
Newman black hole solution (8.17), which depends on three independent parameters (mass,

rotation parameter and electric charge) leads to the result that in this case we shall have

dM:8idA+QdJ+<I>dQ, (12.48)
7
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where @ is the value of the electrostatic potential on the horizon. (To be more precise, ¢ is
the potential difference between the horizon and infinity.)

We have “derived” the first law of black hole dynamics here by considering the explicit
example of the Kerr or Kerr-Newman black hole. One can in fact give a very general
derivation of (12.48) that makes no reference to any actual explicit solution, but instead
obtains the result from an abstract consideration of the variations of the conserved quantities
(mass, angular momentum and charge) that we defined earlier. The derivation is described
in detail in Wald’s book.

The similarity between (12.48) and the first law of thermodynamics is very striking.
If we consider a closed thermodynamic system with energy F, temperature 7', entropy S,
chemical potentials X; and their conjugate thermodynamic variables Y;, then the first law

of thermodynamics is

dE =TdS+»_ X;dY;, (12.49)

7

Specific examples of chemical potentials and their conjugate variables are the pair X = ,
Y = J for a system with angular velocity and angular momentum, and the pair X = ® and
Y = @ for a system with electric potential and electric charge. What is, thus far, lacking in
the comparison between (12.48) and (12.49) is any parallelism between the conjugate pair
(k, A) for black holes and the conjugate pair (7, 5) in thermodynamics. This missing link
was suppplied by Stephen Hawking.

12.4 Hawking radiation in the Euclidean approach

Hawking first derived the black hole radiation by means of a semi-classical analysis, in all
fields except gravity are treated as quantum fields, while gravity is still treated classically.
This was done because there was no known way, at that time, of successfully treating gravity
beyond the classical level.*3 Thus, in the semi-classical approach one essentially studies
quantum field theories in the curved spacetime background that describes the gravitational
field.

Hawking’s derivation of black hole radiation required a very careful analysis of what is
meant by the vacuum in a quantum field theory in the curved spacetime background of
a black hole, and in particular, how the vacuum for an observer at .# T is related to the

vacuum for an observer at ¢ .

43More recently, string theory has emerged as a possible way of unifying gravity and the other forces in
nature at the full quantum level. And indeed, this has provided some valuable new insights into some of the

previously mysterious aspects of Hawking’s semi-classical results.
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The simplest case is to consider a massless scalar field obeying the Klein-Gordon equation
in the Schwarzschild black hole background. As was seen in one of the homework problems,
the Klein-Gordon equation can be separated. Unfortunately, the resulting radial equation is
a rather involved one. Had it been just a hypergeometric equation things would have been
relatively simple, in that everything that needs to be known is known about the solutions
of the hypergeometric equation. In particular, it is known exactly how the two independent
solutions behave asymptotically at small values of the independent variable and at large
values, and so one can track the small-argument behaviour and match it up with the large-
argument behaviour. However, the radial equation in the Schwarzschild background has
more singular points than the three that characterise the hypergeometric equation. Much
less is known about how the small-distance and large-distance asymptotics match in this
more complicated case, and this presents significant obstacles when one wants to impose
appropriate boundary conditions at infinity or at the horizon.

Nonetheless, by means of some ingeneous arguments, Hawking was able to establish some
of the essential features in this semi-classical approximation. The outcome from this analysis
is that in the black-hole background, a zero-particle initial state becomes a state populated
by a thermal distribution of particles with respect to the observer at .#*. Rather than
going into the details of this derivation, which is quite involved, let us instead follow a route
that was developed a little later, once the thermodynamic implications had been digested.
The groundwork for this was laid in a paper by Hartle and Hawking, soon after Hawking’s
original work on black hole radiation, in which they showed that the Green functions for
particle wave equations in the black hole background were periodic in imaginary time, with
a period = 1/T, where T is the Hawking temperature of the black hole.

Such a periodicity is well known in the context of statistical thermodynamics, and is
characteristic of a system in thermal equilibrium at temperature T = 1/f. This can be
seen, for example, if one considers the two-point amplitude formed between a state |n,t) of

energy F, at time ¢ and the same state at time t — i :

Zn = (n,tin,t —1p) . (12.50)

In the Heisenberg picture e *H? is the time evolution operator, where H is the Hamiltonian

and we have chosen units where & = 1. Thus

In,t —iB) = e 5 |n,t), (12.51)

183



with H |n,t) = E, |n,t), and so summing over a complete set of energy eigenstates gives
ZB) = Y (n,tle " n,t),
n
= e (12.52)
n

This can be recognised as the partition function for a thermal state in equilibrium at tem-
perature T'= 1/3. (We have also chosen units where Boltzmann’s constant kg is set equal
to 1.)

The idea of working from the outset in a “Euclidean regime,” in which time is replaced
by imaginary time, was developed soon after Hawking’s original derivation of the black hole
radiation, principally by Stephen Hawking and Gary Gibbons.

Let us begin by considering the Schwarzschild solution. We then perform a Wick rotation
of the time coordinate, by writing ¢ = —i7. (Note that 7 here has nothing to do with the
proper time! It is conventional in this field to use 7 to denote the analytic Wick rotation of

the coordinate time ¢ to the imaginary time.) The original metric (6.26) then becomes

ds? = (1 - 2L”) dr? + (1 - QL”) T 42 (12.53)

r T

Now, consider the following transformation of the radial coordinate:

2m\1/2
p=dm (1 - T) : (12.54)
in terms of which the metric (12.53) becomes
4 dr\2
ds? = (L) dp? + p* (—T) +r2d0? . (12.55)
2m 4m

Now the coordinate p vanishes as r approaches the “horizon” at r = 2m. If we look at the

form of the metric (12.55) near r = 2m, we see that it approaches
d 2
ds® = dp? + p° (4—7) +4m2 02 . (12.56)
m

This has a singularity at p = 0, but under appropriate conditions, namely if 7/(4m) has
period 27, this is nothing but the familar coordinate singularity at the origin of two-
dimensional polar coordinates. (Compare with ds?> = dr? + r2d6?.) Of course, if 7 is
assigned any other period there will be a genuine curvature singularity at p = 0, since then
the metric is like the metric on a cone, which has a delta-function singularity in its curvatu-
ure at the apex. However, if we proceed by making the assumption that this calculation is

trying to tell us something, then we would naturally choose to take 7 to have the special
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periodicity for which the nice singularity-free interpretation can be given. The upshot is
that we arrive at the interpretation of the Euclideanised Schwarzschild metric as the metric

that extends smoothly onto the manifold defined by the coordinate ranges
0<7<8rm, 2m <r < oo, (12.57)

with the angular coordinates # and ¢ on the 2-sphere precisely as usual.

This Euclideanised Schwarzschild manifold is completely free of curvature singularities;
it makes no more sense to ask what happens for r less than 2m here than it does to ask
what happens for r less than zero in plane-polar coordinates. The manifold with » > 2m
is complete. The interesting point is that in terms of the original Schwarzschild spacetime,
we have been led to perform a periodic identification in imaginary time, with period 87 m.
Now, those as we indicated above, a periodicity £ in imaginary time is associated with a
statistical ensemble in thermal equalibrium at temperature 7' = 1/5. Thus we arrive at the
conclusion that the Euclideanised Schwarzschild manifold is describing a system in thermal
equilibrium at temperature X

T=—. 12.58
8tm ( )

This is precisely the temperature already found by Hawking for the black-body radiation
emitted by the Schwarzschild black hole. Recall that in the Schwarzschild spacetime, we
saw previously that the surface gravity on the future horizon is given by x = 1/(4m), and
so indeed the temperature is T' = x/(27).

A similar calculation can easily be performed for the Reissner-Nordstrém solution. In
fact, it is quite instructive to do the calculation for a more general class of static metrics,
in order to bring out the relation between the surface gravity and the periodicity of 7 more

transparently. Consider, therefore, a metric of the form

Minkowskian :  ds? = —fdt? + f~Ldr? +r2dQ? , (12.59)
Euclidean :  ds® = fdr® + f~tdr? +r?dQ?* (12.60)

where we give both its original Minkowskian-signature form, and its form after Euclideani-
sation. Let us suppose that f, which is taken to be a function only of r, approaches 1
asymptotically as r goes to infinity, and has a simple zero at some point r = 7. (In the
case that f(r) has more than one zero, we assume that ro is the largest zero.) Thus rg
corresponds to an event horizon. Let us then define a new radial coordinate R = f1/2.

Thus we have dR = %f‘l/Q f'dr, and hence, in the vicinity of r = ry, the metric (12.60)
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approaches

4
2 2,1 2 p2 7 2 2 102
Thus we see that R = 0 is like the origin of polar coordinates provided that we identify 7
with period AT given by

47

Ar = o] (12.62)

(The assumption that ry is the largest zero of f(r) means that f’(rg) is positive.)

On the other hand, we can perform a calculation of the surface gravity on the horizon
at 7 = 7 in the metric (12.59). This is a Killing horizon with respect to the timelike Killing
vector K = 0/0t. Using the expression (12.19) we have 0% = —g,,, K* K¥ = —gy = f, and
hence from (12.20)

K2 — %gm/f—l oufouf o (12.63)
Thus we see that k = 3 f’(ro), and so comparing with (12.62) we have the relation
2
Ar="" (12.64)
K

For a metric such as Kerr, which is stationary but not static, the calculation is a little
more tricky. The “Euclidean philosophy” now would be that we should consider operators
that are sandwiched between in and out states that have coordinate values related by
(t,r,0,0) ~ (t+18,71,0,¢0 +1Qp ). Thus in the Euclideanised metric we should make
everything real by taking t = —i7 and Qf = iQp, where Qp is the angular velocity of the
horizon, as previously defined, and Qg is real. This means that we should take the rotation

parameter a to be imaginary, a = i«. Thus the Kerr metric (8.14) Euclideanises to become

(A+a?sin?6)  , 4marsin?6

ds? = — 2 drP— ————— Zdrdyp
P p?
((r2 —a?)? + Aa? sin? 0) sin® @ O
+ 7 dp® + X dr® + p* db* | (12.65)
where
p? =12 —a? cos’ 0, A=7r%—2mr—a?. (12.66)

We shall want to examine the behaviour of this metric in the vicinity of ry = m +
vVm2 + a2, where A first vanishes as one approaches from large r. We shall introduce a
new radial coordinate R, defined by R = A'/2, and then take the limit when R is very
small. We can in fact judiciously set » = r1 at the outset in certain places in the metric

(12.65), namely in those places where no singularity will result from doing so. Thus near
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to r = ry, the metric approaches

gs? — (A + a? sin?0) g2 dmary sin® 6 drdp + 4m?r? sin? 0 e é RNy
fl P Pl A i

(12.67)

2 cos® 0, and we have used the fact that 72 — a? = 2mr,. Note that p?

where p%r = ri -«
is non-vanishing for all #. The metric (12.67) can be reorganised, by completing the square,

so that it becomes

2 2,2 2
p A 4m” 4 sin” 0 ~
A = R A+ g dr T (o= Qudn)’ 4 4 487, (12.68)

where Qg = «/(2mry) is the “angular momentum” on the horizon in his Euclideanised
metric (see (12.41)). Now, making our substitution R = A2, and noting that near to r =
r4+ we can consequently write 2RdR = d[(r —ry)(r —r_)] ~dr (ry —r-) = 2vm? + o2 dr,

we see that near r = r4 the Euclideanised Kerr metric approaches

2 2 2.2 a2
P R 4dm® 14 sin” 0 ~
ds? = m dR* + 7z dr? + ;—3 (dp — Qp dr)* + pL do* . (12.69)

We now have to examine in detail what happens as R approaches zero. If 8 is equal to
0 or 7, the prefactor of (dp — Q 1 dr)? vanishes, and consequently we shall have a conical
singularity at R = 0 in the (R, 7) plane unless 7 has the appropriate periodicity. Noting that
at 8 =0 or § = 7 we have p%r = ri —a? =2mry, we see that the relevant two-dimensional
part of the metric is
ds? = 2 (4R 4 R (7”2‘;‘;‘2) ar? | (12.70)
me + o dm*ri

and thus the conical singularity is avoided if 7 is identified periodically with period

drmry

vVm2+ a2

If 6 takes any other generic value 0 < 6 < 7, the prefactor of (dg — Qg dr)? in (12.69) is

Ar = (12.71)

non-zero, and no further conditions arise.
Comparing (12.71) with the expression for the surface gravity for the Kerr metric that

we obtained in (12.45), we see that the periodicity of 7 is again given by

Ar = (12.72)

R

where £ is given by (12.45) with a =ia.
The upshot from the discussions above is that for all the black hole examples, the

Euclideanised metrics extend smoothly onto singularity-free manifolds provided that the
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imaginary time coordinate is assigned the period AT = 27 /k, where k is the surface gravity.
By the general arguments presented earlier, this periodicity in imaginary time corresponds

to a system in thermal equilibrium at temperature

=" (12.73)
2

This is the same as the result Hawking first derived by purely Lorentian-signature quantum
field theory, for the temperature at which black holes radiate.
The first law of black hole dynamics (12.48), with x replaced by 27 T', now becomes the

first law of thermodynamics,
dM =TdS +QdJ + ®dQ, (12.74)
provided that we identify the entropy S as

§=74, (12.75)

where A is the area of the event horizon.

13 Differential Forms

Since the mathematicians have invaded the theory of relativity, I do not understand it myself

anymore. — Albert Einstein

Here, we shall give an introduction to the theory of differential forms, and some of their
applications in general relativity. Note that although I couldn’t resist including the above
quotation by Einstein, differential forms are in fact very practical and useful. It is quite
possible, however, that even though differential forms in their modern incarnation were
developed around the end of the 19th century by the mathematician Elie Cartan, Einstein
may have been unfamiliar with them. One very useful application is that they can provide
a convenient way of calculating the curvature tensor of a given metric, which is often easier

and less tedious than the methods we have seen so far.

13.1 Definitions

A particularly important class of tensors comprises cotensors whose components are totally
antisymmetric;

Uiy = Upppyopi] - (13.1)
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Here, we are using the notation intoduced previously, that square brackets enclosing a set
of indices indicate that they should be totally antisymmetrised, with strength one. Thus

we have have

1

Upw) = 21 U = Upp)
1
U[;u/a] = ? (U,ulla' + Uuo/,L + Ua,uu - U,uau - on,u - Ul/,ucr) ) (132)

etc. Generally, for p indices, there will be p! terms, comprising the %p! even permutations
of the indices, which enter with plus signs, and the %p! odd permutations, which enter
with minus signs. The 1/p! prefactor ensures that the antisymmetrisation is of strength
one. In particular, this means that antisymmetrising twice leaves the tensor the same:
Ultrspl) = Ulpeaop)-

Recall that geometrically, we may think of any p-index cotensor W (not necessarily

antisymmetric) as an object
W =W gop, dztt @ dzt? @ - - - @ dah'v (13.3)

where W, ...,,, are its components with respect to the basis dz#! @ dr#? ®- - -@dx#?. Clearly,
if the cotensor is antisymmetric in its indices it will make an antisymmetric projection on
the tensor product of basis 1-forms dx*. Since antisymmetric cotensors are so important in
differential geometry, a special symbol is introduced to denote an antisymmetrised product

of basis 1-forms. This symbol is the wedge product, A. Thus we define

dzt Ndx” = dat @ dx¥ — dz¥ @ dzt
de* Ndx" Ndx® = dat @ dr¥ ® dz’ + dx¥ @ dx’ ® dzt + dx’ @ dx* @ dx¥
—dz* @ dx’ @ dx¥ — dz’ @ dx¥ ® dz — dr¥ ® dz’ @ dzt (13.4)

and so on. (Note that there is no 1/p! combinatoric factor in these definitions.)
Cotensors antisymmetric in p indices are called p-forms. Suppose we have such an object

A, with components Ay;....,. It therefore has the expansion

1
A= o Ay ooy dzt N - Ndahr (13.5)

Note that a function is a special case of a p-form with p = 0. It is quite easy to see from

the definitions above that if A is a p-form, and B is a g-form, then they satisfy

ANB= (-1 "BANA. (13.6)
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13.2 Exterior derivative

The exterior derivative d is defined to act on a p-form field and produce a (p+ 1)-form field.
It is defined as follows. On functions (i.e. O-forms), it is just the operation of taking the
differential; we met this earlier:

df = 0,f dat . (13.7)
More generally, on a p-form w = (1/p!) wy, ..., dx#* A --- A datv, it is defined by

1
dw = ] (Ovwpyoopy) dx” Ndxht A - N dat'? (13.8)
Note that from our definition of p-forms, it follows that the components of the (p+ 1)-form
dw are given by

(dw)ym...#p =(p+1) G[V Wy oopyp) - (13.9)

By this we mean that the expansion of the (p 4 1)-form dw in the coordinate basis we are

using takes the form

1
T (dw) iy

dzl A - A datett (13.10)

It is easily seen from the definitions that if A is a p-form and B is a ¢-form, then the

following Leibnitz rule holds:
d(ANB)=dANB+ (-1)P ANdB . (13.11)

It is also easy to see from the definition of d that if it acts twice, it automatically gives
zero, i.e. ddw = 0 where w is any differential form of any degree p. This just follows from
(13.8), which shows that d is an antisymmetric derivative, while on the other hand partial
derivatives commudte.

A simple, and important, example of differential forms and the use of the exterior
derivative can be seen in Maxwell theory. The vector potential is a 1-form, A = A, dx*.
The Maxwell field strength is a 2-form, F' = %FW dx* A dr”, and we can construct it from

A by taking the exterior derivative:
F =dA =0, A, da" Nda” = F,, dat Ada” (13.12)

from which we read off that F,, = 28[# A,,] =0, A, — 0, A, The fact that d? = 0 means
that dF = 0, since dF = d?A. The equation dF = 0 is nothing but the Bianchi identity in

Maxwell theory, since from the definition (13.8) we have
dF =10, F,,dz" A da” A dz” | (13.13)
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hence implying that 9, F,, = 0.

The Bianchi identity Maxwell equation dF' = 0 can always be (locally) solved by in-
troducing the vector potential (1-form) A and writing F' = dA. It is guaranteed that this
satisfies dFF = 0, since, as we saw in general, d? is identically zero when acting on any
differential form. The qualification that we can in general only solve dF = 0 by writing

F = dA locally is a little more subtle. We shall discuss this in greater detail a bit later.

13.3 Hodge dual

We can also express the Maxwell field equation elegantly in terms of differential forms.
This requires the introduction of the Hodge dual operator %, which is defined in terms of
the totally-antisymmetric Levi-Civita tensor that we introduced earlier. This requires the
introduction of a metric tensor g,,,,, which we have not needed until now in this discussion of
differential forms. Recall that we defined the totally-antisymmetric tensor density €,,.....,,
in n dimensions, whose components are completely specified, given its antisymmetry, by
saying that

€012--m—1 = +1. (13.14)

The totally-antisymmetric Levi-Civita tensor is then defined to be

€proin =V =9 Epr ooty - (13.15)

(We actually defined these previously just in the four-dimensional case, but the generali-
sation to n dimensions that we are presenting here is immediate.) It is a straightforward
exercise to show that if we write n = p + ¢, and take the product of two epsilon tensors

contracted on p indices as shown here:
Epy ooy € HPPVPL = —pl gl 010 (13.16)
where the multi-index Kronecker delta tensors are defined by

SR o 1 SRR

i = 0 62 (13.17)

(Note that having antisymmetrised the Kronecker deltas in the product over their lower
indices, antisymmetrisation over their upper indices is automatic.) Note also that in eqn
(13.16), the indices on the second epsilon tensor have been raised using the inverse metric
g". The minus sign in (13.16) arises because of the negative eigenvalue of the metric tensor

in a spacetime of signature (— + +- - +).
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The Hodge dual operator * is now defined as follows:

1
*(d$#1 e dxp’l)) = — €

T PUBP QgL A A danee (13.18)

V1 VUn—p

Thus * is a map from p-forms to (n—p)-forms: Acting on a p-form w, expanded as in (13.9),

we have
1

~ pl(n—p)!

and so the (n — p)-form *w has the components

W €viem ! Wy, TN A dz (13.19)

1
(*w)ul“'uq = H 6u1~~-uqyl vp wV1~~~l/p ) (1320)

where, as before, we are writing n = p + ¢, and so ¢ =n — p.
It is straightforward to see from the previous definitions, and from (13.16), that if applied

twice to a p-form one again gets a p-form, and in fact if we start with the p-form w then
wxw = (—1)Prtty, (13.21)

where again n = p + q.
It is also evident that if we start from a p-form w, then xd xw is a (p — 1) form. In fact,

it is related to the divergence of w, and
(#d % W)y opiy_y = (—1)PIP NV W ey (13.22)

where V, is the usual covariant derivative built using the Christoffel connection.** (We
leave it as an exercise to derive this result.)
With these preliminaries, it can be seen that the source-free Maxwell field equation

V, F* =0 can be written in the language of differential forms as
d+«F=0. (13.23)

13.4 Vielbein, spin connection and curvature 2-form

We begin by observing that we may “take the square root” of a metric g,,,, by introducing a

vielbein,*® which is a basis of 1-forms e® = e, dz#', with components e}, having the property

Guv = Tab BZ 6?, . (13.24)

“41n the case of an n-dimensional space with ¢ time directions, eqn (13.21) reads * * w = (—1)P9"*

w, and
eqn (13.22) reads (xd * W)y, ..p,_, = (—1)PIPHFIV, ¥, . The usual spacetime of general relativity

corresponds to t = 1, whilst the case of a space with positive definite metric signature corresponds to t = 0.
®German for “many legs.”
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Here the indices a are a new type, different from the coordinate indices p we have en-
countered up until now. They are called local-Lorentz indices, or tangent-space indices,
and 71y is a “flat” metric, with constant components. The language of “local-Lorentz”
indices stems from the situation when the metric g, has Minkowskian signature (which is
(—,+,4+,...,+) in sensible conventions). The signature of 74, must be the same as that of

Juv, 50 if we are working in general relativity with Minkowskian signature we will have
Nay = diag (—1,1,1,...,1) . (13.25)

If, on the other hand, we are working in a space with Euclidean signature (4,+,...,+),

then 7, will just equal the Kronecker delta, 74, = 645, or in other words

Ny = diag (1,1,1,...,1) . (13.26)

6 €2 as the square root of the metric in (13.24) is to some

Of course the choice of vielbeins?
extent arbitrary. Specifically, we could, given a particular choice of vielbein e®, perform an

(pseudo)orthogonal transformation to get another equally-valid vielbein €’*, given by
et =A% e, (13.27)
where A%, is a matrix satisfying the (pseudo)orthogonality condition
Nab N A%q = neq . (13.28)

Note that A%, can be coordinate dependent. If the n-dimensional manifold has a Euclidean-
signature metric then 7 = 1 and (13.28) is literally the orthogonality condition AT A = 1.
Thus in this case the arbitrariness in the choice of vielbein is precisely the freedom to make
local O(n) rotations in the tangent space. If the metric signature is Minkowskian, then
instead (13.28) is the condition for A to be an O(1,n — 1) matrix; in other words, one then
has the freedom to perform Lorentz transformations in the tangent space. The Lorentz
transformation matrix may depend upon the spacetime coordinates, and so (13.28) is called
a local Lorentz transformation. We shall typically use the words “local Lorentz transfor-
mation” regardless of whether we are working with metrics of Minkowskian or Euclidean

signature.

468¢trictly speaking, if we recall its German origin, the plural of vielbein would be vielbeine, and in fact,
as with any noun in German, we should have used an upper case first letter for Vielbein or Vielbeine, but

this would perhaps be carrying pedantry a little far.
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Briefly reviewing the next steps, we introduce the spin connection, or connection 1-forms,

w = w, dz*, and the torsion 2-forms T = %Tﬁy dz* A dz¥, defining
T% = de® + w% A e’ . (13.29)
Next, we define the curvature 2-forms ©%,, via the equation
O% = dw® + W AW . (13.30)

Note that if we adopt the obvious matrix notation where the local Lorentz transformation
(13.27) is written as ¢/ = Ae, then we have the property that w®,, T* and ©%, transform

as follows:

W= AwA TP+ AdATL,
T = AT, ©=A0A"1. (13.31)

Thus the torsion 2-forms 7'* and the curvature 2-forms ©%, both transform nicely, in a
covariant way, under local Lorentz transformations, while the spin connection does not; it
has an extra inhomogeneous term in its transformation rule. This is the characteristic way
in which connections transform. Because of this, we can define a Lorentz-covariant exterior

derivative D as follows:
DV =dVe%h 4+ w ANV — w5 AV, (13.32)

where V%, is some set of p-forms carrying tangent-space indices a and b. One can easily
check that if V¢, itself transforms covariantly under local Lorentz transformations, then so
does DV %,. In other words, the potentially-troublesome terms where the exterior derivative
lands on the transformation matrix A are cancelled out by the contributions from the
inhomgeneous second term in the transformation rule for w?, in (13.31). We have taken the
example of V%, with one upstairs and one downstairs tangent space index for simplicity,
but the generalisation to arbitrary numbers of indices is immediate. There is one term like
the second term on the right-hand side of (13.32) for each upstairs index, and a term like
the third term on the right-hand side of (13.32) for each downstairs index.

The covariant exterior derivative D will commute nicely with the process of contracting

tangent-space indices with 74, provided that we require

Dnab = dnab - Wca Tleb — ch Nac = 0. (1333)
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Since we are taking the components of 7,5 to be literally constants, meaning that dng, = 0,

it follows from this equation, which is known as the equation of metric compatibility, that
Wab = —Whq (1334)

where wgp, is, by definition, w®, with the upper index lowered using 7.p: Wap = Nae w. With
this imposed, it is now the case that we can take covariant exterior derivatives of products,
and freely move the local-Lorentz metric tensor 7., through the derivative. This means that
we get the same answer if we differentiate the product and then contract some indices, or
if instead we contract the indices and then differentiate.

In addition to the requirement of metric compatibiilty we usually also choose a torsion-
free spin-connection, meaning that we demand that the torsion 2-forms T'* defined by (13.29)
vanish. If we assume 7% = 0 for now, then equation (13.29), together with the metric-

compatibility condition (13.34), determine w®, uniquely. In other words, the two conditions
de® = —w A e, Wap = —Wha (13.35)

have a unique solution. It can be given as follows. Let us say that, by definition, the exterior

derivatives of the vielbeins e® are given by
de® = —Lcp* e Net 13.36
2

where the structure functions ¢ are, by definition, antisymmetric in bc. Then the solution
for wyy is given by

Wab = %(Cabc + Cach — Cbca) e ) (1337)

where cape = Neq cap®. It is easy to check by direct substitution that this indeed solves the
two conditions (13.35).

The procedure, then, for calculating the curvature 2-forms for a metric g, with viele-
beins e® is the following. We write down a choice of vielbein, and by taking the exterior
derivative we read off the coefficients ¢.* in (13.36). Using these, we calculate the spin con-
nection using (13.37). Then, we substitute into (13.30), to calculate the curvature 2-forms.

Each curvature 2-form ©% has, as its components, a tensor that is antisymmetric in

two coordinate indices. This is the Riemann tensor, defined by

0% = LR%,, da* A da . (13.38)

a

1> which is a non-degenerate n x n matrix in n dimensions,

We may always use the vielbein e

to convert between coordinate indices p and tangent-space indices a. For this purpose we
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also need the inverse of the vielbein, sometimes denoted by EY, and satisfying the defining
properties®’

EFet =01 EFeb =62 . (13.39)

v

Then we may define Riemann tensor components entirely within the tangent-frame basis,
as follows:

Rabcd = Eé‘ Eg Rab,uy . (1340)

Note that we use the same symbol for the tensors, and distinguish them simply by the kinds
of indices that they carry. (This requires that one pay careful attention to establishing
unambiguous notations, which keep track of which are coordinate indices, and which are
tangent-space indices!) In terms of R%.q, it is easily seen from the various definitions that

we have

% = 1R%qe Net (13.41)

From the Riemann tensor two further quantities can be defined; the Ricci tensor Ry
and the Ricci scalar R:

Rap = Raeh R=n"Ry, . (13.42)

Note that the Riemann tensor and Ricci tensor have the following symmetries, which can

be proved straightforwardly from the definitions:

Rabcd = _Rbacd = _Rabdc = Rcdab ;
Rabcd + Racdb + Radbc =0 s (1343)
Rab = Rba .

13.5 Relation to coordinate-frame calculation

The description of torsion and curvature in terms of the vielbein and differential forms can
be related to the previous coordinate-frame metric description of connections and curvature.
Recall that in that earlier discussion, we declared more or less from the outset that we would
take the connection I'*},, to be symmetric in v and p, and this, together with the assumption
of metric compatibility V,, g,, = 0, led to the unique solution for I'#,, as the Christoffel

connection, as in eqn (4.48). Similarly, in our discussion in terms of differential forms

4"TNote that introducing the new symbol FE for the inverse vielbein is not really necessary, since it is just
what one gets by raising or lowering coordinate or local-Lorentz indices with the coordinate or local-Lorentz
metrics. Thus E* = ¢"" 14 €5, and so there is no ambiguity in simply writing E¥ as e”. Often, it is more

convenient to do this.
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above, we made the assumption that the torsion 2-form 7'* vanished, and that, together
with the assumption of local-Lorentz metric compatibility dn,, = 0, led to the unique
solution (13.37) for the spin connection w®,. In demonstrating the relation between the
vielbein description and the metric description, we shall not make any assumptions about
the vanishing of torsion.*® In what follows we shall denote the Christoffel connection by
f‘“yp, and the torsion-free spin connection by w®.

We begin by writing a general spin connection w®, in terms of the torsion-free spin

connection w%, plus an additional term:
wuab = (I)Mab + K'uab , (13.44)

where we are now writing the connection 1-forms in terms of their coordinate-frame com-
ponents:

w = wuab dx*, w0 = (I)#ab dxt . (13.45)

Thus @w%, is what we were previously calling simply w®, when we were assuming that there

was no torsion; it is defined (uniquely) by
de® + &% Neb =0, Bab = —@ba » (13.46)

where, as always, local-Lorentz indices are lowered or raised using the local-Lorentz metric
Nap OF its inverse n?. The quantity K % in (13.44) is called the Contorsion.’® We shall
require that not only w%, but also w%, should be compatible with the local-Lorentz metric
Nabs SO

D"?ab = dnab - Wca Teb — ch Nac = 0, (13.47)

and hence wgp = —wpe. Thus it follows from (13.44) that
Kpab = —Kppa (13.48)

where again, the upper local-Lorentz index is lowered using the local-Lorentz metric. It
is very important to keep track of the ordering of indices on K q; the first index is the

coordinate index while the second and third indices are the local-Lorentz indices.

48Torsion usually plays no role in discssions of general relativity, but it is important in the context of

supergravity.
“There is some disagreement in the literature as to whether it is called contorsion or contortion. Since

it is closely related to the torsion the former seems to be more appropriate. Although we are following
Freeman and Van Proeyen in their book on Supergravity for mathematical conventions on this topic, we are

not going to follow their lingusitic convention of calling it contortion.
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From the definition (13.29) of the torsion, and the definition (13.44) of the contorsion,
it follows, using (13.46), that

%Tﬁy det Adz” = de® + % Ae’ + K,% el; dz* A dx”
= K,%ebda" Adx”, (13.49)
and so
Te, = K, "yel — K, "y e, (13.50)

(Here, as always, one must be careful when reading off the components of tensors that
are contracted onto wedge products of coordinate differentials to remember that the wedge
product is antisymmetric, and so it enforces a projection onto the antisymmetric part of the
contracted tensor.) We can use the vielbein and its inverse to map back and forth between

coordinate indices and local-Lorentz indices, and so if we define®®
Tywp =T}, €ap s (13.51)
then we see that (13.50) implies
Tyvp = Kypy — Kupp - (13.52)

(Here Kp = Kpap el €b.)
A simple calculation, making use of (13.52) and the antisymmetry properties of the
torsion and contorsion tensors as stated in footnote 50, shows that T),,, — T, ), + Ty is

equal to —2K,,,,, and so we can express the contorsion in terms of the torsion as
1
Kuvp = =3 (Tuwp = Topp + Topw) - (13.53)

We are now ready to establish the relation between the vielbein formulation and the
metric formulation of connections and curvatures. To do this we begin by extending the pre-
vious notions of the covariant derivative to include the case where the covariant derivative,
which we shall call D,,, acts on an object carrying both coordinate indices and local-Lorentz

indices. Thus for each coordinate index we have a connection term as in (4.42), and for

%0 As with the definition of the index ordering in K,,.s, here one must also be very careful about the index
ordering. Note that when it is lowered as a coordinate index using eq,, the local-Lorentz index a on T},
becomes the third index on T),.,,. Thus the torsion tensor T}, is automatically antisymmetric in its first
two indices; T, = —T,up, while the contorsion tensor K., is automatically antisymmetric in its last two

indices, K, v, = — K.
y Bpvp wp
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each local-Lorentz index we have a term as in (13.32). In particular, acting on the vielbein
e% we shall have

Dyel=0uel +wy pel — TP el (13.54)
Note that we are not yet making any assumption about I'’,,; in particular, we are not
assuming it is the Christoffel connection. However, for the same reasons that motivated
our previous imposition of metric compatibility (so that raising or lowering indices would
commute with covariant differentiation), here we shall impose the requirement of vielbein
compatibility, namely D, e;, = 0. This ensures not only that raising or lowering coordinate
indices or local-Lorent indices commutes with covariant differentiation, but also that con-
verting between local-Lorentz indices and coordinate indices by using the vielbein commutes
with covariant differentiation.

Consider first the contraction of (13.54) with dz# A dz¥, which, from the previous defi-

nitions, means
De® = de®+w Aeb — [? epdat A dx”,
= de® +@% A e’ + K% dat Ada” — TP, % dat A da”
= K, dat Ndz” — T, e5dat Ndx” . (13.55)
(We have used (13.46) in getting to the third line here.) Thus from D, e = 0 it follows

that De® = 0 and so
K[#“l,] = F”[W] . (13.56)

Now, we can write

[P, =17, + L, (13.57)
where I'*,,, is the Christoffel connection, given as usual by
FpMV = %gp)\ (aug)\u + aug,LL)\ - a)\guu) s (1358)

and L”,, is just a name for the tensor®! | fpw,. Going back now to eqn (13.54) and
imposing the vielbein compatibility condition D, e} = 0, we see that it implies
[P = ehduel +wvelay,
= L0, el +w,%elal + K, el (13.59)

Now, in the absence of torsion (and hence contorsion), eqn (13.56) implies I'?,,,, is symmetric

in p and v, and therefore it is just the usual Christoffel connection. Thus eqn (13.59) then

1Recall that the difference between two connections is always a tensor.
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tells us that

[?,, =€l d, el +w, e al;. (13.60)

In general, therefore, when the torsion and contorsion are non-zero, eqn (13.59) implies
Fpuu = f‘p;ux + K,upu . (1361)
Going back to (13.56), and using (13.53), we see that
TP = 5Tw" . (13.62)

Thus the antisymmetric part of the conection I'”,,, is directly proportional to the torsion

tensor.

13.6 Stokes’ Theorem

In three-dimensional Cartesian vector analysis there are two familiar integral identities,
known respectively as the divergence theorem and Stokes’ theorem, which relate an integral
over a certain domain to an integral over the boundary of that domain. In the case of
the divergence theorem and integral over a 3-volume V is related to an integral over the
2-surface S that bounds V. Thus for any vector A one has
/6-Zdvz/ﬁ.d§. (13.63)
14 S
For Stokes’ theorem, an integral over a 2-dimensional area ¥ is related to an integral over
the 1-dimensional boundary C of . For any vector A one has
/(ﬁx *)~d§://T-di. (13.64)
by C
These two identities are in fact just special cases of a much more general theorem in
differential geometry, which can be stated as follows. Suppose that we have a p-form w in
an n-dimensional manifold M, and that there is some (p + 1)-dimensional submanifold ¥
in M, with a p-dimensional boundary that will be denoted by 9%. The general theorem,

which is known as Stokes’ theorem, states that

/Edw:/azw. (13.65)

Note that in general we can integrate a p-form over a p-dimensional surface, to get a number.

An example would be to integrate the 2-form w = sin 0 df A dp over the 2-sphere, to get

™ 27
/ w= / sinf df A dp = / sin 6 df / dp = 4. (13.66)
S2 S2 0 0
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We should actually qualify the statement of Stokes’ theorem in eqn (13.65) by saying
that the p-form w must be globally defined in order for the theorem to be valid. Let us
assume for now that this is the case. Consider now what happens if our p-form w is actually

itself the exterior derivative of a globally-defined (p — 1)-form o:
w=do. (13.67)

Now we know that d? always gives zero, and so that means dw = d?> o = 0. Plugging into

(13.65) we therefore get
0— / do. (13.68)
ox

We can now use Stokes’ theorem for a second time, to turn this integral into an integral

over the boundary of 9%, thus giving

0:/ da:/ c=0. (13.69)
)y 02y

This result holds for any globally-defined (p—1)-form o, and any (p+1)-dimensional surface
Y. It must therefore be the case that the surface %Y is in fact non-existent. And indeed this
makes perfect sense. If you think about it, you can see that the boundary of a boundary of a
surface is always empty. For example, think of a unit-radius ball in Euclidean 3-space. The
boundary of the ball is the 2-dimensional surface (the “unit 2-sphere”). And the boundary
of the 2-sphere is empty; it has no boundary.

By means of integration of forms over surfaces, we see that we can establish a mapping
between statements about exterior derivatives of forms, and statements about the bound-
aries of surfaces. For example, the statement d> = 0 for forms is dual, in this sense, to
the statement that 82 = () for surfaces. The one-to-one mapping between statements about
integrals of differential forms over surfaces, and exterior derivatives of differential forms, is
known as Poincaré Duality.

We should consider, at this point, the significance of the qualification we inserted in
the statement about Stokes’ theorem (13.65) that the p-form w should be globally defined.
What does this mean, and what might go wrong if it isn’t?

The example of the 2-form w = sin 6 df A dp that we looked at earlier actually illustrates

this nicely. We can in fact write sin @ df A dp as the exterior derivative of a 1-form:
w=sinfdd Ndp =do, o= —cosfdp. (13.70)

So, if we didn’t pay heed to the requirement that o should be globally defined, we would

conclude that since we can write w = do in this case, we must have |, 2w = J. 5520 =0,
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since S? has no boundary. This contradicts the fact that, as seen in (13.66), [g w = 4m for
this 2-form w = sin @ df A dp.

The flaw in the argument is precisely that ¢ = — cosfdy is not a globally-defined 1-
form. The reason for this is that it is singular at the north and south poles of the sphere,
at = 0 and 6 = 7 respectively. The problem is not that it itself is becoming infinite, but
that it is ill-defined at the poles of the sphere. The 1-form dy describes a displacement
along the direction of increasing ¢, that is to say, a displacement along a line of constant
latitude. In other words, it is like saying “move east at fixed latitude.” That is fine at a
generic latitude, but it is meaningless at the north or the south pole. “East” is not defined
at either of the poles.

There is a way to “patch things up” (literally, in fact!) in this example. To do this, it is
useful to note that we can make two other choices for a 1-form o whose exterior derivative

in each case gives our w. Calling them o, and o_, they are
or = (1—cosf)dy, o_=—(1+cosf)dy. (13.71)

Clearly we have doy = do_ = w =sinfdf A dp. The 1-form o, is perfectly regular at the
north pole of the sphere, because the prefactor (1 — cos#) vanishes there, thus resolving
the “which way is east?” dilemma. It is still singular at the south pole, however. On the
other hand, o_ is non-singular at the south pole while being singular at the north pole.
We can therefore split the sphere up into two patches; S, which denotes the entire sphere
except for the point at the south pole, and S_ which denotes the entire sphere except the
point at the north pole. Crucially, the two patches overlap, and the two together provide
a covering of the entire sphere. The point is that oy is globally defined in S, and o_ is
globally defined in S_.

The overlap region where both o and o_ are non-singular is in fact “almost everywhere”
on the sphere; just the two poles are excluded. We don’t in fact need such a lot of overlap,
and it is sufficient to know that there is certainly an overlap of validity in a thin little
strip around the equator of the sphere. Let us define §+ to be the surface of the northern

hemisphere, and S_ to be the surface of the southern hemisphere. Thus we can write

/ w—/~ d0++/~ do_ . (13.72)
52 3, 5

The 1-formso and o_ are both perfectly well-defined and nonsingular in their respective

integrals on the right-hand side, and so we can apply Stokes’ theorem to each of them with
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complete confidence. Thus we have

/w:/~ a+—|—/~ o_. (13.73)
52 85, 85

Now the boundary of the northern hemisphere §+ is the equatorial great circle, and the
boundary of the southern hemisphere S_ is also the equatorial great circle, but with the

opposite orientation. Thus we have

27 0
/5200 = /o (U+>9:72r + /27r <U_)9:72r’
2m 0
- / d‘P—/ dy,
0 2m

= 27+ 27 =4, (13.74)

and we have correctly recovered the result (13.66) for the integral of w = sin 6 df A dp over
the 2-sphere.

Note that there is nothing special about the choice of the equator in the calculation
above. We could equally well choose to split the sphere in any other way, into an upper
part where oy is well-defined, and a lower part where o_ is well defined. For example,
one can easily check that the same answer | g2 = 4 is obtained if one divides the sphere
into an upper region with 0 < 6 < 6y and a lower region with 6y < 8 < 7, and then uses
Stokes’ theorem to turn the two surface integrals into closed line integrals around the line of
co-latitude 6 = 6. One would also get the same answer |, g2 = 4m if one chose an arbitrary
wiggly boundary separating the upper and the lower regions.

The important lesson to be learned from the discussion above is that there can exist
circumstances where a p-form w obeys dw = 0 (as in the 2-form example with w = sin 6 df A
dp), and yet we cannot write w globally as w = do. In our example above it was necessary
to use two different expressions, o4 and o_, in order to write w as the exterior derivative
of something. Neither oy nor o_ alone is well-defined over the entire sphere.

The underlying reason for this is that the 2-sphere is topologically nontrivial. Specifi-
cally, this is reflected in the fact that there exists a non-contractible closed 2-surface (known
technically as a 2-cycle), namely the sphere itself. If one draws a closed loop (a 1-cycle) on
the surface of the sphere it can always be contracted; that is to say, it can be continuously
shrunk down to a point. (Imagine an infinitely stretchy rubber band lying on the surface of
the sphere.) But a closed 2-cycle on the sphere cannot be continuously contracted. (Imagine
putting a balloon around the sphere, with the air-inlet sealed off; it cannot be stretched or

deformed to shrink it to a point, without breaking it.)
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By Poincaré duality, the statement about the topological nontriviality of a p-cycle in a
manifold translates into a statement about differential forms on the manifold. First, a bit
of terminology: A p-form w is called closed if it satisfies dw = 0. It is called ezxact if it can
be written as w = do, for some globally-defined (p—1)-form o. If there exists a topologically
nontrivial p-cycle in the manifold then by Poincaré duality this means that there exists a
closed p-form that is not exact. Such a form is called a harmonic form. We saw an example
of such a harmonic form in the earlier discussion; the 2-form w = sinfdf A dyp is closed
(dw = 0), but it is not exact since there does not exist a globally-defined 1-form o such that
we can write w = do.

There is a general result that can be proven, stating that an arbitrary p-form w can
always be written as

w=do+xdx*p+wy, (13.75)

where the (p — 1)-form o and the (p + 1)-form p are both globally well-defined, and wy is
harmonic. This is known as the Hodge decomposition. If the manifold has no topologically

nontrivial p-cycles, then there is no wy.
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